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Chemistry. — “An electrical, adiabatic calorimeter and tts use in 
the determination of heats of solution.” By Prof. Ernst Consn, 
Dr. A. L. Ta. Mogsvenp and Dr. W. D. Henperman. 


(Communicated at the meeting of May 31, 1924). 
Introduction. 


1. A few years ago Ernst Congn and A. L. Ta. Morsverp described 


an adiabatic, electrical calorimeter’) for the determination (with an 


accuracy of 0.05°/,) of the true specific heat of solutions, and 
somewhat later, in another paper, it was shown that the true specific 
heat of solids can also be accurately measured with this apparatus ”). 
As the accuracy of the determinations of the heats of solution of 
a great number of substances is anything but satisfactory, we have 
adapted the calorimeter, above mentioned, for similar determinations, 
and in this paper shall give a description of the apparatus, and, in 
order to illustrate its use, the process of determining a heat of 
solution will be described. . 
As the apparatus resembles in many respects the instrument 
described in the paper mentioned we shall put special stress on the 
particulars in which it differs from the apparatus then described. 
We wish to obserye that the principle which was applied. in this 
case has already been made use of by Ernst Conen and A. L. ‘Tu. 


- MogsveLp in the determination of the heat of solution of m. dinitro- 


benzene in aethyl-acetate when experimentally testing the law of 
Braun*). In that paper they also drew attention to the investigations 


of Broénstxp and those of von Sreinwesr. The apparatus to be described _ 


below | may be considered as an improved form of our adiabatic, 


electrical calorimeter. 


To elucidate the principle in question we shall give a short exposition 
of it. If the negative heat of solution of a substance A in a solvent 


Ts) is to be determined we put the solvent and the substance to be 


dissolved in one or more glass bulbs, in a completely closed calori- 
meter which stands in a surrounding of constant temperature. When 


‘thermal equilibrium has been established between the calorimeter 


with ils contents and the surroundings, the bulbs are crushed from 
the “omtside, Care is taken to maintain the temperature of the calori- 


1) These Proc. 28, 883 (1920). Zeitschr. f. physik. Ghani 95, 305 (1920). 
2). Zeitschr. f. physik. Chemie 100, 151 (1922). 
3) These Proc. 26, 1553 (1918); Zeitschr. f. physik. Chemie 98, 385 (1919); 


especially § 93. 
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meter by supplying it with the necessary quantity of electric energy. a 
Contingent small variations during the process of solution are read 
from a thermometer placed in the calorimeter, and taken into con- 
sideration. In this way the negative heat of solution is compensated 
by the electric energy (corrected for the small changes of tempera- 
ture mentioned above) and the heat of solution is found by measuring 
the electric energy. If the heat of solution to be determined is 
positive, the same apparatus may be used, but in a totally different 
- way. In a future paper we shall treat this subject further, and inthe 
present discuss only the determination of negative heats of solution. 
Fig. 1 is a diagrammatic sketch of the complete apparatus. i. 
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The Calorimeter. 


2. The calorimeter itself (X, Fig. 1) is a cylindrical vessel of copper, 
washgilded, (contents + 1350 ec.). As in the course of time most salt 
solutions affect the underlying copper, the layer of gold is covered 
with a layer of varnish; for this purpose we used “ Valspar enamel”, 
a preparation which gave very satisfactory results. 


3. The calorimeter rests in the hollow of an ebonite disc, the 
latter fits accurately in the cylinder of copper, which serves as air 
jacket. This cylinder passes into a wider eylinder; the flat ring 
which connects the two cylinders supports the brass lid 4A. When 
the lid is in position during the experiment the space over it is filled 
up with cotton-wool, which forms a thorough insulation of the lid. 


4. In fig. 2 this lid is shown separately with the dies and the 
construction which enabled us to erush one 
by one the bulbs containing the salt to be 
dissolved, after thermal equilibrium was 
established in the calorimeter. 

Through the four tubes U,, U;, Us, U., 
three of which are visible in the sketch, 
pass the copper rods K,, K,, K,, and K,. At 
the place where these rods enter the tubes 
a piece of ebonite is placed between their 
upper and lower parts to prevent conduc- 
tion of heat as much as possible. These 
rods cannot turn in the tubes in which 
they move, because a copper pin, adjusted 
vertically on the axis, moves up and down 
in a groove in the tube. The bulbs whose 
stems are stuck in the tubes C\, C,, C,, 
and C,, are prevented from turning by this’ 
adjustment, as they might easily be broken 
against the walls of the calorimeter if any 
turning should occur. The necks of the bulbs 

Fig. 2. = are_-kept in’ place in the tubes C,,... by 
springs V,, V,, V,, and V,. The spiral springs Wen... .= hold-up 
the tubes C,,C,,... The stirrer R passes through the shaft Ts 

The wings of the stirrer H, which also functions as heater, are 
shaped in such a way that the stirrer can turn freely between the 
_ bulbs. The description of the construction of the stirrer may be 
found in the paper, mentioned above, on the: determination of the 
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specific heat of solid substances especially in § 5), When the — 
bulbs are to be crushed a blow with a small hammer is given on 
the heads B,, B,, ete. The spiral springs cause the rods to rise 
again after the bulbs have been crushed. 


5. The paraffin oil which surrounds the air jacket is stirred with 
the stirrer 2 (screw of Archimedes) which is kept in motion by an_ 
| electric motor (+ 1900 revolutions per minute) ’). The paraffin oil 
co flows from the vessel d through an opening in the wall of this 
-). vessel (between the two arrows) to the stirrer, is sucked upwards, 
and at W enters the channel QQ, through which if flows back to d. 
The temperature is regulated with the electric regulator O (already 
oy described by us). [By means of relays the, current of the municipal | 
power station (220 Volt D.C.) which heats the heating-net P, after 

passing through several electric lamps, is connected up or switched 

off]. This heater, made of nickel wire, woven in asbestos, furnished 
by the firm Scunicwinpt at Neuenrade in Westphalia, in reality 
consists of two separate nets. By connecting up the points 1, 2, and 

3 in different. ways, one net, or two circuits either in series or 

parallel, may be connected up, and so the strength of the current .— 

may be varied at will. 
During the whole experiment the air jacket is immersed in ‘paraffin 

oil which is kept at a constant temperature (with fluctuations of 
about 0°.01). By using the electric regulator we dispense with the 

part +, U,W,,5,,S,,—, drawn in fig. 3, which is connected with 

the supply of electric energy to the paraffin oil, as was described 
in a former paper. 


Method of Manipulation. 


6. When the solvent (after weighing) has been put in the calori- 
meter, we place this vessel in the air jacket. Four (or fewer) glass 
bulbs with very thin bottoms, in which the substance to be dissolved: 
is weighed, are sealed and put in the tubes C,, C,... of the lid, 
and this cover is placed on the copper rim, as is shown in fig. P 
Then the space above the cover is filled up with cotton-wool, and 
the apparatus is closed with the wooden cover ZL. 

When the stirrers 2 and J have been set in motion, the paraffin — 
oil is heated by connecting the heating net with the current from 
the power-station, and kept at such a definite temperature A. that 


1) Zeitschr. f physik. Chemie 100, t51 (1922). 


9) Exnst Conen and A. L. Tu. Moesvexp, Zeitschr. i physik. Chemie 98, 385 
(1919), especially § 47 seq. 
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the contents of the calorimeter may have exactly the constant tem- 
perature B at which the experiment is to be carried out. If necessary. 
a small current is sent through the heating stirrer H in order to 
accelerate thermal equilibrium between the calorimeter and_ its 
surroundings. If this equilibrium is obtained, (i.e. if the reading of 
the Beckmann’) thermometer with 0°.01 intervals D, remains constant 
for */; hour within 0°.001—0°.002) the experiment proper can 
begin.. 


7. By reversing the switch P, (fig. 3) we allow current to pass 
through the stirrer into the calorimeter, until the temperature of the 
latter rises through about one half of the number of degrees of 
temperature change which would be observed during the solution 
of the salt of the first bulb, if no electric energy were sent into 
the calorimeter. This number is determined by a preliminary test’). 
Then the first bulb is crushed by giving a blow on the head B,. 
For the moment the temperature falls in consequence of the dissolving 
of the salt, and then rises again, as electric energy is continually 
passed through the heating stirrer. When the temperature is again 
as high as it was before the crushing of the first bulb, the second 
bulb is crushed, ete. When the contents of the last bulb are dis- 
solved the resistance in the resistance-box W, is raised (fig. 3), 
(noting the time) so as to reach thermal equilibrium more slowly, 
and just before reaching this point the current is switched off again 
recording the time. When thermal equilibrium has been finally 
reached it is necessary to control the constancy of the thermometer, 
then the E.M.F. of the accumulator in the potentiometer is measured, 
as was also done before the experiment, and the resistance of the 
heating stirrer is controlled in the way that has been previously 
described ?”). 

For the method of computation we refer to the paper Blready 
‘mentioned. 


8. In order to illustrate the procedure we shall describe an ex- 
periment, the object of which was to determine at 32°.3 C. (in 
connection with an investigation to be described later on) the heat 
of solution of NH, NO, in a solution of ammonium. nitrate which 
already contained 40. 30 gr. of salt per 100 gr. of solution, the con- 
centration then rising to 42.30 in the same units. 


1) This thermometer had been controlled by the oe Techn. Reichsanstalt at 
Charlottenburg-Berlin. 
2) Zeitschr. f. physik. Chemie 93, 385 (1919), especially § 114 et oo 
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Fig. 3. 

All the weighings were reduced to vacuum. The calorimeter contained 1240.9 Ve 
grammes of the above solution. After crystallizing from water, the ammonium 
nitrate, dried for some weeks over P,Q; in vacuo, was put into four very fragile- 
bottomed glass bulbs, which were then sealed. The weight of salt was 43.8249 
gr. and the weight of the glass (specific heat 0.28) 12.4 gr The temperature 
readings were begun when-the stirrer, bulbs, etc. had been for rather more than 
one hour in the liquid, so that the whole apparatus was in thermal equilibrium. 
(See table 1). i eae “it 
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TABLE I. 


Readings of the thermometer in the ft 


Time x ealatitneter Readings potentiometer 

2.45 4.080 a 
50 4.080 ae 

55 4.080 ; aS 
3.00 4.080 _ 

At 3.00 the current is connected up in the stirrer. 136.73 

3.01 4.180 136.74 

02 4.320 1st bulb crushed — 136.74 

03 3.950 5 136.74 

04 4.100 ‘ 136.73 

05 4.240 2nd bulb crushed 136.73 

06 3.915 Day ET EE 

07 4.035 , 136.74 

08 4.170 3rd bulb crushed 136.72 

09 3.820 - Sw, 136.72 

10 3.970 136.72 

V1 4.110 ; ; 136.72 

12 4.250 4th bulb crushed . 136.72 

13 3.905 136.72 

14 4.050 resistance connected up 56.84 


At 3.14min.18.8sec. current switched off in stirrer. 


3.15 4.090 vie 
16 ~ 4.090 : cee 
17 4.090 2 
18 4.090 . = 
19 4.090 | } & 


At the commencement of the experiment the reading in the potentiometer for 
the Cuanx-element was 126.75, and the final reading was 126.74. For the two 
Weston-elements 90.88 and 90.88, respectively 90.87 and 90.87. The value of 
1.0181 Volt is taken as the E. M. F. of the Wesron-element at that temperature. 
The*value of 0.2389 gr. cal. is taken for one Joule. The resistance of the heating © 
stirrer was 23.993 ©, the radiation constant of the calorimeter 0.0065 degree- 
minute and the water equivalent of the calorimeter (determined electrically) 121.3. 

From the table it can be seen, that the electric energy has been sent into the 
calorimeter in two stages. During 840 seconds with an E. M. F. of }) 


136.73 : 
! .0181 = 15.313 Volt, 
9.8% fades : 15.313 Volt 
and during 18.8 seconds with an E. M. F. of 
56.84 
——= POST 082 Volt. 
90.88 X 9.9975 0 


“7) Comp. Zeitschr. f. physik. Chemie 98, 385 (1919), seseeibdly § 114 et seq. 
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Total quantity of electric energy: a ‘ 

(Sa Xx 840 + eres 8) 0.2889 gr. calories = 1969.1 gr. cal. 

Further we find for the radiation correction 

(4.085 + 57.015—15 X 4.080) 09.0065 = —0°.00065. 

The final temperature was 0°010 too high, so that the total temperature 
correction will be 0° 010'),/We must subtract the corresponding quantity of heat 
from the heat sent electrically into the calorimeter. 

As the water equivalent of the solution (specific heat *) 0.7246) is 1240.9 X 
0.7246, the water equivalent of the calorimeter 121.8, of the glass of the bulbs 3.5, 
the total water equivalent is 1023.9, and the necessary correction —1023.9 X< 0.01 = 
=—10.2 gr. cal. The total quantity of energy which was supplied is now 
1969.1—10.2 = 1958.9 gr. cal. So we find for the heat of solution per gram- 
molecule NH,NO, (80.1 gr.) in the solution in question: 


80.1 
— ——— .9 = — 8581 gr. calories. 
- Fa g94g 7 1908-9 581 gr * ories 
The result of a second experiment was: — 3587. 


A third determination gave: — 8589 gr. cal. 

The agreement is thus very satisfactory. 

9. Finally a few observations on the accuracy of the method 
described. If the accuracy of the reading of the thermometer is 
assumed to be 0°.001 and the substance dissolved would have 
produced, if uncompensated a temperature change of one degree. 
the accuracy would be about 0.2 °/,. If the viscosity of the solution 
becomes considerably greater after dissolving the salt, so that the 
friction of the stirrer in the liquid increases, this should also be 
taken into account. The error in the measurement of the BE. M. F. 
which play a part in the experiment, as well as the error of the 
resistance of the heating-wire may amount to some hundredths of 
one percent, the error in the measurement of the time, during which 
the current passes through the stirrer, may give rise to discrepan- 
cies in the heat of solution, which are of the same order of magnitude 


as those of the reading of the thermometer. 


In a series of experiments, similar to the one described in this 


. paper, and to which we shall return later on in another connection, 


the accuracy proved to be 0.3 °/,. 
LUM OE A Tt a 


The adiabatic, electrical calorimeter, described by us in @ previous” 
paper, has been modified for the purpose of measuring heats of 
solution, and an accuracy of about 0.3°/, has been obtained. 

Utrecht, May 1924. van ’t Horr- -Laboratory. 


1) In this case the very.small amount of 0°.00065 degrees is neglected, 
’) Comp. these Proceedings 88, 358 (1924), es 
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Botany. — “Methodic Precautions in Further Analysis of Light- 
growth-response.” By M. Pinkuor. (Communicated by Prof. 
A. H. Braavw). | 


(Communicated at the meeting of September 27, 1924.) 


Changes in the intensity of light, falling on such part of a plant as 
is sensible for it, will primarily produce there internal changes. These, 
on their turn, will secondarily induce externally visible alterations 
in the course of growth, the so-called “light-growth-response”, which 
is the first subject of research in this instance, being a less difficult 
object of examination as compared with the primary internal changes. 

Briaauw has proclaimed a relation between the light-growth-response 

and the phototropical. curvations. His researches were followed by 
those of many others, who, by different methods, tried to ascertain 
the validity of Braauw’s theory. They nearly all used the same ~ 
object, viz. the coleoptile of the Avena seedlings, which circumstance 
enables to comparison of results. 
_ The plan of researches of this kind is formulated by Biiuave (3, 
page 497) as follows: ‘(Man wird) zur Ergriindung des Problems 
der Lichtkriimmung von der Untersuchung auszugehen haben, ob 
allseitige Lichtwirkung die Pflanze zu einer Wachstumsainderung 
veranlasst, die der beobachteten Kriimmang entspricht.” . 

Bravner has nearly succeeded in designing a correspondence between 
the phenomena meant here: light-growth-response and phototropical 
curvation. Even had the result been a negative, Brauner would have 
been entitled to draw conclusions from it, comparing as he did one- 
sided with all-sided effects of the same external influence (light) on 
the same organic object (Avena-coleoptile as a whole) and in both 


eases he judged the effect at the course of the externally visible 


resultants of the internal changes. 
At a recently published research, Brauner (4) makes further 


progress and tries (1) to givea measurable shape to one of the anternal 
changes (viz. the permeability of protoplasm); and (2) to investigate, - 


whether or not it goes parallelly with the light-curvation-reaction 
and the light-growth-response. From this he wishes to draw a con- 
clusion as to its eventual share in these reactions. Here, in my 
opinion, Brauner makes a methodical error. He compares the changes 
in one of the components with those in the resultant. So as to 


make this clear, 1 have first to give a brief survey of his method. 
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During three hours he examines at every fifteen minutes in an 
Avena-coleoptile the resistance, met with by a feeble electric current at 
passing a part of 1 mm. in length, situated at 2 mm. distance from 
the top. He supposes this resistance to be a measure for the  per- 
meability of the protoplasm. He then compares the course, shown 
by this resistance in respect of plants in the dark and of plants 


illuminated in a certain way. The difference (decrease of resistance 


under influence of light) he illustrates graphically and he compares 
the curve with the graphs of light-growth-response and light-curva- 
tion. He, then, finds no resemblance with the first, and some with 
the second. — 

The litthe known to us about the complex of internal changes 


induced in the Avena-coleoptile by illumination, is sufficient to make 


us realise its complicity. Brauner considers the millimeter examined 
by him as the most sensible part of the coleoptile. He submits it to 
light and after 15 minutes he states a change in permeability. 
Meanwhile, a stimulation has left the top for lower situated paris 
of the coleoptile and there gives rise to changes, which, if not 
qualitatively, will differ quantitatively and which, moreover, occur 
at different moments. These changes are judged every 15 minutes 
by their collective resultant: the change in the total length of the 


—coleoptile (respectively the change of the angle between the upper 


part and the vertical line). Now, in my opinion, it is not allowed 
to compare the course of this resultant with that, shown by the 


permeability of a small’ part of the coleoptile. One could imagine, 
in case of a light-push, that up there the permeability will soon be 


normal again, whilst the results of her temporary deviation will be 
perceptible even a long time afterwards in the light-growth-response 
as executed by the whole coleoptile. Or, in case of uninterrupted 
illumination, that the permeability there will have undergone, after 


some time, @ maximum increase (as it cannot go on increasing 


continuously); whilst again the results of the changes will be ex- 
pressed by the whole coleoptile in a complicated way. 
Simultaneous and equally directed changes in the quantities compared 


by Bravnur, are, consequently, not to be expected, but their staying — 


out neither tells us anything. 


Meanwhile, Brauner’s researches would retain this result, that — 


illumination imcreases the permeability of protoplasm. 

This has been shown already for other parts of plants (tree leaves) 
by Trénpte (8), and probably applies to the Avena-coleoptile as 
well. Nevertheless the method used by Brauner does not seem to 


~~ 


give fully useful results in my opinion. It has been applied following 
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the researches described by Sma (6) about changes in permeability 


under geotropic stimulation. In the supposition of the constancy of — 


the number of ions between the electrods it may be assumed, that 
changes in resistance are dependent on changes in permeability of 
the protoplasm and consequently are a measure of the latter. 
According to Smatrn’s method for roots of Vicia Faba, Brauner 
pierces the coleoptile from both sides by the platinum wires of 0.1 
mm. thickness. He, then, covers it wholly by a thin layer of paraffine 
‘melting-point 38° Cels.) and further examines the resistance every 
15 minutes. With seedlings in the dark he, now, does not find a 
constant resistance, but a gradually increasing one. This he calls 
the normal case and attributes the increase to the influence of the 
measuring current (SmaLt thinks the interval of 15 minutes sufficient 
to eliminate such an influence for his object). Now, at his light 
experiments, Brauner states not a decrease of resistance, but a less 
~ important increase. | 

The fact, that-in practically all cases the resistance appeared to 
increase, suggested to me the question, whether perhaps a condition 
has remained unfulfilled, which, evident as it may seem, still onght 
not to be overlooked: viz. the constant distance of the electrods. 
For, if the coleoptile continues its growth in the aera of the electrods 
as well, the latter may come at larger distance within the duration 
of the experiment; so that an increase of resistance would be 
explained. The observations of Rorasrt (5, p. 28) took place with 
too large intervals to be used as a measure here. I therefore have 
tried to obtain data by means of a simple experiment. I cultivated 
Avena seedlings in the constant’ room of the Laboratory under the 
same circumstances as Brauner did (8, p. 499). However, I was 
not able to make use of seeds of a “pure line’. So as to make 
quantitative comparisons, one should, in fact, always work with the 
same “pure line’. In the same way as Brauner I furnished the 
coleoptiles with a small cap of paraffine, melting-point 38° Cels. 
The temperature was 19°.5 to 20° Cels. 

In the following way I obtained a scale on the paraffine eap. I 
for one moment pressed against it a sharp edged screw (thread 
distance exactly 1 mm.). The advantage of this is, that at the 
beginning of the measuring no reading needs to be done. A hard 
rubber screw may eventually also be used for printing ink marks 
at equal distances on the coleoptiles themselves. 

Afier the seedlings had remained in the dark for still 3 hours, 
i measured with a horizontal Eco ssODs the distance between the 
= eats and the 3 mark. . 
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In a series of 6 ex. (17 June) the increase was 20.5 °/,, in one ' 
of 14 ex. (25% June) it was 18.5 °/,. The Jength of the pb 
varied between 20 and 32 mm. 

We are allowed to conclude from this, that the coleoptile still 


a growseat 2 to 3 mm. distance from the top, and that a paraffine 
‘A : cap with a melting point of 38° Cels. does not hinder the growth 
‘G and is stretched by it. 


The increase of distance found here is not as large as the increase ° 

of resistance, found by Brauner after three hours in the dark. It 
is, however, of sufficient prominence to make us admit the necessity 
of a closer investiyation of the influence of the distance of electrods 
at measurements of resistance like those done by Braunrr. 
Seals As regards the conclusions to be derived from the results of these 
Be measurements, we therefure have to count with the possibility that 
the increase Of resistance may contain at least a component, due to 
the growth; whilst in the diminished increase of resistance under 
influence of light, a part may ‘be taken by the decrease of growing 
speed during the first hours. The extent of this part may perhaps 
be stated by experiment, but anyhow this question has to be counted 
with, for it might be, by the method followed hitherto, that we 
should take something to be the cause of the light-growth- 
response, which partially, even is a result of growth itself. 

1 thought it desirable to go into the methodical question attached 
to this matter, too, as even in the nearest future it might occur, 
that confirmation or contradiction of the theory of Biaauw will be 

made dependent — wrongly — on the existing or missing resemblance 
of curves to:the graphs of the light- growth-response. 


The investigator, who wishes to test Buaauw’s theory by experi- 
ment, should not lose sight of the real contents of this theory. 
Braauw himself (2, p. 171) formulates his explanation of Photo- 
tropy: “Wo das Licht eine Wachstumreaktion hervorruft, ruft eine 
ungleiche Lichtverteilung ein oie ita Wachstum hervor, welches 
wir Phototropismus nennen” 

4 The aim is, therefore, to examine the difference in ivseatta equal 
and unequal light-distribution around the circumference of the organ. 
It, consequently, belongs to the task of the investigator, ‘to examine 
this light-distribution as closely as possible. | | 

The fact that this is sometimes. neglected without being counter- ° 
balanced by the prudence in conclusion then required, appears froma 
publication made by two Czechic experimentators Uteara and Moravek: 
“On a. photo-growth reaction without phototropical curvation” (8). 
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This title is founded by them on the following experiment: 


Top’ cells of hyphen of the fungus Basidivbolus ranarum are-— 


observed with the microscope, and, with the aid of a “camera 
lucida”, every two or three minutes the outline of the top is drawn, 
from which the growing process is noted. The illumination, to-which 
the cells are exposed (either with lightpushes or uninterrupted|ly) 
comes from the side through a narrow horizontal slit, so that the 
light beams pass horizontally between the object-slide and the cover 
and eventual curvations are not hindered by the glass slides. The 
cell is then visible in a dark field, whilst (9, p. 124) “the side 
turned to the slit is sharply outlined, the other side coincides with 
the interference lines — the hyphen acting as a diffraction grate. 
_ Apparently, an impor.ant difference of intensity exists here between 
both sides of the hyphen, in relation to the incident beams. This is 
a cardinal pvint, for such a difference in intensity is required by 
Biaauw’s theory in cases where a phototropical reaction may be 
expecied”’, ‘ 

The light intensities used are very high (mostly more than 100.000 
‘Meter Candle) as the fungus shows no reaction otherwise. ‘‘For 
Basidiobolus, the light is no ecological factor” (9, p. 123). The 
authors think this to be of great importance, as they wish to 
investigate a plant, which has not developed a particular light 
sensibility, and in which ‘the processes produced by light ought 
to be considered rather as simply physico-chemical’. (9, p. 124). 

The results are summarised by the authors as follows (9, p. 139, 140): 


(1) The top cells ‘of Basidiobolus do not react on an instantaneous, 
week illumination; if stronger illuminated, they give the typical 
photo-growth reaction as described by Braauw for the first time. 
(2) This reaction is positive up to certain intensity and changes 
in a negative one at higher intensities"). ; 
((8 and 4) At the same time changes in the shape are going on, 
called “‘photo-formreaction” by the authors]. 
(5) Although the Basidiobolus shows the photo- growth reaction, 
yet it does not bend itself in the direction of one-sided illumination, 

neither towards the light, nor from the light; it is therefore not 
phototropical. 

(7) From this fact we assume, that Braauw’s theory is founded 
on an established fact, but cannot be true for all cases. 

So far the ‘authors. It is as remarkable as it is instructive, that . 


1) From the tables appears, that the words ' “positive” and “negative” apply to 
the beginning of the reaction. 
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fi, i "the existence of this investigation has reached general attention for 
: . a great deal by an absiract, published by P. Srark in the Zeitschr. 
; f. Bot. (7) in which, however, only the far-reaching (English) con- 
bes" clusions have been mentioned, and these partially inexactly. The 
Bi commanding necessity of taking at hand the original publication *), 
ee appears from the following considerations : 

A. The starting point of the experiments was not the opposition: 
| all-sided illumination produces light-growth-response — one-sided 
a illumination causes curvation. Tie authors always operated with 
* one-sided illumination, and did find light-growth-response, but no 
curvation (althouyh jig. 1 and 3 clearly show curvations, which, 
however, remain unmentioned). 

B. The authors themselves memorate, that the appearing of a 
curvation depends on the light distribution round the circumference 
of the cell inside the cell wall. In their own case, however, they 
content themselves with stating, that the light, reflected to their 
eye from the light side, was much more intense than that reflected 
from the shadow side. 

This, of course, does not prove anything about the distribution 
of the light over the protoplasm. BLaauw (1, p. 688) wrote on this 
subject in connection with Phycomyces: ‘Man hiite sich dabei, die 
starke Retlexion des Lichtes an den Aussenwanden der Zelle (“nitens!”’) 
mit der Lichtkonzentration im Inneren der Zelle zu verwechseln”’. 

This shows sufficiently, that the conclusions drawn by the authors, 
may be called at least premature, and that, in general, when testing 
Buaauw’s theory on new objects, the question of the internal light 
distribution -requires prominent attention. ; 


Lahoratory for Plant Physiology of the betscdet 
Amsterdam, September 1924. 
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patent 209.722. 


Chemistry. — ‘Researches on the Addition of Gaseous Hydrochloric 
Acid and Hydrobromic Acid to Ethylene and Propylene under 
the Influence of Catalysts.” By J. P. Wisavt, J. J. Divxmann, 
and A. J. Ruregrs. (Communicated by Prof. S. Hoogewmrre). 


(Communicated at the meeting of June 28, 1924). 


In this communication further researches are discussed on addition 
reactions to ethylene and propylene. On the addition of water to 
these compounds a preliminary communication has already appeared 
in these Proceedings‘). 

I have been able to carry out this investigation by the aid of a 
support granted me out of the Hoogrwxrrr-fund: for this kindness 
I express again my heartfelt thanks to the Board of Trustees of the 
Hoocewerrr-fund. 

The experiments on the addition of hydrochloric acid and hydro- 
bromic acid to ethylene and propylene were undertaken by me in 
conjunction with Mr. Disxmany. When it had already been found 
that these reactions can be realized by means of the catalysts to 
be described below, Mr. Dirxmann was obliged to interrupt this 
work on account of his military duties. I then continued the in- 
vestigation in conjunction with Mr. Rurgeers. 

The researches described here were already completed for the 
greater .part in September 1923; with a view to the filing of a 
patent the publication was postponed’). 

J. P. Wisavr. 


§ 1. Introduction. 

It is a characteristic property of the olefines that these substances 
can combine with hydrogen halide. This reaction takes place most 
readily with hydriodic acid; hydrobromic acid also reacts smoothly 
in many cases, whereas the addition of hydrochloric acid in general 
proceeds much more slowly. In general the addition of hydrogen 
halide to the higher olefines takes place more readily than to the 
lower terms of the -series. 


1) Wisaut and Diexmann, These Proceedings 26, p. 321—328. 
2) French patent 574.800; Dutch patent filed on January 12th, 1923; English 
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Proceedings Royal Acad. Amsterdam. Vol XXVII. 
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About the addition of bydrogen halide to ethylene an investigation 
of Berruetor') was known when we started our experiments. This 
investigator heated ethylene with a saturated solution of hydrobromic 
acid at 100° CG. in a sealed glass bulb for 100 hours; ethylbromide 
was formed. A solution of hydriodie acid reacted somewhat more 
rapidly under the same circumstances. 

If the same experiment was made with ethylene and concentrated 
hydrochloric acid, only traces of a neutral substance containing 
chlorine were formed, which could not be identified. From this it 
appears that the addition of hydrochloric acid to ethylene proceeds 
very slowly under these circumstances. 

If propylene was heated with aqueous hydrochloric acid in the 
same way at 100°, the hydrochloric acid was completely absorbed 
after 70 hours with formation of isopropylchloride. 

We have set ourselves the task of examining the reaction between 
gaseous hydrochloric acid and hydrobromic acid and ethylene, resp. 
propylene. These olefines are now available in great quantities as 
components of coal gases (coke-oven gas and gases of the coal 
distillation at low temperature) and in the gases obtained in the 
preparation of light hydrocarbons from beavy petroleum-distillates 
(cracking process). Therefore an investigation on the possibility of 
transforming the ethylene resp. propylene out of these gas mixtures 
into the corresponding alkylcblorides looked promising, as these 
alkylchlorides, in particular ethylehloride, find various applications 
in chemical industry. As will appear from what follows, we have 


actually attained our end. 


In the mean time several investigations have become known bearing 
on the same problem. In a German patent of the “Farbenfabriken 
vorm. Fr. Bayrr and Co.” (D. R. P. 361041) it is stated that ethylene 
and gaseous hydrochloric acid combine to ethyl chloride at tempe- 
ratures between 200° and 300°, when a mixture of these gases 
passes over indifferent substances, as fragments of stone, charcoal, 
pumice, and similar substances; these substances would serve to 
transmit the heat. Oxides of heavy metals, in particular “roasted 
pyrites”, might serve as catalysts in this reaction. In a patent of 
the chemical factory Wairur ter Mer (D.R. P. 369702) another 
method for the preparation of ethylehloride from ethylene and 
gaseous hydrochloric acid is protected. These substances are pressed 
in an autoclave filled with charcoal. At 100°—200° and at a pressure 


') Compt. r. Acad. d. Sc. 44, 1850; 50, 612. 
Lieb. Ann. 104, 184 (1857) en 115, 114 (1860). 
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of 25—50 atmospheres ethylchloride is said to be formed in a 
quantitative yield. 

We had already found in our preliminary experiments that when 
a mixture of ethylene and gaseous hydrochloric acid is passed over 
asbestos, over granules of burned clay or over charcoal, no 
formation of ethylchloride takes place between 100° and 270°. 
This is, therefore, in conflict with the statement of the just-mentioned 
patent of Bayer. Between gaseous hydrobromic acid and ethylene 
there appeared to proceed a slow addition reaction at 140°—170° 
in the presence of asbestos. | 

If the thermic effect of the formation of ethyl chloride from 
hydrochloric acid and ethylene is considered, this reaction appears 
to be strongly exothermic. The heat of combustion of ethyl! chloride 
has been determined by Txomsun and by Berrannor. In the expe- 
riments of these two investigators the products of combustion formed 
were: carbonic acid, liquid water, hydrochloric acid and very little 
free chlorine. In Taomsen’s experiments part of this hydrochlorie acid 
occurred in the gaseous state. BertueLor burned gaseous ethy chloride 
with oxygen in his calorimetric bomb; the hydrochloric acid gas 
dissolved in the water, which had been put in the bomb. Both 
Bertaetot and THomsun have determined the quantity of free chlo- 
rine and recalculated the results for the case that.only hydrochloric 
acid should be formed in the combustion; for this calculation the 
heat of formation of hydrochloric acid and that of water must be 
known. In the case of ethylechloride this correction is small. 

The heat of combustion of ethylene has been determined both by 
Tuomsen and by Burtnetot. Hence the heat that is liberated when 
hydrochloric acid combines with gaseous ethylene can be calculated 
from these results, provided that the heat of solution of hydrochloric 
acid in water is taken into account, since in the combustion of 
ethylehloride an aqueous solution. of hydrochloric acid is formed. 
In this way THomsen and Brrruenot have calculated the thermic 
effect of the reaction: 

C,H, + HCl | C,H,Cl 
gaseous. 

BertneLot finds for the thermic effect 31,9 cal., THomsEn gives 
10,8 cal. Toomsen bas calculated the heat of reaction at constant 
volume, whereas Brrtaetot’s value is valid for constant pressure, 
but the ensuing difference is comparatively small. In the combustion 
of ethylbromide both hydrobromic acid and free bromine is formed 


in considerable quantity, which rendered the experiments and the 
44* 
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calculation still more complicated. Below we give the values for 
the beats of reaction of some of these reactions as these values have 


been given on one side by THomsEN, on the other side by BERTHELOT. 


oe ———————— 


THomsEN ') | BERTHELOT ?”) 


C,H, + HCl 10.84 Cal. 31.9 Cal. 
C3Hg + HCl 11.96 ,, 

C,H, + HCl 1263 ue 

CoH, + HBr 12.87 ,, 207i. 4 
C3Hg + HBr B90 


It is seen that the values of THomsrn and of Berrue.or differ 
greatly. We shall not enter into a discussion of the question which 
of these values are reliable, and how great the accuracy should be 
estimated, which would be very difficult for want of experimental 
details, but we will only conclude from these data that the addition 
of halogen hydrogenic acid to olefines is a clearly exothermic reaction. 

In virtue of these thermic data it might be expected that the 
addition of hydrochloric and hydrobromic acid to ethylene and pro- 
pylene can proceed rapidly enough at the ordinary temperature 
resp. at a slightly raised temperature, if one has a suitable catalyst 
at one’s disposal. It is natural to look for catalysts for this reaction 
among the metal chlorides, in order to avoid secondary reactions; 
for instance when metal oxides are used, the chlorides would be 
formed from this through the action of hydrochloric acid gas. 

In the literature only few data were to be found to decide in 
which groups of the periodic system one had to find such a catalyst. 
Sabatier and Maine’) have studied the decomposition of alkyl- 
chlorides and alkylbromides in halogen hydrogenie acid and the 
corresponding oletine. They found that this reaction is catalytically 
accelerated by the chlorides of bi-valent metals as NiCl,, CoCl,, 
FeCl,, PbCl,, and BaCl,, When ethylchloride or propylehloride is 
led over barium chloride at 300° C. a smooth decomposition takes 


place into hydrochloric acid gas and ethylene. The chlorides of 
sodium potassium or of silver do not promote this reaction according — 


to Sabatier and Maine; in the presence of these substances there 


1) These values are those calculated by THomsEN from the heats of formations 
see Thermochemische Untersuchungen, Bd. IV, 372. 

) Annales de Chimie et de Physique (5), t. 28, 238 (1881). 

5) Compt. r. Acad. d. Sc. 141, 238 (1905). 


4 


_ = ie 


675 


is no decomposition even at 350°. According to SmnpERENs?) also 
aluminium oxide, silicum dioxyde, aluminium sulphate are catalysts for— 
the splitting off of hydrochloric acid from alkylehlorides. We have 
tried if barium chloride, which according to Sabatier and Mainax 
is the most suitable catalyst for the decomposition of alkylhalides, 
would act catalytically on the addition of hydrochloric acid to 
ethylene or propylene, but have not been able to find the slightest 
influence of barium chloride on this reaction. 

Gustavson’) has investigated the action of hydrobromic acid on 
ethylene in the presence of aluminium bromide. This investigator 
led a mixture of hydrobromic acid gas and ethylene over anhydrous 
aluminium bromide. At 60° —70° there took place a vigorous reaction in 
which, however, a complex reaction product was formed, wherein 
besides a substance which seemed to be a compound of aluminium 
bromide with a hydrocarbon, also saturated hydrocarbons occurred. 
If the reaction was carried out at 0°, a pretty large quantity of 
ethylbromide was formed, according to Gustavson (quantitative data 
are not given), but even at this temperature other reactions occurred. 

As it appeared from GustTavson’s experiments, which are not 
described very clearly, that aluminium bromide causes a complicated 
reaction process, we have not included this substance in our inves- 
tigation. . 

We have found that bismuth trichloride and antimonytrichloride 
resp. the corresponding bromides are excellent catalysts, which 
cause the addition of hydrochloric acid and hydrobromic acid to 
ethylene and propylene to take place rapidly. 

Recently a paper has been published by E. Bert, and J. Birrer *) on 
the addition of hydrochoric acid gas to ethylene. These investigators 
used anhydrous aluminium chloride asa catalyst, after it had appeared 
to them that in an empty glass tube the addition of hydrochoric 
acid to ethylene does not take place. They find that in the presence 
of aluminium chloride the addition of hydrochloric acid to ethylene 
proceeds at temperatures from 100° C. upwards; only a small quantity _ 
of by-products was formed. These investigators have not carried out 
experiments with hydrobromic acid, neither with propylene. 


§ 2. Experimental part. 
We have prepared the ethylene required for these experiments 
according to SENDERENSs’ method, by conduction of the vapour of 


1) Bull. Soe. chim. d. France (4), 3, 823 (1908). 
8) Journ. f. prakt. Chemie (2) 34, 161 (1886). 
3) Ber. d. deutsch. chem. Ges. 57, 95 (1924). 
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ethyl alcohol over heated aluminium sulphate. SBNDERENS gives @— 
very extensive description of the best way in which the catalyst 
for this reaction is to be prepared. According to our experience no 
special care need be taken to obtain a suitable catalyst for this 


reaction. We have soaked asbestos with a strong solution of alu- _ 


minium sulphate; the evaporated mass was dried at 130° and 
powdered. With such a catalyst we have obtained excellent results. 
The best temperature for the reaction was 370° —380°. The propylene 


“was always prepared from propylalcohol, which is much cheaper 


than isopropylalcohol, and yields equally good results. The ethylene 
and propylene obtained in this way, always contains a little hydrogen 
dependent on the temperature of reaction and the particular pro- 
perties of the catalyst. Since this quantity of hydrogen had no 
injurious influence in our experiments, we have not removed the 
hydrogen, but determined ‘the percentage of olefine of each gas 
mixture used. In this way, we have indeed often obtained a gas 
with 99,5 °/, olefine. 

The reaction space consisted of a glass tube of a length of 100 em. 
A wire of chromium nickel was wound round this tube immediately 
on the glass, which wire was connected with the electrical circuit. | 
By means of a suitable resistance any required temperature between 
100° and 300° could be kept constant in the reaction tube. Round 
the reaction tube a wider glass tube was placed concentric with it, 
which served for heat-insulation. This electrical furnace has the 
advantage that the inside of the reaction space can be watched 
during the experiment. The temperature of the reaction was measured 
by means of a thermo-element, which was mounted inside the 
reaction tube. The ethylene came from a graduated glass gasholder, 
passed through a U-tube with calciumchloride, and washing-bottle 
with strong sulphuric acid, which at the same time served as gas- 
bubble counter, and then entered the reaction tube. In the experi- 
ments with propylene, the washing-bottle was filled with 90 °/, 
sulphuric acid. Hydrochloric acid gas was developed from sulphuric 
acid and ammonium chloride, also passed through a washing-bottle 
with sulphuric acid, and mixed with the olefine before the reaction 
space’ was reached. The proportion between hydrochloric acid gas 
and olefine was approximately determined by counting the gas bubbles _ 
in the washing bottles, which were of the same demensions. | 

Hydrobromic acid was prepared by leading a mixture of hydrogen 
and bromine vapour over heated platinum; then the reaction mixture 
was led through tubes with anthracene in order to remove unchanged 
bromine vapour. With some practice a pretty constant stream of 
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hydrobromic acid gas can be obtained in this way, which mixed 
with the olefine and entered the reaction tube. = 

The gases issuing from the reaction tube were freed from un- 
changed hydrogen halide by means of U-tubes filled with soda-lime, 
and then the halogen alkyl was condensed in a convenient way. 
In the case of ethyl chloride a spiral cooled in carbonic acid and 


alcohol was required for this. In order to drive all the halogen 


alkyl present in the reaction tube into the receiver, air was passed 
through the reaction tube and the U-tubes for two hours after the 
experiment. The U-tubes were heated to a suitable temperature in 
the case of ethylbromide and of the isopropyl halogenides. 

The yield of halogen alkyl was measured in most experiments 
by the weight of the distilled alkyl! halide. In our preliminary ex- 
periments on the addition of hydrochloric gas we have followed 
another method. The gas mixture which had been carefully freed 
from hydrogen halide passed by way of control through a washing 
bottle filled with a solution of silver nitrate, then through a drying 
tube, after which it entered a quartz tube heated to redness. There 
the ethyl chloride or iso-propylchloride was decomposed and hydro- 
chloric acid was split off. The quantity of this was determined by the 
titration of the chlorine ion. This method has rendered us good 
services to test the addition of hydrochloric acid during an experi- 
ment, especially in the experiments with illuminating gas which will 
be mentioned later. Bert and Birrer have applied the same method 
independently of us in the said paper. In the subjoined tables we 


. shall now give a survey of the results, in which only a number 


of typical experiments are mentioned out of the great number of 
experiments made. 

In the first column is found the number of the experiment; in 
the 2°¢ column is indicated the contact substance with which the 
reaction tube was filled; the third column contains the numbers 
of litres of gas used in the experiment, and the percentage of olefine 


of this gas mixture; the 4” column gives the duration of the experi- 


ment; the 5" column the temperature. In the 6" column the result 
is recorded and the yield of alkylhalogenide is calculated with 
respect to the quantity of olefine. 

In all the experiments a reaction tube of the same dimensions was 
used, which was filled over the same length with catalyst or indif- 
ferent substance. Accordingly the experiments are comparable inter 
se. The gas volumes given have been reduced to 0° and 760 mm. 
These volumes have, however, not been measured accurately; the 
errors may amount to some percentages, the same uncertainty pre- 
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vails, therefore, in the values indicating the yield. A greater accuracy 
in the measurement of the gas volumes was not necessary, as 
comparatively small differences in the yield are also caused by the 
oscillations in the velocity of the current of the gas mixture, 
by differences in the filling of the tube and similar causes, which 
we could not perfectly control with the arrangement of our 
experiments. 

The differences between the behaviour of ethylene and propylene, 
of hydrochloric and hydrobromie acid, the characteristic action of 
catalysts are, however, very evident in these comparatively rough 
experiments. 

In the gas volumes given, the volume of the admixed halogen 
hydrogen gas is not included. In the case of hydrochloric acid gas 
the volume of this was about 30—50°/, more than the volume of 
the olefine. In the case of hydrobromie acid gas the quantity of this 
was more difficult to ascertain. The hydrobromic acid gas was, 
however, always present in excess. (See the table on the next page). 


It appears clearly from table I that bismuth chloride is a specific 
catalyst for the addition of hydrochloric acid gas to ethylene. 
Whereas in the presence of indifferent substances as asbestos, charcoal 
carbon, granules of burned clay, no ethylchloride is formed even 
at 220°—270°, or at least very little (experiment 92), the reaction 
takes place slowly already at room temperature in the presence of 
BiCl, (experiment 76); at 120°—200° with bismuth trichloride as a 
catalyst the reaction takes place pretty rapidly, and a good yield 
is therefore obtained. The transformation of ethylene in ethylchlo- 
ride proceeds still smoothly when the ethylene is mixed with a great 
excess of air, as appears from experiment 142. In this experiment 
the ethylchloride formed was isolated from the gaseous reaction 
product through absorption with active charcoal, after unchanged 
hydrochloric acid had first been removed, and then the ethylchloride 
had been obtained through distillation from the active charcoal. It 
has appeared to us that a number of experiments can be performed 
with the same mass of catalyst, without any decrease of activity 
being perceptible. (Compare the series of experiments 72—79: 
this same catalyst was also used in later experiments. Compare 
table II). : 

We have often verified the purity of the ethylchloride obtained 
in these experiments by distillation. The greater part of the reaction 
product distilled from +2°—12°,8, Except for a little dissolved ethylene, 
the reaction product seemed to contain no impurities. Substances 
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which boiled at a higher temperature than ethylchloride were not 
present in appreciable quantity. 


TABLE I. (Ethylene and gaseous hydrogen chloride). 


o 
3 A Duration 5 
illing of the Quantity of of the = 
reaction tube gas in litres |experiment| & Result 
a in hours g 
al 
a ae et OE eet ee eee 
92 | Asbestos Ae ls 6 220° | About 0.04 gr. CoH;Cl 
97 9 CoH, ie. 0.3 O% 
93 | “Bayer A—Kohle’”’ So2als 2 220° | No C,H;Cl formed 
4 97 0%) CoH4 
94 | Granules of burned 3:3) 1. 2 270° ine - FA 
clay 97 9 CyaH, 
97 | Granules of burned 35) L 2 PAS VLAN 5 f 
clay 97 9 CoH, 
} ROseeA sbeston shakediwith')1) 22.521: 3.5 1709 | Seale 4, : 
BaCl, 97 % CoH, 
4 72 | Asbestos soaked with| 4.1 1. 5 150° | 8.8 gr. CoHsCl = 74.5 % 
BiClg 99 0/9 CoHy 
73 | The same catalyst as iS) ib 32/3 120° | 3.5 gr. CpHsCl = 81 9p 
in 72 99 % CoHy 
76 | The same catalyst as Sesulk 6 15° | 0.65 gr. CoH5Cl = 6 9/ 
in 72 99 0%) CoH, 
77 | The same catalyst as Pole 4\% 120° | 4.7 gr. C;ZH5Cl = 84 %% 
in 72 99 9% CoH 
78 | The same catalyst as Paetsy Ve 5 150° | 5.1 gr. CJH5Cl = 75 9p 
in 72 95 9/9 CoHy 3 
79 | The same catalyst as Seal: 3 200° | 7.4 gr. CoH5Cl = 73 9p 
in 72 92 0 CoHy 
142 | Asbestos soaked with 43 1. 57 200° | 8.6 gr. CogH5Cl = 73 0% 
BiCl3 of a mixture 
of 9.5 9/9 of 
C,H, and 


90.5 9/o of air 


Bert and Birrer obtained yields of ethylchloride of 18—36 °/, 
with respect to the ethylene used. The highest yield was 36.7 °/, at 
a reaction temperature of 130°. They worked with a mixture of 
equal volumes of hydrochloric acid gas and ethylene. It is not 
possible to make a reliable comparison between the catalytic activity 
of aluminium chloride and bismuth chloride, because the rate at 
which the gas was flowing and the dimensions of the reaction tube 
in Bert and Birrer’s experiments were different from those in our 
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experiments. It seems to us that bismuth chloride is a more active 
catalyst than aluminium chloride. At 120° we have obtained con- 
versions to 84°/,; this is a much higher yield than the two inves- 
tigators mentioned. 

The reaction between ethylene and hydrochloric acid is reversible. 
Bert and Birrer give a calculation of the equilibrium constant: 

K __ PC,H,- PHC! 
? PC,H,Cl 
admitting a value of 14.2 Cal. for the heat of reaction. They have 
calculated this value for the heat of reaction from the values for 
the energy of the atomic linkings as they are given by Fasans and 
by Martin and Fucus. As we have seen already in the introduction 
the result of the measurements of the heats of combustion does 
not give any reliable value for the heat of reaction. 

By the aid of Nernst’s well-known approximative formula Brrt. 
and Birter have calculated the values of K, for some temperatures ; 
they do not state, however, what numerical values they use for 
this calculation, besides the value for the reaction heat. For 200°C. 
they find K, = 5,25. The equilibrium concentration of ethylchloride 
which would correspond to this value of K,, is, however, much 
smaller than the quantity of ethylchloride which is formed accord- 
ing to our experiments and according to the experiments by Bert. 
and Birrer themselves. 

We shall not enter further into this question, as in this case no 
great importance can be attached to the calculation of the equili- 
brium concentrations on account of the uncertainty in the value of 
the heat of reaction. 


It appears from table II that the reaction between propylene and 
hydrochloric acid gas proceeds smoothly at 150°. However bismuth 
trichloride appears to be a powerful catalyst. In the presence of 
this substance a rapid reaction takes place at the ordinary tempe- 
rature, with notable generation of heat. The formation of isopropyl 
chloride proceeds rapidly, even when the propylene is mixed with 
excess of air (experiment 51). 

Antimony trichloride acts as catalyst in the same way. 

The product formed is chiefly isopropylchloride, as was, indeed, 
to be expected according to Markonikov’s rule for the addition to 
olefines. The reaction product of experiment 84 was subjected to | 
fractionated distillation at 755 mm. The following quantities were 
obtained: 8,5 gr. of 32°—35°, 55 gr. of 35°.5—36°,5, and 10 er. 
of 36°.5—38°5. 
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TABLE Il. (Propylene and gaseous hydrogen chloride). 


Result 


Rapid reaction in which the 
temp. of the catalyst rose 
to 70°: 15.5 gr. of isopro- 
pylchloride, boiling-point 
36—37°. Yield 68 %/o. 


About 80/9 isopropylchlo- 
ride formed (determined 
by titration of the split off 
hydrochloric acid.) 


Rapid reaction in which the 
temperature of the catalyst 
rose to 60 to 70°: 14 gr. of 
isopropylchloride = 7092/9: 
almost the whole quantity 
distilled from 36.4—36°.8. 


31.6 gr. of crude isopropyl- 
chloride = 80 9: the 
greater part distilled from 
36—37°: 


15.5 gr. of crude isopropyl- 
chloride = 92 %. The 
greater part distilled at 


35-37? 


82 gr. of crude isopropyl- 
chloride = 920/o. 


6.5 gr. of isopropylchloride 
%o. 


3.5 gr. of isopropylchloride . 
%p. 


2.2 gr. of isopropylchloride 
%, 


o 
© f Duration Ee 
< Filling of the Quantity of of the = 
5 reaction tube gas in litres | experiment a. 
Z in hours 8 

i 

ce a a ee ee ee eee 
32 Asbestos soaked 6.3 1. Initial 
with BiCl3 99 9/) C3H¢ 2 temp. 
202 
51 Asbestos soaked 6 1. of a 4 18° 
with BiCl, mixture of 
18. 69/9 C3Hg 
and 81.49/gair 
56 Asbestos soaked (SAR Ne 33/, Initial 
with SbCl3 98 50/9 C3Hg temp. 
18° 
81 Asbestos soaked Pio 6 100° 
with BiCl;: 969/) C3Hg 
the same catalyst 
was already used 
in the experiments 
72—80 
83 | The same catalyst | Mixture of 41/4 80° 
as in N®, 81 5 1. CgHg and i 100° 
12 1. of air 
84 | The same catalyst 27-1 1. 10 80°— 
as in N® 81 96 9/9 C3H¢ 90° 
106 Pure asbestos Sahil 3 150° 
90% C3Hg 
107 Pure asbestos 179 1. 2 150° 
90%) C3H, 
109 Asbestos soaked Iss ie 150° 
with BaClo 90 0/9 C3H¢, 


Whether a little propylchloride is still present in this last fraction, 
has not yet been ascertained. At any rate the quantity of this 
substance cannot be large. Besides, the reaction product, which was 
obtained in the experiments with propylene, contained still a very 
small quantity of a liquid that did not boil at 100°. 

It appears from table III that the addition of hydrobromic acid 
to ethylene in the presence of asbestos proceeds very slowly at 
140°—170°, though there is some ethylbromide formed. Accord- 


ingly the addition of hydrobromic acid takes place ceteris paribus 
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more readily than the addition of hydrochloric acid (compare N°. 92, — 
93, 94, 97, 103 of table 1). Bismuth tribromide is again a vigorous | 


TABLE III. (Ethylene and gaseous hydrogen bromide). 


Filling of the 
reaction tube 


Quantity of 
gas in litres 


Duration 

of the 

experiment 
in hours 


Result 


Temperature 


a 


121 


128 


129 


133 


134 


136 


1.9 1. 
900) C,H, 


Pure asbestos 


Pure asbestos =n tS 
93% C,H, 


Pure asbestos eg) 
93 0/9 CoH, 

Asbestos soaked with 1 he da b 
BiBrg 93 0/9 CoH, 

The same catalyst as Apes 
in 133 93% CoH, 

The same catalyst as 0.84 1. 
in 133 93% CoH, 


2 


2 


140° | 0.5 gr. C;H;Br = 6 % 


20° | No Cj;HsBr formed 


170° | 0.8 gr. CoHsBr = 9 %o 
90°—| 4.5 gr. CoHsBr = 84 % 
100° 


20° | 6.6 gr. C2HsBr = 84 Yo 


170° | 3.4 gr. CoHsBr = 88 %/p 


catalyst for this reaction: in the presence of this substance a pretty 
rapid reaction takes place already at the ordinary temperature. 


TABLE IV. (Propylene and gaseous hydrogen bromide). 


o 
Duration E 
Filling of the | Quantity of of the = 
reaction tube | gas in litres | experiment a Result 
in hours & 
& 
30] Glass wool on 7.4 1 2 Initial | 34.6 gr. of crude isopropyl- 
which BiBrz | 96%) C3H¢ temp bromide = 89% . 30 gr. of 
20° this distilled from 59°—60°. 
The temp. rose during the 
experiment to 40° C. 
122| Pure asbestos 2.4 4 170° | 7 gr. of isopropylbromide = 55%/p, 
96%) C3H¢ The greater part distilled at 60’ 
126| Pure asbestos Zeek 2 170° | 5.7 gr. of isopropylbromide =559, 
96 0/0 CcHy Py /o 
125| Pure asbestos 2.6 1. 31/9 20° | 8.6gr. of isopropylbromide=610/p. 
96% C3H¢ The greater part distilled at 60° 
139 Asbestos soaked ASH "lo 20° | 8.7gr. of isopropylbromide=930/o. 
with BiBr3 96% C3He The temp. rose to 80° C. at 


the spot where the mixture of 
propylene and HBr struck the 
catalyst f 
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The reaction product from the experiments 129, 134, and 136 
was fractionally distilled; the greater part went over from 38°—40°. 
There was left only a very small residue. The product is, therefore, 
almost pure ethyl bromide. 

It appears from table 1V that the addition of hydrobromic acid 
to propylene proceeds already pretty rapidiy at 20° in the presence of 
asbestos. In the presence of bismuth tribromide, the velocity of the 
reaction becomes, however, much greater, as appears from the 
experiments 30 and 139; in these experiments the propylene flowed 
at arate of 4 litres per hour, and round 90°/, of isopropylbromide 
could be obtained from this, whereas in experiment 125 with a 
rate of flow of about, 0,7 L. of propylene per hour, the yield was 
only 61 °/,. 


§ 3. Summary of the Results. 

We can give the following summary of these results. The addition 
of hydrogen chloride to ethylene does not take place between 170° 
and 270° without catalyst or, if it does, the velocity of the reaction is 
very small; in the presence of bismuth chloride, on the other hand, 
a perceptible reaction takes already place at the ordinary temperature; 
between 120° and 200° the reaction proceeds rapidly in the presence of 
BiCl,, and without formation of by-products. The addition of hydrogen 
bromide to ethylene proceeds somewhat more readily than the 
addition of hydrogen chloride. Yet in the absence of a catalyst no 
addition takes place at 20° under the circumstances of the experi- | 
ment; this reaction does not become perceptible until the neigh- 
bourhood of 140° is reached. In the presence of bismuth bromide 
however the reaction proceeds rapidly even at 20° C. 

The addition of hydrogen halide to propylene takes place much 
more quickly than that to ethylene, which is apparent both in the 
addition of hydrogen chloride and of hydrogen bromide. Under the 
circumstances of these experiments the reaction evidently takes place 
much more rapidly than in the experiments of BrrTHELoT, who 
worked with an aqueous solution of bydrochloric acid. 

Hydrogen bromide appears to react- with propylene at lower 
temperatures than hydrogen chloride. Bismuth trichloride or 
antimony trichloride resp. bismuth tribromide are powerful catalysts 
for the reaction between propylene and hydrogen chloride resp. 
hydrogen bromide; in presence of these substances the reaction 
proceeds rapidly at the ordinary temperature, while much heat is 
liberated. 

Some interesting questions arise, among others whether in this 


eS 
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reaction there is formed any n-propylehloride, resp. n-propylbromide, 
and whether the quantity of this varies with the temperature. From 
the experiments of table II and IV it appears that chiefly isopropyl- 
chloride is formed both at 20° and at 100°, resp. chiefly isopropyl- 
bromide at 20° and 170°, but it might perhaps be worth while 
investigating this point more closely. It will probably be possible to 
investigate the equilibrium of the reaction: 


olefine + halogen hydrogen SS alkylhalogenide 


at very divergent temperatures, now that a vigorous catalyst is at 
our disposal. 

Another question is whether hydrogen halide might be added to 
aromatic hydrocarbons in this way. Ethylene combines with hydrogen 
to ethane under the influence of finely divided nickel or platinum, 
while under the same circumstances cyclohexane is formed from 
benzene. Would it now be possible that e.g. tribromeyclohexane 
is formed from benzene vapour and gaseous hydrogen bromide under 
the influence of bismuth bromide? 

Preliminary experiments in this direction with toluene, which is 
somewhat more easily accessible to addition reactions than benzene, 
have yielded negative results. We have not been able to find an 
indication of an addition of hydrobromic acid. 

We have finally also made some orientating experiments on the 
addition of hydrochloric acid gas to acetylene in the presence of 
bismuth chloride. We have, however, not yet succeeded in realizing 


this reaction. 


§ 4. Preparation of Ethyl chloride from Coal-gas. 

We have applied the method found by us to convert the ethylene 
present in illuminating gas in small quantities, into ethylchloride. 
We shall not give a detailed description of these experiments, as 
they do not open any essential new points of view. What has 
appeared from them is, that this reaction can be successfully applied 
to gas mixtures with a small ethylene-content. The Amsterdam illu- 
minating gas used by us contained’) from 1 to 1,8°/, of ethylene. 

The illuminating gas was first freed from benzene vapour by 
washing with creosote oil, then passed through a gas-meter and 
drying-tubes, after which it was mixed with a small quantity of 
hydrochloric acid gas. The mixture of illuminating gas and hydro- 


‘) Determined by absorption with fuming sulphuric acid in the gas that had 
previously been freed from benzene vapour. Hence also other olefines are included 
in this: the quantity of them is, however, very small in illuminating gas. 


_ 
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chloric acid gas was conducted over the bismuth trichloride catalyst 
between 150° and 200° C. The apparatus was arranged in such a 


way that the experiment could be continued day and night, without is 


interruption and required little supervision. The ethylchloride formed, 
which was present only in small concentration in the issuing gas 
mixture, was isolated by absorption with active charcoal, after the 
hydrogen chloride that was still present, had been removed. The 
chief constituents of the illuminating gas were not adsorbed by the 
charcoal, and left the adsorption-apparatus unchanged. In order to 
be able to verify in the course of the experiments, whether the 
charcoal still adsorbed ethylchloride, resp. whether ethylchloride 
was still being formed in the reaction tube, we made use of the 
method of analysis mentioned in the beginning, which is based on 
the splitting off of hydrochloric acid from ethylchloride. From the 
active charcoal we liberated the adsorbed ethylchloride by heating, 
and then condensed it by cooling. 

In the paper cited, Bert and Birrer have ‘also applied the adsorp- 


_tion of ethylchloride by means of active charcoal. 


To give an example we obtained 5,8 gr. of pure ethylchloride 
from 360 litres of illuminating gas, which quite distilled over from 


a water bath of 15° C., besides-a very small quantity of higher- 


boiling alkyl . chlorides. This corresponded to about 50°/, of the 
quantity of ethylene present in the illuminating gas. 

We have also mixed illuminating gas with a little propylene, 
and obtained a very good yield of isopropyl chloride from this in 
the same way. 

It is of importance that prolonged eer. were made with . 
the same catalyst without this decreasing in activity. 


Organic-Chemical Laboratory of the University. 
Amsterdam, June 1924. 


‘Mathematics. — “On (eneralisations of the Notion of Absolute 


Convergence’. By M. J. BELinvanTe. (Communicated by Prof. 
L. E. J. Brouwer.) 


(Communicated at the meeting of March 29, 1924). 


In an article, entitled: “Sur la sommabilité absolue des séries par 
les moyennes arithmétiques” ') Ko@BeTiantTz has extended the notion 
of absolute convergence to summable series, and has proved some 
theorems concerning this so-called ‘absolute summability”, which 
theorems are generalisations of the well known theorems of Caucny 
and Mertens about the product of two infinite series. 

If we substitute the words “joinable of order p” instead of 
“summable of order p” in these theorems of KoGBerLiantz, then 
we get generalisations of the theorems of Caucny and MErTENs, 
which | have proved in the articles “A Generalisation of Mrrtens’ 
Theorem” *), “On the Product and Summability of Infinite Series’ *) 
and my dissertation *). This may be seen from the following scheme: 
absolutely summable 


Theorems 1. The product of a series wich is og 
joinable 


absolutely summable 


of order q, ts 


absolutely summable 


of order p+ q‘). 


joinable 

absolutely summable 
joinable 

of order p, by a series, which is summable of order q, is summable 

of order p+ q‘). 

The theorems I are generalisations of Caucuy’s theorem to which 
both are reduced if we take p=0, g=0O; the theorems IJ are 
generalisations of Mertens’ theorem to which both are reduced if 
weulakeop =O, ¢ ==0. 


Theorems Ll. The product of a series which is 


") Comptes Rendus de l’Academie des Sciences, t. 178, p. 295—298; 1924. 
*) These Proceedings, Vol. 26, p. 203 —215. The article will be cited as “Art Mert”. 
‘) These Proceedings, Vol. 27, p. 833—45. 
*) ,Over oneindige reeksen”. Noordhoff, Groningen 1923. p. 29 31. 
5) Koapertiantz, |. c. p. 297 theorem IV. 
»Over oneindige reeksen”, p. 30 theorem 8. 
6) Koaperiiantz, |. c. p. 297 theorem V. 
yArt. Mert.”, p. 204. 
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We now will prove that the notions of absolute summability and 
joinability are not equivalent, and that series exist, which are abso-— 
lutely summable of order p but not joinable of order p and also 
series which are joinable of order p but not absolutely summable 
of order p. 

A series is joinable of order p(p > 0) if it is summable of order 
p and its mean-values of order p—1 are finite, or in other words: 
if it is summable (C;, p) and finite (C, » —1). A series is joinable 
of order zero if it converges absolutely. 

A series a, is absolutely summable of order p if the series of 

(p-+-1) 


differences of two immediately following mean-values 


order p converges absolutely, i.e. if the series 


get) gt 


n—1 


o 


1 


AGT) AC) 


converges absolutely *). 


In order to find out whether the defined properties are dependent _ 


from each other, we reduce the nt" term au? of the above series 


: as follows: 


(py) gy set) br APTD girth ay) Saw 


= & = 
Bao. se APD AGE 
Bee A SES ig PE EY oa gt): ole) 
ie | get) gern 
Boe ee as ae ge 
< Ae Aye 
fae ICA RING, 
At Baie 
yt 
Au ANGE pagieek, 
ae ‘i ) oh l 
APP AD aD 
(py) 
eos NG) See a 
—————— bare ae Pigeiag ’ 
EN Cae 
1) For the notation see these Proceedings, Vol. 27, p. 34. se 


protbedings Royal Acad. Amsterdam. Vol. XXVII. 
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If Sa, is joinable of order p then of course Un ”) ig convergent ; 
further there exists a positive number M so that 


go) 
“| < M for every n. 
An 


The expression ——,, which tends to a limit for m= o, is also 


finite;. hence the expression between brackets in (1) is finite. 
Therefore: 


n| i? | <k Rh ONO eS ee ee ee 


Conversely: from the convergence of Su” together with the 
relation (2) it follows that Sa, is joinable of order p, as may be 
seen by resolving (1) for the mean-value of order p—1: 


1 
Sea set } pt+n—l (») 
———= ) . 


A”) ~ ery p.n 


Hence we see that the joinability of order p of Sa, is equivalent 


with the condition n |r”? | <k together with the convergence of 


Sui, whereas the absolute summability of order p of Ya, is by 


definition equivalent with the absolute convergence of Su?) 


In order to find out whether the absolute summability is a con- 
sequence of the joinability or vice-versa, we have only to investigate 
whether the absolute convergence of a series Sw, implies n|\w,| << & 
or conversely whether the absolute convergence follows from the 
convergence together with the condition m|w,| < &. As will be well- 
known neither need be the case; a simple example that excludes 

tigate”: : 1 : 
the last possibility is the series 1— > + — ae Examples 
that contradict the first possibility are generally less simple because 
for monotonic series the condition | nun| <k is a consequence of 


the absolute convergence. The latter examples therefore consist of 


non-monotonic series; a wellknown sate is the series : 


Tes apes tate es Epo se tat 


It is aes to observe that the properties of absolute con- 


vergence of Sw, and the convergence of 2 Un together with 
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| Ntn | <k& (which characterize the difference between the notions 
of absolute summability and joinability) are sufficient to secure the 


convergence of the product of an arbitrary number of series, provided 


one of the two properties is valid for each of them’). 

If a series Sy? is arbitrarily given, it is possible to calculate 
the corresponding series 2a, with the aid of the formulas of our 
previous article; therefore the examples above give after this cal- 
culation examples of series, which are absolutely summable but not 
joinable, respectively of series which are joinable but not absolutely 
summable of the same order. We also see that series of the last 
kind may have a less complicated character than those of the first 
kind: so the series 1 —1-+1—... is joinable of the first order 
but not absolutely summable of the first order’). That the product 
of this series by a series which is summable of order p is summable 
of order p+ 1 cannot be proved with the aid of Kogsrriiantz’ 
generalisation of Mertens’ theorem,*) but follows immediately from 
the fact that it is joinable *) (see theorem IT). ? 

Another very important property which also often enables us to 
reduce the order of summability to a lower degree than that which 
is given by Cesaro’s*) rule, is the so-called index of summability 
which has been introduced by Crapman'). A series which is sum- 
mable of order « whatever be # >) has an index of summability 
which is equal to p when it is not summable of any order < p 
(the series may or may not be summable of order p). On a former 
occasion’), we have observed that sometimes the theorems concerning 
the joinability give more information than CHapman’s rule that 
the index of the product of two series cannot exceed the sum of 
the indices of the series by more than unity. 

Since a series, whose index is equal to p is certainly summable 
of order p+ 1, the question arises whether there is some connection 
between the absolute summability, respectively the joinability of 
_ order p-+1 and the index p. It may be seen from the following 
examples that these properties do not follow from each other. 

1. Example of a series with an indea p which is not absolutely 
summable of order p + 1. . 

1) Proc. Lond. Math. Soe., Ser. 2, Vol. 11, 1913 (p. 464). 

2) Koepetuiantz, |. c. p. 296. 

8) Kogperiianmz, |. c. p. 297. 

4) ,Art. Mert.” p. 211. 

5) Sur la multiplication des séries. Bulletin des Sciences Mathématiques, 2e série, 


t. 14, p. 114-120. 
6) Proc. Lond. Math. Soc., Ser. 2, Vol. 9, p. 869—409, 1911. 


7) ,Art. Mert.” p 211. ee 
45* 
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The series 1—1-+1—1-+.... has an index ’) zero, but is not 
absolutely summable of order 1. 
2. Example of a series which is absolutely summable of order 
p+1, but whose index exceeds p. 
' The series - 
Qr—] 22 zeros ns 


0+...+0-+——_+ . . 
+04 +0+— at 


Y? 


EE NEG | 3 0+0 ‘ de 
id a a as a = 


is, as mentioned by KogseTitantz without proof, absolutely sum- 
mable of the first order but not summable of any order <1; the 
index therefore exceeds 0. 

3. Example of a series whose index is p, but which is not joinable 
of order p+ 1. 

The series 


1 1 I | 1 Lee 
[14s ]+fre +e -ptg+gta|te 


has an index equal to zero; indeed it is the product-series of 


1 


Saree 
1—14+1—1+4... and 1—-—+4+— >—— 4+... 
a ++. an Site, 


which have the indices 0 and — 1 respectively *); hence the index 
of the product does not exceed 0—1+1=0, and since the series — 
does not converge the index must be 0. The series is not joinable 
of-order 1, since the partial sums: 


1 1 1 1 1 1 
OT ue Se Vy Ce Lay 20 a 
grow infinite. 

I have not found an example of a series which is joinable of 
order p+ 1, but whose index would exceed p. Hence it might occur 
that each series which is joinable of order p+ 1 would have an 
index not less than p. . 

We will now give a condition which when satisfied for a series 
with an index p guarantees that the series is joinable of order p+1. 

That the index of the series Ya, is p, is expressed by the following 
relation : 

lin Cs Soi? ut Bp tale) Cn 


if i>0. 


(Ey 
(Ce is the nt mean-value of order k). 


1) Cuapman, |. ¢., p. 378. 
®) Proc. Lond. Math. Soc., Ser. 2, Vol. 11, p. 462, 1913. 
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It is not allowed to infer from the existence of (3) that there 
exists a number M such that: 


[oa 


i RN OE eg 
for 7 > 0. (In that case we call the mean-values of order p +7 
uniformously limited for 2 > 0). 

Indeed, although it is possible to calculate a number M; for every 


2 >O such that (4) is satisfied, it might happen that the values of 


M; could increase to o with decreasing 7. It will be seen that this 
is the case with the series of example (3). 

We now prove that 7/f the relation (4) is satisfied whatever be 
2 >0, it is also satisfied for i =O if M is replaced by another 
finite number iM’, i.e. we prove that it is possible to calculate a 
finite number J’ so that 


eee heigl eben uth: los bears (6) 


whatever be n, which implies that = a, is joinable of order p + 1. 

To prove this property (which is not self-evident), we introduce 
the quantities AW” for O<k<1 by the following definitions: 

AL? AY = 1 A 

An AY + AAP +... AT” A = 0h : 


The quantities A with negative upper-indices satisfy the same 
kind of relations as the A’s with positive indices. In particular we 
have: ! 

Apt et an ere Aen LAS, 4. Aer) any bp ’ (IJ) 
spr) 7 Pae seta Sere ser) 4G ye — ¢?) , (111) 
Ae ee | 
area?) CP TY) ee (—p+n—2) 
Oe Teo (n—1) 


(7V) 


——— 


These relations are proved by induction from the definitions (I) 
and the formulas for positive indices'). From (IV) it is evident that 
the A’s with negative ee are all negative except Ay”. 


he 


Now, if |C?™ |< Mor Xe a <M 


whatever be n, then it follows from ts 


1) These Proceedings, Vol. 27, p. 34. 
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Pat 
<M At) AGuane ee le Aer) a 


: 44 F mes el 
ea M Feo ae vere Aer) Ay 9) ae AS Ol Mart 


+ uae? 


< M AW) La APY) | oh mu avr) 
(p+) 
| gs) 


Al?) | 
Since this relation is valid whatever be 27, we may take 2 for 

(p+) . 

n 


<M AY) 42M A, 
ert 


WM bac 
er aye 


a given n so that 


n 


(p+) ; : : ee 
A 1 1 a a 
An aie) te sie ee 1+). 
A?) ( gi ai aay ( uprers tS P 


+4) 
a ee) 


<2. Indeed 


So, if we take 7 less than p(V/2—1) we have iy 

AS 

S| ; 

a »| < 5M or | CY | <— 5M whatever be n. 
P 


We have proved that a series which is summable of order p 
and whose mean-values of order p—1 +2 are uniformously limited 
for 2 > 0 is joinable of order p. If the index of the series is »—1, 
then the mean-values are limited for 7>0 but need not be uni- 
formously limited. A sufficient condition that a series with index 
p—1 shall be joinable of order p is the condition that the mean- 
values of order p+7—1 are uniformously limited for i>0. As 
the series of example 3 had an index 0 but was not joinable of 
order 1, it is clear that we cannot infer from the fact that the 
index is p that the mean- ‘values of order p + 2 are uniformously 
limited for 2 > 0. 


Note to the article “On the Product and Summability of Infinite 
Series.” (These Proceedings, Vol. 27 p. 33—45). 

The formulas (3) and (5) on page 34 may only be deduced from 
the formulas (A) and (B) on page 35 if p or q or one of them are 
integer. If p and q are not integer then the proof cannot be given 
in that way; then however the proof is superfluous, as the equality 
of coefficients has already been inferred from the former case. See 
my dissertation p. 6. 


Zoology. — “Some notes on the Thyroid-metamorphosis in tadpoles’. 
By G. C. Herings M.D. (Communicated by Prof. J. Borxs). 


(Communicated at the meeting of June 28, 1924). 


Two articles on this subject which appeared in the Arch. fiir 
Mikroskopische Anatomie und Entwicklungsmechanik Bd. 104. 
Heft 1—3, 1924") induce me to refer in this publication to a paper 
on the same subject, read by me at the meeting of anatomists at 
Amsterdam in 19238. 

It is a long established fact that the influence of thyroid feeding 
differs largely for the different parts of the body of laboratory 
animals (larvae). The immediate consequence of this unequal 
influence is that the larvae coming out from the experiment present 
a queer combination of tissues and organs in absolute heterogeneous 
stages of development. Some time ago I endeavoured to describe 
this peculiar phenomenon as a ‘‘dissociation of the developmental 
process’, which is less conspicuous macroscopically than when the 
larvae are examined under the microscope. Microscopically it may 
be best demonstrated by making a comparison between a laboratory 
-and a control-animal, of which one special organ has reached the 
same stage of development. So in figs. 1a and 1b two animals are 
represented of which the small white buds of their still undevel- 
oped hindextremities are equally developed, the former by a thy- 
roid-diet (‘‘Prana’”) of some days, the latter in the natural way of 
gradual development. By immersion into cedar-oil the internal 
organs have been made visible. In this case the laboratory animal 
accidentally displays the abrupt .shortening of the tail much less 
than is commonly the case. Besides the great difference in external 
proportions the amazing difference in the internal structure is 
very conspicuous: also the almost total disappearance of the gills, 
the development of the heart, the transformation of the tractus 
gastro-intestinalis etc. Apart from the rapidity of the metamorphosis 


1) W. Scuutrze, Weitere Untersuchungen tiber die Wirkung in kretorischer Driisen 
Substanzen auf die Morphogenie II. Ueber die Sprengung der Harmonie der Ent- 
wicklung. — Benno Rowets, Histol. Untersuchung zur Analogie der Wirkung der 
- Schilddriisenfiitterung auf Froschlarven 2 Die Beeinflussung der Entw. der 


vorderen Extremitat u.s.w. 
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as a whole, it is evident that a local slowing down in the trans- 
formation is to be noted which might readily be interpreted by a 
different sensitiveness in the various organs. With some degree of ; 
reason both Scaunrze and Romzis now expected to be able to deter- 
mine the point of attachment of the thyroid and therefore they 
started their investigations from this phenomenon, which pena 
happily proposed to term “Sprengung der Entwicklungsharmonie 5 
The conclusions of the authors mentioned, however, are widely 
diverging. 


Fig. la. 


ScauLtze’s conclusion is in my opinion the less correct of the 
two. He advances the theory that the epithelial and not the meso- 
dermal tissues have been stimulated to grow. Romris’ and my own 
investigation have produced plenty of data to disprove ScHULTzR’s — 
theory. But why should we indicate the weak points in a theory, — 
that sounds like an anachronism in a time when SpPEMaNN and _ his 
followers are completely experimenting down the dogma of the 
specificity of the germ layers. ' 

We rather advert to the work of Romets, which opens far wider 
prospects. Romzis, who. in his histological inquiry confines himself 
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~ almost exclusively to the development of the foreleg, immediately 
emphasizes several important facts‘): 15%. the Significance of the —— 


walersecretion as regulated by the thyroids for the general growth: 


‘24. the promoting of cell-division in ‘definitive organs (“wie z. B. 


den Extremitdten”), the decomposition of other organs, e. g. the 
operculum: 3°. The significance of the quantity of the supplied 
thyroid and the time of feeding, f.i. after a certain time it appears 
that the phenomena of hyperthyroidism give place to those of 
hypothyroidism *), that anyhow the organs that were precocious at 
first, afterwards lay behind the organs of the control animal. In 
short Romets has succeeded in detecting a number of factors which 
are doubtlessly of consequence for the complicated proceedings. Still 
there remains a number of phenomena of which Romeis utterly 
fails to give an adequate explanation. Surely, Romets himself thought 
so too, as he points on the one hand to the complicating interaction 
of the organs with internal secretion, whose equilibrium is disturbed 
by the experiment, and-on the other hand to the necessity of making 
allowance for the interaction of the tissues themselves. 

But even these restrictions cannot induce us to support Romais’ 
point of view. It is by no means the observations themselves that 
I want to call in question. The increased diuresis, the augmented 
mitoses, they are ascertained facts, but in my opinion they do not 
explain the thyroid-metamorphosis. It seems impossible to me to 
explain the growth of an organism by counting up the number of 
nuclear cell-divisions. Does it make any difference whether the 
growth of an extremity-bud is observed macroscopically or whether 
the numerical increase of the cells is watched under the microscope? 
The mitoses are so many phenomena of the progressing process, but 
the process itself remains puzzling as the normal development itself. 

This theoretical objection appears to be the more cogent, as we 
are continually confronted with phenomena which present such a 
medley of regeneration and degeneration, of differentiation and dedif- 
ferentiation, that Romuis’ arrangement would come to a mere rough- 
and-ready schematism. Now it goes withoutsaying that so eminent 
a researcher as Romuts has understood this difficulty as, indeed, appears 


from the above. And yet, he seems not to have entirely escaped 


the danger of this systematizing. When he considers the accelerated 
development of an extremity almost exclusively as an increased 


') See also the previous communication by the same author, A. M. A. und E. 


Vol. 98, 1923. 


2) It seems plausible to saris this fact, which I also observed, to exhaustion. 
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“Aufbau” in his latest publication, 1 cannot help asking whether the 
action of the osteoclasts and the bone-resorption during the growth 
is to be considered as “Auf-” or as “Abbau”. 


It is beyond doubt that both, development and demolition, may — 


be brought about by thyroid-action. In this sense Romgis’ view 
means a step in advance, as compared with the theory propounded 
by JarviscH, who supposes the development to be merely secondary 
to the decomposition of the larval organs. I am doubtful however, 
whether it is right to assume evolution in the one region and 
devolution in the other to be independent parallel processes. 

I may be allowed to describe here an observation on the gill- 
reduction brought about by thyroid, which I have not found men- 
tioned anywhere in the literature. The roof, resp. the posterior wall 
of the mouth-cavity and the pharynx of normal larvae has a cylin- 
drical epithelium, differentiated by a number of well-defined, small 
cone-shaped prominences, formed by groups of still considerable 
higher mucilaginous vacuolated cells. (Fig. 2 and 3). Whether, as I 
suspect, a glandular function is to be assigned to these cells, or 
whether they may be buds of a sense-organ is still a matter of 


Fig. 3. 


conjecture. [n the literature I could find only one reference to 
similar formations and that in a thesis by F. P. Scnuurze, who 
describes them as “ein reich entwickeltes System mehrzelliger 
Driisen”. In some details however his description clashes with my 
preparations. ‘ 
Another very remarkable modification of the epithelium to which 
Scuurrze (l.¢.) also calls attention is found in the roof of the cavity 
of the gill, extending more or less over the gill-arches. I would not 
venture to side without further consideration with ScHULTZE, 
when he concludes that this modification is equivalent to. the 
‘isolated epithelium-prominences in the moutheavity. It is certain 
however, that we here have’ to do with a high degree of 
epithelium-modification with a specific function which is very 
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Strange to say, this formation again I never found recorded ” 
the literature, although it was represented e.g. in the pictures for 
a different purpose illustrating the article by Erstneer and STERNBERG 
(Arch. fiir Mikrosk. Anat. Bd. 100). : 

Now it is noteworthy that together with the reduction of the 
gills all these peculiar epithelium formations disappear as it were 
abruptly after thyroid-feeding (Figs. 6 and 7). From this it may be 


ree 


Fig. 6. }) 


concluded that there is a functional connection with the gill-respi- 
ration. Be this as it may, the above affords us a plain instance of 
the destructive action of the thyroid upon a larval organ. Still here 
also a more exact analysis gives scope for objections. Is not the 
blood-vascular system of the gills a highly integral part of the gill 
apparatus? And is not the definitive apparatus built up from the 


larval vessels? Several more questions may be asked and all of - 


them will ultimately culminate in the one question: What are 
“definitive” organs that have been built up, what are larval organs 
that have been destroyed? Where is the boundary between evolu- 


') Figs. 6 and 7. Sections of thyreoidlarvae. Figs. 4—7 all hit the ganglion N. 
Vagi-Atrophy of the gills. 
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tion and. devolution? Are they not after all two phases of the 
same process ? 


Fig. 7. 


Here I think lies the inadequacy of Romzts’ theory. It seems to 
me however that our actual knowledge of the whole complicated 
evolution is still too fragmentary for a deeper analysis. In my 
opinion the only admissible conclusion is that the thyroid disturbs 
the equilibrium of the normal progression of the process, nothing else. 
In its generality this statement may give little satisfaction but in 
my judgment it will not be amiss from this point of view once 

“more to define the normal ontogeny as an equilibrated system. In 
this connection Watter’s experiments should be remembered which 
demonstrated that after thyroidectomy there appeared neither degene- 
ration nor regeneration of a severed nerve. This is not surprising 
if we reflect that degeneration is nothing but the introduction to (or 
the stimulant to) regeneration, as has already been observed by 
Van Grnucaten, and.as has so conclusively been proved in Borkr’s 
work. Therefore let us no more set up antitheses between genera- 
tion and degeneration in ontogeny. Rather let us try to find an 
explanation for the thyroid action in the shifting of an equilibrium 
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in local influences, that for the present cannot. be defined (let alone! : 
localized !). When looking at the facts in this way we shall be 
amazed at the mysterious agency (entelechy, mneme) that is at work — 4 
under such an enormous commotion, in keeping together the widely oe 
diverged organs and in restoring their development to the normal — . 


> 


equilibrium. 


Utrecht, June 24, 1924. a, 
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Chemistry. — “Hquilibria in systems in which phases, separated by 
a semipermeable membrane.” I. By F. A. H. ScurtineMaKnrs. 


(Communicated at the meeting of September 27, 1924). 


We take a liquid Z of the composition: 

# Mol X 4+-y Mol Y4+ 2 MolZ+...4 ites 25) Mol We . (l) 
and a liquid L,, which only contains the simple substance W(f.i. water). 
We imagine both liquids, separated from one another by a semi- 
permeable membrane, which allows to pass freely the substance W 
| only. We call W the diffusing substance, X YZ... the not-diffusing 
substances. Further we assume that Z and LI, have the same tem- 
perature, but that Z is under an external pressure Pand L, under 
an external pressure P,. The osmotic pressure 2 of the liquid L 

with respect to Z, is then »— P—P,. 


: 

_ When we allow dn quantities of the diffusing substance W to be 
' transported from the liquid LZ, towards the liquid Z, then we find 
4 the equation for equilibrium : 

4 Gee WEES. BE ! 

a Seede) hse Ajit Seed te 2 

€ "te oy Oe ); Gn ©) 
, in which £ and ¢, represent the thermodynamical potentials of the 


“ 


unity of quantity of the liquids ZL and L,. Consequently ¢ is a 
function of Pay... and ¢, a function of P,. 

When L is a binary liquid, which contains besides the diffusing 
substance W still only the substance X, then (2) passes into: 


0g 
(6-25) = Goa. Mie heer 4s (8) 
a/]p 
When we change 2 P and P,, then follows: 
Ov 
a2r.de + (0-952) dP», Cbg ern ag VS) 


When we keep constant the external pressure P, of the liquid 
L,, then dP, =0 and dP=dz; then it follows from (4): 


ee eda ect ee eSB) 
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Hereby is defined the relation between the change dx of the 
concentration of the not-diffusing substance and the change dx of 
the osmotic pressure. In (5) is: 

. 075 RT 
” = Oa* uw (6) 


in which « has a finite value. For very small values of 2, as 


+s foo 


poe approaches then to zero, (5) passes into: 


0x 


RT RT 
dx = —.dz or THT Oh aa (7) 
Uv 


the well-known law of van ’t Horr. When the concentration 2 of 
the not-diffusing substance becomes larger, then deviations of this — 
law may occur; (5) remains valid, however. 

When wz, viz. the concentration of the not-diffusing substance X 
approaches to 1, then, as is apparent from (6) the numerator of (5) 
becomes very large. A small change of the concentration shall cause, 
therefore a very large change of the osmotic pressure. 

We now distinguish two principal cases. 

I. All liquids under consideration rest homogeneous; consequently 
no dimixtion into two liquids occurs. 

As r is, therefore, always positive, the numerator of (5) is, therefore, 
also always positive. 

In order to find the meaning of the denominator, we mix dn 
quantities W with one quantity L; the total new volume v’ becomes then: 

iste wlavsade Ont... Dun ee 
LO Oe 

In general shall be v’ > v, unless with the mixing a contraction of 
volume occurs which is still larger than the volume of the added 
quantity of W. In general the denominator is positive, therefore; 
this is surely the case for small values of 2, as v—w —only differs 


Ox 
little then from v. As: 


Ov 07» 
a(v—a52) = — 055 de i} tb ee ee bak 


it appears that the denominator may become negative only then, 


when the v, #-curve turns its convex side towards the concentration-. 
axis. We now distinguish two cases. 


a. The denominator of (5) is always positive. 


From (5) follows: with increasing concentration of the not-diffusing 
substance, the osmotic pressure grows. 


We draw in fig. 1 on the horizontal line WX the concentrations 


’ ee. eee =e | 


) P<P, then is Cw)p< (So)A,- 
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and on the vertical axis the pressures P= P,-+ a of the osmotic 


equilibrium L-++ W. When we take Wa,=P,, then we get the 


osmotic pressure-curve a,bcd. Consequently in a, the osmotic 
pressure is zero; in 46,c, ete., it is represented by the length of the 
perpendiculars fallen on the line a, a’,. 

The direction of this curve in its beginning-point a, is defined by (7) 
viz. the law of van ’t Horr; inthe 
vicinity of the line XP, it shows a 
straight ascension. The osmotic 
pressure-curve a,6cd divides the 
diagram into two fields, which we 
shall call the (++) field and the (—) 
field; the first one is indicated in 
the figure by an encircled +, the 
second one by an encircled —. 

An arbitrary point ’ in the (+) 
field’ represents a liquid, which, 
under the pressure Py, is not in 
osmotic equilibrium with the diffusing 
' substance W, but contains too much 
of this substance. When we keep the pressure constant, then it 
passes, depositing the substance W in the liquid c, which is in 
osmotic equilibrium under this pressure. 

A point K in the (—) field represents a liquid, which contains 
too little of the substance W. Consequently it passes dissolving the 
diffusing substance W into the liquid c also. 

We are able to deduce the osmotic pressure-curve also by otber 
considerations. : 

We imagine viz. the diffusing substance W to be substituted by 
an imaginary state of this substance, which we shall call (W). We 
define this imaginary state in such a way that the thermodynamical 
potential of (W) under all pressures is equal to (¢,)p, viz. to that 
of the diffusing substance W under the pressure P,. 

When in (2) ay... approach to zero, then the first part becomes 
equal to the thermodynamical potential of the substance W under 
the pressure P; when we call this (Cyw)p then we have: 


Fig. 1. 


vg 
Gw)p = 60) p, +o FAS Te Sed eee ame 8) 
Po 


When we take P> P, then is, therefore (Cyw)p > (S,)p,; when 


46 
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Instead of the osmotic equilibrium LZ + W we now take the 
equilibrium ZL -+(W); as L represents herein the liquids, which are 
saturated with the imaginary substance (W) we shall call this the 
“saturation-equilibrium”’. 

For this saturation-equilibriam we find the condition for equili- 
brium ‘ 

0c 0s an Se ; 
(je Pye age .)= Gor, «i aes ee 
consequently the same as (2). Hence it follows, therefore: 

we can replace an osmotic equilibrium LZ -+ W with the osmotic 
pressure x = P— P, by the saturation-equilibrium LZ + (W) under 
the pressure P= P, 4+ x. 

When a liquid Z has an osmotic pressure + = P— P, then this 
liquid is in equilibrium under the pressure P= P, + a7 with the 
imaginary substance (W); and reversally. 


The osmotic pressure-curve a, bcd of fig. 1 represents, therefore, 


also the liquids, which are saturated under the different pressures 
P with the substance (W); points in the (++) field represent super- 
saturated solutions, points in the (—) field unsaturated solutions. 

Reversally we can also find this osmotic pressure-curve, when 
we deduce the saturation-curve of the substance ( W) under variable 
pressure. 

6. When we assume that the denominator of (5) may become 
also negative, then the osmotic pressure-curve may have a form as 
f.i.: the curve a,be/fg (fig. 1); on part fe then the osmotic pres- 
sure decreases at increasing concentration of the not-diffusing substance. 
Then there are liquids which have three different osmotic pressures. 

When we consider, instead of the osmotic equilibrium L-—+ W 
the saturation-equilibrium L-+(W), then along curve a,befg 
with increase of pressure the solubility of the substance (W) decreases 


firstly as far as e, further it increases as far as f and afterwards 


it decreases again. 


II. Now we shall assume that there are also liquids L, which are 
dimixed into two other liquids. 

When we wish to deduce the shape of the osmotic curve also 
now with the aid of (5) and other relations, then we have to take 
into consideration that 7 can also become neyative. 

However, we shall replace now the osmotic equilibrium Z-+ W 
by the saturation-equilibrium L + (W). Consequently we have only 


to seek for the saturation-curve of the substance (W) when liquids 
occur, which are dimixed. | 


a 
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Although those saturation-curves are known, yet we will for a 
moment indicate the way to deduce them graphically. 

For this reason we draw on the horizontal axis (fig. 2) the con- 
centrations and on the vertical axis the thermodynamical potentials 
¥ of the liquids. We represent (5,)p, 

viz. the thermodynamical potential 

of the imaginary substance (W) by 
point ¢,. Undera pressure P, > P, the 
$-curvé has a form like /, m,n, 0, 9, 5, ; 
the point /, is situated, as formerly 
is deduced from (10), above the 
point ¢,. As we assume that dimixion 
may occur, in this $-curve two points 
of inflexion n, and 0, occur. We 
can, therefore, also draw a double- 

Ww X tangent with the two points of contact 

Fig. 2. m, and q,. Liquids, represented by 
points of dm, and q,s, rest, therefore, homogeneous; the other 
liquids are dimixed in a complex of the two liquids m, and q,. 
The liquids, situated between m, and , and those between o, and 
g, are metastable, the liquids between n, and 0, are unstable ones. 

We now imagine the tangents to be drawn in the points of in- 
flexion n, and 0,; their points of intersection with the axis W¢ 
are called n', and o',. We now may distinguish several cases. 

1. The point ¢, is situated below the point of intersection 7’,. 
Only one tangent to the 5-curve can be drawn from 6, ; consequently 
under the pressure P, there is only one liquid, which is saturated 
_ with the substance (W); consequently also: there is only one liquid 
with the osmotic pressure x = P,—P,. This liquid is stable and is 
situated between gq, and s,. 

-2. The point 6, is situated between n', and o’,. 

Now we can draw from §, three tangents to the ¢-curve; conse- 
quently there are three liquids with the same osmotic pressure 
a= P,—P,; one of these liquids is stable, one metastable and one 
unstable. When the point ¢, is situated above the double-tangent 
m,g, then the stable liquid is situated between /, and m,; when 
$, is situated below the double-tangent, then the stable liquid is 
situated between q, and s,. 

When accidentally the point ¢, is situated on the double-tangent 
then there are two stable liquids viz. m, and g,, which have the 
same osmotic pressure; the third one is unstable. 

3. The point $, is situated above the point 0’. 
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As &, is situated below /,, &, is situated, therefore, between 0’, 
and J,. Only one tangent can be drawn from $, now; consequently 
there is only one solution saturated with the substance Sih con- 
sequently also only one liquid with the osmotic pressure 7 = P,—P, 
This liquid is stable and is situated between /, and m,. 

On decrease of pressure all points of the $ curve shift downwards ; 
its form changes therewith at the same time. Under a pressure 
P=P, it goes through the point $,, which rests on its place at 
change of pressure; under a pressure P,< P, it may be represented 
fi. by curve J,m,n,0,9,- AS += P,—P, is negative now, the 
osmotic pressure is negative, therefore. We now may distinguish 
two cases. 

4. The point $, is situated above the point of intersection 0’,. 

Consequently no tangent can be drawn from &, to the § curve; 
consequently there is also no liquid with the considered negative 
osmotic pressure. 

5. The point , is situated below the point of intersection 0’,. 

Consequently from $, two tangents can be drawn to the $ curve; 
therefore there are under the pressure P, two liquids, both saturated 
with the substance (W), consequently also two liquids with the 
negative osmotic pressure x= P,—P,. One of these liquids is 
metastable, the other one is unstable. 

Firstly we imagine a very low pressure, so that the § curve is 
situated far below the point $,; on increase of P it then shifts 
upwards, under a pressure P= P, it goes through the point ¢, and 
on further increase of pressure it comes above the point ¢,. As the 
S$ curve changes also its form with this change of pressure, there 
may be also pressures, under which its concave part is disappearing, — 
so that it gets downwardly totally a convex shape. When we 
consider at each stand of the $ curve the tangents from the point 
$, drawn to the $ curve, at which several of the cases mentioned 
sub 1—5 and their transition-forms may occur, then we find the 
following. 

A. The saturation-curve of the substance (W) and consequently 
also the osmotic pressure-curve consists of one single branch, 

Then we may get a diagram as in fig. 3, in which the osmotic 
pressure-curve is represented by a, 6,uwvw b,c; the curves d, b, e, 
and d,6,é, are the limit-curves of the region of dimixtion. Starting 
from a,, the osmotic curve comes in 6, under the pressure /,, in 
the region of dimixtion, it reaches in wa maximum- and afterwards 
in w a minimum-pressure and in 6, under a pressure eee 
leaves the region of dimixtion. The parts a, 6, and b,c represent 


~_ -— 
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stable states, the parts 6,u and wb, represent metastable states and 
part wvw unstable states. When the point w is situated below the 
line a, a',, as is drawn in fig. 3, then there are also liquids (unstable 
and metastable) with negative osmotic pressure. 

When we limit ourselves to stable states alone, then only one 
liquid belongs to each osmotic pressure 7 = P—P,. However the 
two liquids 6, and 6, belong to the osmotic pressure x = Py — 
— P,=P;,—P,; those liquids are also in equilibrium with one 
another under the pressure P,, — P,,. 

B. The saturation-curve of the substance (W) and consequently 
also the osmotic pressure-curve consists of two parts, separated from 
one another. 


Fig. 3. Fig. 4. 


Then we may obtain a diagram as in fig. 4, in which the one 
part of the osmotic pressure-curve is represented by a,dc, the 


other part by the closed curve ww. The latter is situated within 


the region of dimixtion with the limit-curves ke, h and ke, h, of which 
k and fA represent the critical points. The part of curve ww, directed 
towards point e,, represents unstable states, the part of this curve 
directed towards point e,, represents metastable states. 

The region of dimixtion can be situated also above the curve 
a,c; this case is represented in fig.4 by curve d,/d,. The dotted 
line within this region of dimixtion then represents the second 
branch of the osmotic pressure-curve. 

When we limit ourselves to stable states, then to each definite 


osmotic pressure 7 = P—P, belongs one liquid only. 


In general the osmotic pressure-curve a,6c shall ascend only 
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slowly in the vicinity of the critical point & (or J) with increasing 
concentration of the not-diffusing substance X. In the point & (or /) 
itself is viz. r==0; on curve a, bc, in the vicinity of this point k 
(or 1) r is positive, but it may be still very small. When this is 
the case, then the above-mentioned follows at once from (5). 
Between the figures 3 and 4 a transition-form exists. This occurs 
when the osmotic pressure-curve a,c comes in contact with one 
; of the regions of dimixtion f.i. &A in the critical point &. Then 
Ct point % coincides with & Curve a, 6c then shows in & a point of 
inflexion with a horizontal tangent. 


Till now we have assumed that the diffusing liquid W, with 
respect to which we define the osmotic pressure 7 = P—P, of a 
liquid Z, has a constant external pressure P,. Now we shall examine 
which influence has a change of P, on the osmotic pressure 2. 
We take a liquid of constant composition; consequently x in (8) is 
constant. From (3) now follows: 


dP ot PO, | 
Ov 
ETE Se 
As now dx = dP—dP,, we find: 
Ov 
bs i nid» po 
dr hat a apn 13 
i Ov +e Nest (18) 
Y 38b4 


When we bring the pressure of the diffusing liquid W from P, 
to P,+dP,, then the change dP of the pressure and the change 
dx of the osmotic pressure of the liquid L are defined by (12) and (13). 

Consequently in figs. 1, 3 and 4 the straight line a, a’, shifts up- 
wards a part dP,, each point of the osmotic pressure-curve a part — 
dP (defined by 12). As, however, dP depends also on , all points — 
of the osmotic pressure-curve don’t shift upwards in the same extent; 
consequently also this curve changes its form, so that the osmotic 
pressure changes also. This follows at once also from (13) from 
which it appears at the same time that the change dz of the 
osmotic pressure depends also on the composition of the liquid. 

In the figs. 3 and 4 on change of the pressure P, the osmotic 
curves shift, therefore, while the regions of dimixtion rest on their 
places of course. In fig. 3 the points 5, and 6, shift, therefore, along 
the curves d,e, and d,e,; in fig. 4 the osmotic pressure-curve either 
approaches more or moves further from the critical point & or J. 
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On further change of P, the osmotic curve may go now through 
the point Z; on still more change fig. 4 passes then into fig. 3. 

Consequently we find: the osmotic pressure of a liquid L with 
respect to the diffusing substance W depends on: 

1. the concentration of the liquid Z. 

2. the external pressure P, of the diffusing liquid W. It may 
depend also on this pressure P,, whether the osmotic pressure-curve 
consists of one branch (fig. 3) or of more branches (fig. 4). | 

As the coefficient of dP, in (13) may be as well positive as 
negative, the osmotic pressure may either grow or diminish. How- 
ever the osmotic pressure shall grow at increase of P, with liquids 


which contain only little of the not-diffusing substance X. 


From (13) and also from (7) it follows viz.: 
dx 1 ov RT ov 


— = — — a= — —. — 1 14 
aP, nor, * v? 00, . ii 


per OMe ; ov. 
in which —~ is negative of course. As; is only very small, the 


Wages oP 
change of the osmotic pressure is also very small. With small changes 
of P, the osmotic pressure practically does not change. 

Van ‘tT Horr has compared the osmotic pressure of a liquid L 
with the pressure which the not-diffusing substance X should exert, 
when in gas-state this should occupy the volume v of the liquid L. 

Following this comparison in large lines we might say that in 
fig. 1 the substance X behaves like a gas, far above its critical 
temperature 7%, in fig. 4 as a gas, in the vicinity of this temperature 
and in fig. 3 as below 7%. On branch a,b, the substance X should 
be then in gaseous state, on branch 0,c in liquid state. Further we 
should have to assume that this critical temperature, and, therefore, 
also the behaviour of the substance X depends on the pressure P, 
of the diffusing substance. 


Leiden. ; . Laboratory of Inorg. Chemistry. 


(To be continued). 
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Chemistry. — ‘Equilibria in systems in which phases, separated by 
a semipermeable membrane.” II. By F. A. H. SCHREINEMAKERS. 


(Communicated at the meeting of October 25, 1924). 


[sotonic liquids. 


We take two liquids Z, and Z, which are separated from one 
another at a definite temperature 7’ and pressure P by a semi- 
permeable membrane, which permits to diffuse one or more of the 
substances. 

We shall say now that both liquids are isotonic with respect to 
those diffusing substances, at that 7’ and P, at which they are in 
osmotic equilibrium with one another. The total thermodynamical 
potential is not allowed to change, therefore, when small quantities 
of the diffusing substances pass from the one liquid towards the other. 

We give to Z, and L, the composition: 


a, Mol A + 6, Mol B... + «, Mol X + y, Mol Y +...0, MolW 
~ m, Mol M +n, Mol N...-+ 2%, Mol X + y, Mol Y +...w, MolW 
in which 
w, = 1—a, — b,...— #,—-y,... 
w,—1—m,—n,...— #, —y,... 
Consequently we have the general case that both liquids contain, 
besides the common substances X Y...W, also not-common sub- 
stances; AB... appear viz. in L, only, MN... in L, only. 


When there is only one diffusing substance f.i. W then the 
equation of equilibrium is: 


Pi Pg et ne ee 


in which 
7 0c, 00, os ay, 
eo aes ae oie 
— 0c, oc, 0c, 05, 
Moai, te OA Maidaee baa ee 


Consequently (41) is a function of 7’ P and all variables of both 
the liquids. 


a 
— 


fale! 


Is X the diffusing substance, then we find: 


C 0c, 
fp, +. Yo — f, + Oz, . ° ° ° . . ° (2) 
Is Y the diffusing substance, then is true: 
0c, 0c, 
Ts ame de Lars Mee af 5 A ae (8) 
etc. When all common substances W XY... can diffuse, then the 
equations (1)(2)(3)... are valid at the same time. 


We now shall deduce some properties, and imagine 7’ and P to 
be constant. 
When we assume that the liquid Z, is saturated with the solid 


substance W, then is valid for this equilibrium ZL, + W the 


equation : . 
pe ony ates he AIMS TERA) 


in which the ¢ of the solid substance Wis indicated by $y. When 
the liquid ZL, is also saturated with W, then is true for this the 
relation ~,—=Sy. As from both those equations the relation (1) 
follows, both liquids are, therefore, isotonic with respect to the 
substance W. 
When both liquids are saturated with the solid substance _X, then 
are valid the two equations: 
at st=ox and et state siete se ee. (2) 


vy 2 


in which $x represents the § of the solid substance X. From both 
those equations (2) follows, so that the two liquids are isotonic 
with respect to the substance X. Consequently we find: 

two liquids, both saturated with a same solid substance, are 
isotonic with respect to this substance. . 

All liquids, in equilibrium with ice, are, therefore, isotonic with 
respect to water, whatever substances are occurring in each of those 
liquids. 

All liquids, saturated with sugar or urea etc. or with sugar + 
urea etc. are, therefore, isotonic with respect to sugar or urea etc. 
or to sugar + urea etc., whatever substances each of those substances 
still contains. 

In the same way we can deduce also: 

when a liquid is saturated with X-+ Y-+ Z and another liquid 
with X + Y-+ U, then they are isotonic with respect to \ and Y, 
but not with respect to U and Z; 
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when a liquid L is in equilibrium with a solid substance W, then 
all liquids which are isotonic with Z with respect to this substance 
W, may be in equilibrium also with the solid substance W; 
when two liquids LZ, and ZL, are isotonic with respect to X Y and 
Zand L, and L, are isotonic with respect to X Y and U, then 
L, and ZL, are isotonic with respect to X and Y. 

We now assume that the liquids ZL, and ZL, are both in equili- 
brium with a vapour, which contains only one substance f.i. W. 
We then have the equations for equilibrium: 


g,=lw and y,=cw- ..-+.- - (6) 
in which ¢y represents the $ of the substance W in vapour-form. 
As from both those equations the relation (1) follows again, both 
liquids are isotonic, therefore, with respect to the substance W. 
Consequently follows from this: 

two liquids, both in equilibrium with a single vapour, are isotonic 
with respect to the substance of which this vapour consists. } 
All liquids in equilibrium with water-vapour are, therefore, isotonic 


1 with respect to water, whatever substances each of those liquids 
. still contains. 
} Of course the same is true for liquids, in equilibrium with alcohol- 


vapour or benzene-vapour ete. 

We find also: 

when a liquid JZ is in equilibrium with a vapour W, then all 
liquids which are isotonic with ZL and contain no other volatile 
substances than W, may also be in equilibrium with the vapour W. 

We don’t consider it necessary to draw once more the attention 
to the fact that the deductions mentioned above are only valid for 
constant 7’ and P. 


‘ We now take in a system of n components at a definite 7’ and. 
a P a liquid ZL, with the definite composition: 


aw, Mol X + y, Mol ¥Y + 2, MolZ... + (1—a#,—y,—z, ...) Mol W. 


We now put the question: which other liquids Z are isotonic 
with L, at the same 7’ and P when W is the diffusing substance. 
When we represent the composition of Z by: 


w Mol X + y Mol Y + z Mol Z... +- (1L—x—y—z) MolW 


> then must, therefore, be satisfied : 
ASIroyDS yn ay (isl Sout Woe Mosley 
5 Waa <) By * da°°- Th bak pk kaye aaa 
7 


—— es i ee 
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As «7, 2,.... have a definite value, the second part of (7) has, 
therefore, a definite value also; when we represent this by S17) 
then wyz... must satisfy : 


0g 0g 0s 
TD mee Pie Pik pr att -o WA(B) 


Consequently at constant 7’ and P in a system of n components 
an infinite number of liquids exists, which are mutually isotonic 
with respect to a definite substance. We shall refer later to the 
special case that n = 2. 

We may still give to (8) a meaning, by which the mutually 
isotonic liquids may be brought into combination with other equi- 
libria. 

We imagine for this the diffusing substance W in an imaginary 


solid state which we shall call (W). We define this imaginary state 


in such a way that the thermodynamical potential of this substance 
(W) is equal to Gy). 

When we consider the equilibrium L+(W), we see that equa- 
tion (8) is also valid for this. Hence follows: 

all liquids which are isotonic with respect to the substance W, 
are saturated with the imaginary solid substance (W); 

and reversally: all liquids which are saturated with the imaginary 
solid substance (W) are isotonic with respect to the substance W. 

By giving other values to 2, y,2z,... in (7) we can change the 
value of Gj) in (8). It is evident that yj) may get an infinite 


number of values so that we must distinguish also an infinite 
number of modifications of the imaginary substance (W) which pass 
into one another without interruption. Let us consider some of those 


modifications, which we shall represent by (W,), (W,), (W,) ete. with 
thermodynamical potentials Sy,), S1,), Sw,) ete. 
We now take the equations: 


R= SW) doe i Ws) cas 5 W gh sheets “sore (9) 
in which represents the first part of equation (8). The first one 
of those equations represents all liquids which are mutually isotonic 


with respect to the substance W, or the liquids which are saturated 


with the modification (W,). We shall say that all those liquids 
belong to the ,,isotonic group (W,)”. The second equation also 


represents a group of liquids which are mutually isotonic with 


respect to the substance W; however they are saturated with 
the modification (W,). Those liquids form the ,,isotonic group (W,)”. 
The third equation represents the liquids of the isotonic group 


= - (WwW) etc. 
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Consequently all liquids of the isotonic group (W,) are mutually 
isotonic; also all liquids of the isotonic group (W,); ete. Liquids of 
two different isotonic groups, however, are not isotonic with one 
another. 

We find, therefore: 

in a system of » components at constant 7’ and P exists an 
infinite number of isotonic groups, each of which consists of an 
infinite number of liquids. All liquids of a same isotonic group are 
mutually isotonic, but liquids of different isotonic groups are not 
isotonic with one another. 

In order to show the latter we take two liquids Z, and L, of 
the composition : 

w, Mol X + y, Mol Y +... (1—#,—y, ...) MolW 
and 
2, Mol X + y, Mol Y +...(1—a#,—y, ...) Mol W. 


We assume that ZL, belongs to the isotonic group (W,) and Z, to 
the isotonic group (W,). We then have the two relations: 


0c, 0c, : 

Sirah twa peeled co) So ee 
0c, 0S, 

Sr eMangy nds Gyehtene ere ae meer le 


When we take n, quantities Z, and n, quantities L, then is the 
total thermodynamical potential 


Z4Z=n,$, +n, §,- 


When An, quantities of the substance W diffuse from Z, to LZ, 
then we find: 
06 0s 0c 0g 
A Z — — é a ae eh a =< Eales = ait. eee 
( + -+|- v, dw, = yy dy, ao & Cs Ow, Us Oy, Jan 
or 
AZ=|[Swj—swolain . . 2 Bias 


As the second part of (12) is not zero, the two liquids are not 
in osmotic equilibrium, therefore, but the substance W diffuses. 

The direction of the diffusion must now be in such a way that 
AZ is negative. When we take ww, >%w,) then An must be 
positive, therefore; consequently the substance W diffuses from L, 
to L,. Consequently we may say: 

the substance W diffuses from the liquid in which Sw) has the 
largest value, to a liquid with smaller value of Sc) 


. Bee ee WE ae i ee | =~ an eee en et 
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As in the case above-discussed the substance W diffuses from £; 
to Z,, we shall say that the ,,membrane-diffusion-pressure” or 
shortly the “diffusion-pressure” of the substance W is larger in L, 
than in JZ,. Consequently we may say also: the greater Gy) is in 
a liquid, the greater the diffusion- pressure of substance W in that 
liquid is. 

We shall refer later to some other general properties of isotonic 
groups. 


LIsotonic liquids in binary systems. 

Above we have seen already that the general considerations are 
not valid in every respect for binary systems. When we take viz. 
a binary system with the components X and W then (8) passes into: 

06 


Ses aa Whee thin Wis whit mila) 


which defines at constant 7, P and {,jy) an isotonic group of liquids. 
But as in (13) # is no more variable, we can only satisfy (13) by 
one or by some definite values of x. Consequently the isotonic group 
consists also of only one or of some definite liquids and not, as in 
the general case, of an infinite number. 

We imagine to be drawn on an horizontal axis the composition 
and on a vertical axis the C's of the binary liquids. When in the 
binary system dimixtion occurs, then the ¢ curve has a form like 
curve /,s, in fig. 2 of the previous communication; when all liquids 
rest homogeneous, then it is convex downward in each point. We 
now take on the axis WE (fig. 2 l.c.) a part WO,= Cp). The 
points of contact of the tangents drawn from the point ¢, indicate 
then isotonic liquids, consequently liquids of a same isotonic group ( W). 

When the € curve is convex downward then only one tangent 
to the curve can be drawn at each position of ¢,; each isotonic 
group consists, therefore, of one liquid only ; consequently at constant 
T and P there are no isotonic liquids. 

When the ¢ curve has a form like curve /,s, in fig. 2 (l.c.) then 
at definite situations of the point ¢, three tangents may be drawn. 
The corresponding isotonic groups then consist each of 3 liquids, 
of which, however, only one is stable. However, there is one isotonic 
group, which contains two stable (and one unstable) liquids viz. 
when the point ¢, coincides with the point of intersection of the 
axis WC and the double-tangent m,q,. Limiting ourselves to stable 
states only, then follows, therefore: 

in a binary equilibrium in which dimixtion may occur, at given 
T and P only two isotonic liquids exist. They are viz. the two 


. he ie 
i | a 
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liquids which can be in equilibrium with one another at that 7’and — 
P; consequently they are isotonic with respect to both the components. 

We shall refer to some properties when discussing the ternary 
systems. 


Isotonic liquids in ternary systems. 
Isotonic curves. 


For ternary liquids with the components X Y and W (8) passes 
into: 
ped OD ES : eeu pote 
Ow Oy 
which defines at constant 7’) P and Cy) the liquids of an isotonic 
group (W). As (14) represents a curve, it follows, therefore: 
the liquids of an isotonic group (W) are represented in a concen- 
trationdiagram by a curve; we call this the ,,isotonic W-curve”. 
‘ As Siw) may have an infinite number of values, consequently 
: there exists at constant 7’ and P an infinite number of those curves; 
they are differring by the diffusion-pressure of the substance W, 
which grows with the increase of Cy. 
In fig. 1, in which X Y and W represent the three components, 
some isotonic W-curves are drawn a.o. the curves ad, eh and im. 
Consequently all liquids of curve ad are mutually isotonic with 
respect to the substance W; the same is true for all liquids of eA, 
tm ete. Liquids of different cur- 
ves are not isotonic, however, f.i. 
liquid 6 not with e or g or Jete. 
We may deduce the isotonic 
W-curves also in the following 
way. We imagine in fig. 1 the 
C's of all liquids at constant 7’ 
and P to be drawn perpendicular 
to the plane of design. We then 
get a ¢ surface W’X’ Y’; the lines 
WwW’, X X’ and YY’ represent 
Fig. 1. then the C's of the substances 
WX Y in liquid state. We now take on the axis WW’ a point 
w in such a condition that Waw—=f(y); we draw a cone which has 
‘its top in w and which touches the f-surface. The projection of the 
tangent-curve on the plane XYW is then the isotonic W-curve, 


belonging to this definite ¢.j). When we change iy) then we get 
also another isotonic curve. 
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Following this way we can deduce easily different properties ; 
firstly we shall assume herewith, that no dimixtion into two or 
more liquids can oceur, so that the $ surface is in each point convex 
downward. We find a.o.: . 

1. Each isotonic W-curve has two terminating-points; the one is 
situated on the line WX, the other on WY of the triangle (fig. 1). 

2. Hach straight line, drawn through the point W, intersects the 
isotonic W-curve in one point only. 

3. Two different isotonic curves can never touch or intersect one 
another. 

4. The isotonic W-curves are situated the nearer to, the point W, 
the greater Gy) is. When jy) becomes =Cy (viz. the thermo- 
dynamical potential of the liquid W) then this curve shrinks to the 
point W itself. 

5 The diffusion-pressure of the substance W is equal in all 
liquids of an isotonic W-curve; however, it is greater, the nearer 
this curve is situated to the point W. 

It is only too clear that all this is also true for the substances 
i Xoand: Y: 

j In order to find the form of the curves in the vicinity of the 
point W, we put: 
, 


4 C= p+ RT (a logx + ylogy). 
(14) then passes into : 
0 0 
p — 2 —y"* — RT (2 + P= Ly) doves ef GLB). 
Ox Oy 


when we represent the value of g for «=O and y=O by @g,, 
then (15) passes into: . 
BE (oy) SO Ce Sey ee mre g p18) 
in which data of second and higher order are neglected and the 
second part has a small positive value. The isotonic W-curve is, 
therefore, in the vicinity of the point W a small straight line, 
which intercepts equal parts from the two axes. On further distance 
of the point W those curves are curled generally. In the vicinity 
of the point W the liquids, in which the diffusion-pressure of the 
substance W is the same, have also the same concentration of this 
substance W; at a greater distance this is no more the case. 
We now take two liquids 6 and & (fig. 1) which are situated on 
a straight line, going through point W and we separate those liquids 
by a semi-permeable membrane, which allows to pass the substance 
_W only. As the diffusion-pressure of the substance W is larger in 
the liquid 6 than in &, consequently W shall diffuse from b to k; 
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the two liquids move, therefore, towards one another in the direction 
of the little arrows. The diffusion-pressure of the substance W 
decreases, therefore, continually in the moving liquid 4, in k, however, 
it increases. Consequently the diffusion will continue till both liquids 
reach the same isotonic W-curve; therefore, till they get the same 
composition. When wu is the complex of the two liquids 6 and & 
then the result of the membrane-diffusion is, therefore, that both the 
liquids get the composition uv. Of course the same is true also for 
binary liquids WX and WY. 

Quite another case it is, however, when both the liquids are not 
situated on a straight line, going through JW; let us take f.i. the 
liquids ¢ and /7, the complex of which we shall represent by point s. 
At the membrane-diffusion of W therefore c shifts in the direction 
of the little arrow away from point W and / shifts in the direction 
of the little arrow towards point W; of course the complex remains 
represented by point s. This membrane diffussion will continue till 
the one liquid is arrived in f and the other one in g; the points 
jf, s and g are situated on a straight line and / and g on the same 
isotonic W-curve; the diffusion-pressure is then equal in both liquids. 
Consequently the result of the membrane diffusion is the birth of 
the liquids -f and g. . 

The line fsg is drawn in fig. 1 approximately parallel to the line 
XY; the liquids f and g have, therefore, approximately the same 
concentration of the substance W,; however, this line can be situated 
also in such a way that the concentration of W in the liquid / is 
larger than in g and reversally. . 

Now we will say of two substances the one of which has a larger 
concentration of the substance W than the other one, that the one 
is W-concentrated and the other one W-poor. We may say now: 

at membrane-diffusion of the substance W between two liquids the 
W-concentrated may rest in this state, but it may become also W-poor. 

Let us take in fig. 1 the liquids K and n, of which K is the 
W-concentrated and n the W-poor liquid. Imagining the isotonic 
W-curve drawn through m, then it appears that the diffusion-pressure 
of the substance W is larger in liquid n than in K; consequently 
the substance W shall diffuse from n to K. We find, therefore: 


at membrane-diffusion a substance W can go from a W-poor— 


liquid to a W-concentrated liquid. 
[t follows from those considerations that the diffusion-pressure 


of a substance W in a liquid is not only dependent on the concen- 


tration of this substance W, but also on other substances, which 
are present in this liquid. | 
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Let us take now the binary liquid d and let us add to this the 
new substance Y. Going from point d towards Y we now intersect 
isotonic W curves of steadily diminishing diffusion-pressure; conse- 
quently addition of Y causes decrease of the diffusion-pressure of 
the substance W. 

However, when we add the new substance Y to the liquid ¢, 
then the phenomena become different; we assume viz. that the line 
tY touches the curve ef in g. We imagine in fig. 1 to be drawn 
through point ¢ the isotonic W-curve, which intersects the line ¢Y 
in v. Consequently the diffusion-pressure increases starting from ¢, 
reaches a maximum in g and decreases at further addition of Y; 
then in v the diffusion-pressure is again the same as in ¢; in q it 
is lower. : 

We find, therefore: 

the diffusion-pressure of a substance in a binary mixture can as 
well decrease as increase by addition of a new substance; in the 
latter case this pressure goes through a maximum, so that at last 
it decreases again. 


We take the liquids Z, and L, with the composition: 


#, Mol X +y, Mol Y... + (1—#,—y,...) MolW 
and 
w«, Mol X +-y, Mol Y...+ (l1—a, —y,...) Mol W, 


and we keep the pressure P constant. When the pure liquid W 


under a pressure P, is in osmotic equilibrium with the liquid ZL, 


then is the osmotic pressure 7, = P—P, of L, defined by: 
06 05 ) 
ae a es a rere aN WCE 
(é, 4) On, Yi Oy, ; (C.)P, (17) 


in which the second part represents the $ of the pure liquid W 
under the pressure P,. The osmotic pressure x,—= P—P, of the 
liquid LZ, with respect to the pure liquid W under a pressure P, 


is defined by: 
(«, — #, ee ob le (C)P, > - + -. (18) 


dw, — Ys oy, lis: 
when we represent the first part of (17) by Sw, and that of (18) 
by Sc ,) then follows: 
if : P-n, 
Gry —Swa= Ga Ga=ludP. . . 9 


P—n, 
47 
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in which v, is the volume of the pure liquid. When this volume 
changes only little with the pressure, then with approximation (19) 
passes into: 


Sw) — We) = (%e— 7%) % - > + w (20) — 


According to the sign of the first part of (19) or (20) being 
positive or negative, the membrane-diffusion-pressure of the sub- 
stance W in the liquid Z, is larger or smaller than in J,. 

Consequently we may say: 

the membrane-diffusion-pressure of a substance W in a liquid L 
under a pressure P is the larger (smaller), the smaller (larger), the 
osmotic pressure of this liquid ZL with respect to the pure liquid 
Was 


When the substance W diffuses by a membrane from the liquid 
L, to L,, we have said that the diffusion-pressure of the substance 
W in liquid Z, is larger than in Z,. However, we might say also 
that the “osmotic W-attraction” of liquid Z, is smaller than that 
of L,. Then in the previous deductions we have to substitute every- 
where larger (smaller) diffusion-pressure by smaller (larger) ‘‘osmotic 
attraction”. Therefore the property mentioned sub 5 f.i. will become: 

the osmotic W-attraction is the same for all liquids of an isotonic 
W-curve; however, the nearer this curve approaches point W the 
smaller the osmotic W-attraction is. 


Leiden. Laboratory of Inorg. Chemistry. 


(To be continued). 


Chemistry. — “On relatively asymmetrical synthesis in the case of 
Complex Salts of heavy Metals.’ By Dr. J. Lirscuitz. (Com- 
municated by Prof. F. M. Jancsr). 


‘(Communicated at the meeting of September 27, 1924). 


On boiling an aqueous solution of rac. Alanine with cobalti- 
hydroxyde Ley and WinkiEr') obtained two complex cobaltic salts 
of alanine, the first of which, the red coloured 8-form, appeared to 
be nearly insoluble in water, whilst the second or a-form, having 
a violet red colour, was moderately soluble in water even of 25°. 
According to Ley and Winkier these complex salts are stereo- 
isomerides, differing only in the arrangement of the three coordi- 
nated molecules of alanine. No other products of reaction were 
obtained, the yield of the reaction-product being a fairly good one. 
In a later paper Ley’) however mentions another hydrate of the 
violet cobaltic salt of alanine, which was obtained incidentally. The 
existence of such hydrates is, of course, without any direct impor- 
tance for the views advanced by this author. 

The properties of both complex salts are, in so far as they were 
investigated, in perfect harmony with Lry’s views, and, up to this 
date, no objections have been brought forward against the stereo- 
isomerism of these cobaltic salts. Moreover A. Werner *) has shown, 
that an isomerism of a perfectly analogous character is observed 
in the case of the /flavo-dinitro-ethylenediamine-propylenediamine- 
cobaltic salts. 

In connection with my investigations *) on rotatory dispersion of 
coloured active compounds, it seemed interesting to compare firstly 
active triacido-triammine-cobalti-complexes with the hexammine and 
hexacido salts, and secondly to study the stereoisomerides of the 
Trialanine-cobaltic-type. As the main difference of these latter only 
consists in a relatively small variation of the symmetry of the mole- 
cule as a whole, it might be expected, that some conclusions about 
the influence of molecular symmetry on the rotation of such com- 
plexes could be drawn. Pure d-Alanine was prepared in relatively 


1) Ber. 42, 3894 (1909). 

3) Ber, 45, 372 (1912). 

8) Helv. 1, 5 (1918). . 

4) Zeitschr. f. wissensch. Photogr. 19, 212 (1920). 
Zeitschr. f. physikal. Chem. 105, 27 (1923). tae 
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large amounts from silk-waste, following BE. Fiscuer’s method '). The 
obtained dextrogyrate product was carefully fractionated and a frac- 
tion, showing the same rotation as indicated by this author for 
pure d-Alanine, was boiled with cobaltic-hydroxyde according to the 
method of Luy. The hydroxyde was precipitated from pure aqueous 
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cobaltochloride or -sulphate by an  alcali-solution of. bromine, the 
precipitate was filtered and thoroughly washed with hot water. a 

The red coloured isomeride of the tri-d-alanine-cobaltic salt obtained 
is perfectly insoluble in water. It is freed from cobaltic-oxyde and 
obtained in a pure state by repeatedly suspending it in aqueous solu- 
tions of sulphurous acid. A fairly good quantity was obtained by 
repeating this procedure. The substance readily dissolves, like the 
inactive compound, in 50°/, H,SO, aq. without any change; the 
rotation of this solution is shown by the curve III of fig. 1. 

The mother-liquors from the (crude) red tri-d-alanine-cobaltic 
salt are deep violet in colour. On fraétional crystallization, first a 
violet salt was obtained, which in all points corresponded to the 
violet inactive isomeride of Luy. It was carefully recrystallized from 
boiling water, and beautiful small needles were obtained, contain- 
ing 1 molecule of water. The rotations of this «-salt in aqueous 
and 50°/, H,SO,. aq. solutions, are shown by the curves I and I’ 
of fig. 1. 

The mother-liquors of the a-salt contain, besides further quantities 
of this, a second, extremely soluble and more purple coloured salt, 
a’, which can be isolated with some difficulty. It is firstly freed 
from greater quantities of the «'-salt by fractional crystallization, 
and finally freed from the last traces of this and of d-Alanine, by 
repeated precipitation from a fairly concentrated solution by 97 °/, 
aleohol. A great deal of a’-compound remains in the aqueous- 
alcoholic liquid, from whieh it is isolated by evaporation; it was 
washed with 97°/, alcoliol, and purified, until no alteration of the 
rotation is any more observed. The rotation of the somewhat hygro- 
scopic salt is shown by the curves II and II’ in water and 50°/, 
H,SO, aq. respectively. 

In order to establish the constitution of the a@’-salt, both the a- 
and the a’-complexes were.analysed, and the following data obtained : 


- Theoretical for (Co-d-alanine,) Co-d-alanine,). H,O 
Co SB is 17,30 °/, 
N 13,00 °/, . 1232. 
H,O 5.26 /, 


Mheerved: a-salt 17,76 '/, Co. 12,04°/,N, 12,09'/, N; 5,34 */, H,O. 
, _a’-salt: 18,66 °/, Co; 12,64°/, N, 12,67 °/,; for dried salt 


(constant at 145°—150°). 


From these data, of which the. estimation of nitrogen is especially 


a very delicate test in this case, it is seen, that both salts are 
-trialanine-complexes, differing only in degree of hydratation. Cryo- 
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scopic measurements of the molecular weight of the «’-salt, whieh 
is in fact the only new, as it were anomal product gave values, 
which are in accordance with mononuclear constitution, viz. 
theoretical value for (Co-d-alanine,) 323; observed: 295, 293;> 29) 
In addition it may be pointed out, that the colours of the e- and 
a’-salts, as well as their stability with respect to sulphuric acid, 
would neither for the «-, nor for the @’-complex justify the assump- ~ 
tion of bi- or polynuclear structures e.g. of the type: 
aes 0,C— CHCH, —NH,- 
| Alanine : Co Cig oie cl eee Pe 
or some analogous formulae. 
It may be observed, that a’ is not changed into a-salt by drying, 
corresponding to an equation: 
[Co-d-alanine,(H,O),] d-alanine — [Co-d-alanine, | + 2H,0. 
It must, therefore, be concluded that the @ and «’-compounds 
are no other than the partially asymmetrical antipodes: d-|Co-d-Alan, | 


» Co | Alanine, 


-and 1-[Co-d-Alan,], a relatively asymmetrical synthesis of such 


inorganic complexes thus being realized in this case. We shall in 
this paper only make some short remarks to support this view. — 

As long ago as 1920') the author has pointed out, that when 
an inorganic complex is synthesized from a coloured inactive metal- 
salt and a colourless active molecule as the coordinated component, 


a relatively assymmetrical synthesis may be expected. Indirectly in 


that and a following paper’) this view was proved by measure- 
ments of the rotatory dispersion. The same conclusion was drawn. 
independently by A. P. Smirnorr’). A direct proof could only be 
offered by the isolation of the two partially asymmetrical antipodes, 
though, of course, it is not necessary, that both should be formed 
to an appreciable amount. When a compound d/—A reacts with, say 
d—Bb, a priori the compounds d—A—d—B and |—A—d—B may 
be expected, the ratio of d—A—d—B//l—A—d—B depending firstly 
on the velocity of the reactions and secondly on the possibility of 
inversion of d—A into /—A, and vice versa. Active compounds, 
which for some reasons, exhibit a strong tendency to racemisation, 
and therefore to inversion, may, solely for this reason, react to 
give exclusively ¢d—A—d—B, or 1—A—d—B. With organic eom- 
pounds these phenomena are perhaps more familiar. It is, therefore, 
only a matter of pure chance, to find reactions leading to both 


') Zeitschr. f. wiss. Photogr. l.c. 


4) Zeitschr. f, physikal. Chem. 105, 27 (1928). 
8) Helv. 8, 177 (1920). 


——e ee ee ee ee ee a ee ee a eee ee) ee ee eS 
’ = =< ° . x 
7 4 . 7 

q " > » a 


a | 725 


d—A—d—B and I—A—d—B at the same time. In the case of our 
complex salts, the very great stability of the trialanine-cobaltic salts 
may be the cause for this way of the reaction. But even under 
these favourable conditions, the isolation of both the partially 
asymmetrical antipodes would remain impossible if they were both 
perfectly or practically insoluble in the solvent used. Now this must 
be the case with the p-cobaltitrialanine, which has been obtained in 
one form only. The correctness of this view can directly be recog- 
nized from the curves on fig. 1. 

In the first place it will be seen, that the rotation curves of the 
a- and p-d-trialanine-cobaltic salts are of so different a type, as by 
no means could be expected in the case of purely geometrical 
stereoisomerides. As the absorption-curves of both isomerides, though 
by no means identical, are commonly very much analogous, it 
might be expected, that the rotation-curves would be different only 


or chiefly in a quantitative way. Moreover, the #-curve is clearly 


the superposition of two curves of the type discovered by Corron. 
If one of these two is supposed to be really analogous to the 
«-curve, then it might be expected that the second curve should 
exhibit a relatively strong laevo-rotation in the red and a relatively 
small dextro-rotation in the blue part of the spectrum. That is to 
say, this curve would be of precisely the same type as the a'-curve, 
which is in remarkable accordance with our views. 

With respect to the «- and a’-salts, it must be borne in mind, that 
also two racemic a-trialanine-cobaltic salts must exist, viz. d-alanine- 


_d-cobaltic + l-alanine-l-cobaltic salt, and d-alanine-l-cobaltic + l-alanine- 


d-cobaltic salt, one of these being probably much more soluble in 
water than the other. Perhaps Lry succeeded to isolate both of them 
in the form of his different hydrates, without understanding the 
reason of their occurrence. At any case, it is worth while, to inves- 
tigate the rac. complex salts of alanine with cobalt, from the view 
point mentioned above. 

Summarizing, the results communicated in this paper seem to 
indicate a direct proof of a relatively asymmetrical synthesis of 
complex cobaltic salts, occurring if they are prepared from an 
inactive metal-salt and active coordinating molecules. Full discussion 
of the curves of rotatory dispersion, as well of the importance of 
the possibility of getting active complex salts, will be given in a 
separate paper on rotatory dispersion. 


Groningen, Laboratory for inorganic and physical 
Chemistry of the University. 
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Zoology. — “Notes concerning the variability and the action of 
environmental influences on the structure and growth of the 
Hydroid-colony Bougainvillia ramosa (v. Ben.) Lesson, and its 
bearing on systematics”. By R. Brink. (Communicated by 


Prof. J. F. van BEMMELEN). 


yi 


' (Communicated at the meeting of September 27, 1924). 


The number of Hydroids, which are considered as well defined 
species, has become enormous and the systematic literature on this 
group of Coelenterates has grown to a great extent. From the be- 
ginning much space in this literature has been occupied by discussions 
on the greater or lesser value, which is to be ascribed to certain 
features, for classification in larger groups. Concerning the characters 
for specific distinction matters stand otherwise. After the example of 
authorities, like ALLMAN, a.o., these characteristics (which were often 
based on the “habitus’), mentioned in the original speciesdiagnoses, 
passed from author to author without criticism, as being equal in 
value. Everyone confined himself to remark, that perhaps many of 
the forms mentioned would turn out not to represent ‘true species”. 
Nobody, however, endeavoured to distinguish genetically constant 
differences from such, which are due to the variability of certain 
habitual features under environmental influence, and to which all 
systematic-specific importance must be denied. Yet H. Drivscu') has 
already emphasized the fact that the mode of growth and ramifica- 
tion, and, in consequence, the structure and “habitus” of the Hydroid- 
colony, are determined by two different factors, which should be 
strictly kept asunder. The first factor is a certain regularity of 
ramification, peculiar to different groups, (Drigscu’s “Wachstumsge- 
setz’’), which is rightly considered as important for systematic inter- 
pretation. (It should only be remembered that for Athecata in general 
a “racemous”, for Thecata a “cymous” ramification is characteristic). 
The other Pieior is the strongly modifying influence of environ- 
mental differences, which is of special importance in the case of 
Hydroids. 

This weak point of Hydroid-systematics is due to the fact that 


') Jen. Ztschr. f. Naturw. XXIV, (1890). 
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the study of the variability of external features has not kept pace 
with the discovery and the description of new forms. How important — 
an adequate critical study (which to a great extent can consist in 
mere literary research), regarding the sphere of variability of certain 
“specific” qualities, may prove for systematics, is shown by the 
work of A. Fencuer'). Based on a research of this nature, this 
author succeeded in proving that 22 Twbularia-forms, described as 


- new species, all belong to the species 7. /aryna Ell. et Sol., which 


Hydroid shows a high variability in many respects. 

Reliable data, communicated in literature, regarding the causal 
relation between certain environmental factors and the appearance 
of certain peculiarities in the structure of these varying species, are 
still scarcer than those on the mere extent of the variability. 

Attention must be paid to some remarks made on this subject by 
Hy. Broca’), who is looked upon as an authority in modern Hydro- 
idology : 

(from ,, Vorwort”’) ,,Das Variationsvermégen der einzelnen Individuen 
ist auffallig, und es ist deswegen sehr merkwiirdig, dasz niemand 
bisher versucht hat, die Variationsverhaltnisse der Arten systema- 
tisch auseinanderzusetzen.” 

(pag. 136) ,,Es ist noch nicht in dieser Gruppe untersucht worden, 
ob die Arten mit den auszeren, physischen Verhaltnissen parallel 
variabel seien.” 

(pag. 135) ,,Die Hydroiden sind vielleicht durchgehend in héherem 
Grade als die Arten der meisten sonstigen Tiergruppen sehr groszen 
und weitgehenden individuellen Variationen unterworfen,” . 

., Die individuellen Variationen sind vielgestaltig und mit 
unseren jetzigen Kenntnissen derselben und ihrer Ursachen sehr 
ratselhaft. Ein Zusammenhang der Variationen und der geographischen 
oder anderen Verlialtnisse wurde in einigen wenigen Fallen nach- 
gewiesen; meistens aber scheinen die Variationen zufallig und vdllig 
unregelmaszig zu sein.” ... 

.,=s musz deswegen kiinftigen Untersuchungen vorbehalten 
sein, Licht in jene Verhaltnisse zu werfen, die die individuellen 
Variationsrichtungen der Hydranthen und die Verhaltnisse der 
Variationen itiberhaupt bedingen.”’ 

My observations were made in the Zoological Station at Helder, 
on a large quantity of living material, belonging to a remarkable 
Hydroid “species”: Bougainvillia benedeni: Bonnevie, of which few 


1) Rev. Suisse de Zool. 13, (1905). 


2) Fauna Arctica V (1), (1910). 
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and incomplete data are to be found in literature. By comparison 
with material of Bougainvillia ramosa (v. Ben.) Lesson from Naples 
and from the Zuiderzee') and also by literary study on some other 
allied forms, I was led to certain conclusions, regarding the specific 
value of the features which are taken into consideration when 
defining several Bougainvillia-species. Besides 1 was able to study 
the influence of environmental factors on them. Some of these features, 
which apparently represent essential points of difference between 
B. ramosa and certain other so-called species, especially deserve our 


attention, and the more so as in the most recent systematic Hydroid- 


literature (e.g. in E. Srecrow’s papers *)) great specific importance 
is ascribed to those peculiarities, according to my opinion wrongly. 
I must confine myself here to a short resumption of results. For a 
detailed description and argumentation I must refer to a memoir 
with figures and complete literature- and synonym-lists, which before 
long, I hope, will appear in the Tijdschrift der Nederlandsche Dier- 
kundige Vereeniging. : 

In living material of B. benedenii Bonnev. I observed some pecu- 
liarities, not noted there before, which are mentioned by ALLMAN as 
being of specific differential value for his B. ‘‘fruticosa’. Therefore I 
felt the desirability of looking up other points of agreement between this 
latter species and B. benedenii, and began by consulting the literature 
after Antman’s works. The result was rather surprising. It turned out 
soon, that the most characteristic feature of B. benedenii, the occurrence 
of enigmatical long and filiform appendages, scattered in great number 
along the entire bydrocaule, in which Kristinz Bonnevir *) found 
the principal reason for defining this form as an apart species, is 
mentioned by O. Hamann *) as being a characteristic of his specimens 
of B. “fruticosa’ Allm., and by E. Graxrrre') it is also mentioned 
for his colonies of B. ‘“‘museus’” Allm. In the same way, by comparing 
other and independent notes, it could successively be proved that 
all distinguishing features between the above mentioned three forms 
do not possess any specific value, though these three forms in their 
extreme condition may easily lead to the false conclusion that they 
belong to quite different species. Two of these features, seemingly 


') The latter, belonging to the material of the Zuiderzee-monograph, was sent 


to me for closer examination by Dr. H. C. Repexe, to whom I wish to acknow- 


‘ledge here my indebtedness for his kindness. 


*) Zool. Jahrb. (Syst.) 42, (1920), p. 25—27, and ibid. 47, (1923), p. 60, 78. 
8) Z. f. Wiss. Zool. 63, (1898). . 

4) Jen. Zeitschr. f. Nat. XV, (1882). 

*) Arb. Zool. Inst. Wien, 5, (1884). 
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quite independent from each other, show a remarkable relation, 
when their morphological and physiological significance is taken 


.into consideration, (on which in the systematic literature only few 


and vague suppositions are found), and when they are considered 
in relation with certain influences of the surrounding medium. More- 
over they represent points of contact and agreement with B. ramosa 
(v. Ben.) Lesson. The characters meant are: 1. the poly- or monosi- 
phonic structure of the stem and its principal branches, and 2. the 
presence or absence of the above-mentioned filiform appendages. 


1. The different categories of polysiphonic structure, which occur 
in several Hydroid-colonies, agree in this point, that the principal 
stem of the colony, which by its peridermsheath is inhibited from 
growing in thickness, increases in solidity by the joining together 


of parallel stolons. This character is conspicuous in a. tall, regularly 


and widely ramified B. ramosa-colony from Naples, whose stem, 
ramified according to the principle of a ‘“monopodium with terminal 
hydranth and intercalair growth”, is surrounded and overgrown by 
a great number of aggregated supporting tubules. As these supporting 
stolons strictly follow the stem and branches, against which they 
are tightly pressed, the above-mentioned regular racemous structure 
of the colony remains intact. In contradiction with the statements 
of H. Driusca (l.c.) I was able, by cautiously loosening those parallel 
stolons, to show that they give birth to hydranths along their sides, 
and in consequence their function is not exclusively a fortifying 
one. Small ramosa-colonies less clearly show this kind of polysi- 


-phonism, (which might be better indicated by the name ,,perisi- 


phonism”’, used by A. Kiun). The still more minute and irregularly 
branched colonies of B. “fruticosa’ and B. benedeni possess but 
few of such supporting stolons, which besides do not regularly run 
parallel to each other, but are often twisted together. In some cases 
the stems and branches are found entirely without them, and 
consequently are monosiphonic. For the almost unbranching and 


dwarfish B. ‘“‘muscus Allm. a monosiphonic stem is mentioned by 


ALLMAN as giving off a typical specific character. After the foregoing 
it may be considered probable, however, that the poly-, or mono- 


siphonic condition depends directly on the mechanical claims to 


which the stem has to respond, in which a principal part is played 
by the environment. With this opinion the account of Mme. S. Morz— 
Kossowska') is in agreement, who, basing herself on the observation 


that the shorter specimens of her B. ramosa-colonies are monosiphonic, 


1) Arch. Zool. Exp. et Gén. IV (3), (1905). 
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and pass gradually, without limits, to the “type” of B. ‘“muscus” 
Allm., regards ‘these two forms as belonging to the same species. 


2. The morphological and physiological significance of the enigmatic — 


filiform appendages, which would represent the most important 
specific character of B. “benedenit”, is explained by A. BitnarD *). 
Based on the close examination of these, and many other aberrant 
branches, resembling them (e.g. of Campanularia angulata Hincks), 
he showed that they are freehanging stolons, which, however, when 
coming into contact with foreign objects, may attach themselves to 
them, grow out and give origin to new colonies by forming buds 
at their sides. In this way they show a remarkable analogy to the 
offshoot of strawberryplants; their function is a certain mode of 
multiplication of colonies. Though, according to my opinion, Bin1arD 
is right, when he considers the phenomenon of “secondary scissi- 
parity” (which, following up his description, occurs in a few other 
species of Hydroids, and which consists in the sudden breaking off 
of larger or smaller parts of these “stolonic branches’, generally 
before the latter have been able to attach themselves), as being 
caused by the action of environmental influences (agitated water), he 
does not pay any attention to the possibility, that certain influences 
of the environment may directly cause the appearance of such 
“stolonic branches’. On the contrary he considers this feature as a 
constant specific quality. He notes that the species which show 
“stolonic branches’, for the greater part occur in localities where 
the water is always in. strong motion, and the circumstances are 
favorable to this manner of multiplication. These ‘‘stolonising 
species’ *), according to him, would, in consequence, be indirectly 
adapted in this respect. This opinion, however, does not hold good 
at least for Bougarnvillia. : 

P. Hauiez*) published a very short note, concerning the relation 
between B. “fruticosa’ Allm. and B. ramosa, which is highly 
important bere. Some parts of typical, regularly branched B. ramosa- 
colonies, which had been kept in an aquarium, in which the water 
was continuously in a state of violent movement, had undergone 
1) Ann. Sec. Nat. (8), XX, (1904). 

*) The denominations ,stolonisation” and ,rameaux stoloniques” used by Bittarp, 
are confusing, as there are more and quite different modes of stolonisation. One 
may compare the above described perisiphonism and also the creeping, filiform 
stolons at the hydrorhiza of the most Hydroidcolonies. B. has exclusively in view 
one special mode of stolonisation, viz. the presence of these free-hanging stolonic 
branches for the multiplication of the colonies. 

5) C. Rend. Ac. Sc. Paris, 13 févr. 1905. 
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considerable changes. After some time they bore large numbers of 
“stolonic branches’ (in the sense of BILLARD), and for the rest, as 
regards irregularity of ramification, shape of hydranthe, arrangement 
of medusa-buds, etc. were quite indistinguishable from the typical 
B. “fruticosa’” Allm., of which Hariez could dispose of material 
for comparison. Consequently he does not hesitate to consider the 
latter as being a “facies d’eau agitée” of B. ramosa. The descrip- 
tion, given by H. of this ‘‘fruticosa” form, agrees, up to the minutest 


_ details, with my material of B. ‘“benedenii” Bonnev., and the spot 


where the latter was found, a raft in the port of Nieuwediep, being 
characterized by an extremely strong tide-stream, supports the above- 
mentioned view. 

We noted, that all distinguishing characteristics between the three 
so-called species: B. “muscus’” Allm., B. “fruticosa’” Allm. and B. 
“benedeni” Bonnevie do not bear specific value and we are now 
entitled to add that these forms all represent environmental races of 
B.ramosa (y. Ben.) Lesson, the latter species possessing a high varia- 
bility in several features. B. ‘benedeni’ bearing much resemblance 
to B. “fruticosa’, is like the latter a form in which B. ramosa 


presents itself in localities where a violent stream occurs, by whose 


immediate influence its characteristic structure is caused. 


Considered from this point of view the differences between the 
three forms are rather easily understood. The perisiphonism of the 
stem and principal branches in the ‘typical’ ramosa, and the 
occurrence of filiform appendages in ‘benedeni’ are nothing but 
two different manifestations of the same original feature, consisting 
in the formation of stolons or stolonic branches, which, under 
various external influences, are used in quite different ways. According 
to this, P. Hau1ez (l.c.) is really wrong when he states that the 
typical ramosa-colonies do not show stolonisation. 

B. ramosa from calm, deep waters is very tall (attaining a height 
of about four inches) and wide-spreading; the stem in relation with 
this habitus is strongly supported by large numbers of parallel 
stolons; the branches are slender and start at nearly right angles. 
The hydranths, being sensible to the slightest irritation, show a 
high degree of retractability and in this regard contrast with the | 
remarkable oblong-cylindrical and less-retractile hydranths of ‘‘bene- 
denii’”’, which are, 80 to say, accustomed to continual disturbance. 
The mode of ramification is regularly monopodial with terminal 
hydranth and intercalair growth; ‘the branches of the 1st order 


; show a rate of growth which is about equal to that of the stem 
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and, as they are younger than the latter, they therefore remain 
shorter. The branches of the 29d order in most cases bear ramules 
with bydranths, which in their turn do not show further rami- 
fication. 

By this mode of growth and ramification the older hydranths, 
provided with meduse-buds at their ramules, are always standing 
at the extremity of the colony, on the top of a branch. 

It is evident, however, that a colony of this kind, is able to 
maintain itself in this shape only in a calm medium, on great depths 
for instance. In localities with torrential water the same hydroid 
must be quite differently shaped. The top is forced into the direction 
of the stream. The branches are crowded together and pressed 
against the stem, and the hydranths and branches of 2° order, 
placed at the inner side’ of the branches of 1% order, are cornered. 
In this way the regularity of the monopodial growth is lost; certain 
branches are hindered in growth; otbers, on the contrary, relatively 
grow even quicker than the principal stem. At several points there 
exists, in consequence, a-transition from monopodial to sympodial 
growth and in several ways there is produced the possibility that 
older branches and hydranths seem to have budded from others, 
which in reality are younger and morphogenetically are of a higher 
order. As this is not confined to certain rules, one gets the habitus, 
typical for “fruticosa”’ and still more for ‘benedenii’’, consisting in 
irregular branching of densely crowded colonies, showing further 
the older hydranths with meduse-buds (or meduse-buds only) not 
only at the periphery, but scattered over the whole colony, even 
‘more proximately along the branches. Many specimens, accounted 
for as being B. ramosa, show branches, given off at sharper angles 
with the principal stems and equally in other respects are less 
resembling the above described ‘‘calm-water-form’’. This can be stated 
with certainty of the ramosa-material from the Zuiderzee, which is 
really quite equal to “fruticosa’, after AtLMan’s descriptions, and 
represents an intermedial form between the ‘calm-water-form” and 
“benedeniwv’. As the colonies have smaller dimensions, a thick, peri- 
siphonic stem is not necessary. The stem must be proof rather 
against stretching than bending. The supporting stolons, showing 
sidebranches or hydranths, are few in number and running irregularly, 
more twisting, along the stem (this was also obvious in the Zuider- 
zee-ramosa-material) and at some points they get apart from the 
stem. The step from such a colony to “benedenii”’, with free-hanging 
stolons, which may entirely detach themselves by breaking offfrom 
the colony, and give origin to new colonies elsewhere, is an easy one. 
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These stolonic branches seem to introduce into the colony a new 
principle of growth, consisting in terminal prolongation and giving 
off buds at their sides, contrasting with the typical intercalair growth 
with terminal hydranth. In reality, however, this principle is not at 
all new; it is found as well in the typical ramosa (in the supporting 
stolons) but is more hidden there and the typical racemously branched 
appearance is not noteworthily influenced by it. 


It stands to reason that we are still far from having a clear idea 
concerning the true nature of the action of the environment on all 
the characteristic features by which the above named Bougainvillia- 
forms are distinguished from each other. It is to be stated as certain, 
however, that those points of difference may be directly caused by 
external influences, and consequently should not be used as 
characteristics of specific value. 


Finally it seems to me not quite improbable that many other 
“stolonising species’, mentioned by Bitar, might equally be nothing 
more than environmental races of species which in other localities 
do not show the phenomenon pointed out by him, or do so in 
another way, and which therefore are still considered as representing 
apart species. 


Groningen, September 1924. From the Zoological Laboratory 
of the University. 
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Mathematics. — ‘Ueber projekteve Differentialinvarianten”. I. 
Von Prof. R. WeitzEnBock. 


(Communicated at the meeting of October 25, 1924). 


§ 1. 
Ks seien ¢,, t,,.--,%m m komplexe Parameter und 
Yom ys (tite 5 ta OSH) n2>m—2, m21.. (1) 


die projektieven Koordinaten eines Punktes y eines m-dimensionalen, 
i. A. nicht linearen Raumes in einem projektieven Raume von n—1 
Dimensionen (n 2 2). 

Wir betrachten in diesem Punkte y ganze rationale, geometrische, 
projektieve Differentialinvarianten 7. Das sind Polynome 


Oy; OY; 
f=1(w Sata eahad . kod 1 
mit den nachfolgenden drei EKigenschaften : | 


1. Higenschaft G. Bei einer projektieven Transformation der 
Punkte zw des (n—1)-dimensionalen Raumes 


Xj = ayyay + agjae +... + angty | ax | 4 0, oe AS) 
haben wir fiir das transformierte /: 
OY; 
Fas( az ts...) = lanl? / *) . P ~ E, (4) 


Hieraus folgt nach einem bekannten Satze aus der Theorie der 
projektieven Invarianten, dass / ein Polynom von Klammerfaktoren 
ist. Kin Klammerfaktor ist eine -reihige Determinante der Gestalt 


Yijaer Yaar - Sorte Une 
EW te LY eee ak 
(Yo Y¥e.+. Ye) = BS ak. a Get ee) ee 


Y1,¢ Y2,¢ + td Gy! Un,e - 


Hierin bedeuten «, g,... Ableitungen von yi nach der Parameter ¢. 


a 


a 


aes 
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2. Higenschaft H. Die y; sind homogene Koordinaten. Darum 
bleibt der Punkt y derselbe, wenn wir 


| “ee eA. . ac. (8) 
setzen, wobei 
Aca: dt. ty cent) 


eine willkiirliche Funktion der ¢; bedeutet. 
Die Higenschaft H kommt dann durch die Gleichung 


; da 
P= 0(% st --)-fe Seu rete 


zum Ausdrucke, wobei » nur von 4 und deren Ableitungen abhanet. 
Wir werden im folgenden § beweisen, dass 


7 rs <a Cae ee ae | 


ist; p nennt man dann “das 4-Gewicht” der Invariante /. 


3. Ligenschaft P. Wir nehmen an Stelle der Parameter ¢; die 
neuen ¢;, gegeben durch 


He a ee) ae &, (ee pre ees CS 


wobei die Funktionaldeterminante 


. 0, (é;,ldge dhe thal Ot; 


ist. Dann kommt die Eigenschaft P durch die Gleichung 


fae CO ance hoe 1 ares (s) 
. zum Ausdrucke, wobei ® nur von den Ableitungen ¢,2, tia, - 

-_ abbangt. 

3 Wir werden beweisen, dass 

4 . 

7 CEE ee a ee Oe) 
ist; g nennt man , dass A-Gewicht” der Invariante /. 

4 

z 


§ 2. 
Wir gehen von Gleichung (6) aus. Zu beweisen ist: 


a A pret one se (13) 
48 
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In (7) ist p (2. viv eas ein Polynom. Ersetzen wir 1 


f=fQy-.) = 9G )-f%--) 
ay durch y, dann ist 


fo». = 0 0h) L(G). 
Wegen (7) haben wir aber: 


#2. )=0Gr) SO. 


Fm.) = 90-0 
oder, da f=|=0 ist: 


0a 
o(a. ss) 


Hieraus fiir jedes 2: 


0A 0A 
o (ager ts)w (aig -)aa Pry 


wo ¥W wieder ein Polynom. Daher ist m eine Potenz von 2. 
Die Gleichung (12) kann man so beweisen wie den entsprechenden 
Satz bei linearen Transformationen (3). In 


— Ot; 07%; ) 
=@® SS 9) SS eee a ore 1o)}e 
ke OL, Otg C2 
is ® eine ganze rationale Funktion. Wegen 4 +0 existiert die mit 
(9) inverse Transformation 


Daher wird 


je 

ig a2 
“Ss 
—_~ 
2 
_— 


Ss 
ee 


eR CMER ee aren Me tremens ones Oi 


und gibt, angewendet auf /, die Gleichung 


sao(F Beclie 


Multiplizieren wir dies mit (15), so haben wir ; 


Ot; Ot; 
Pp Rs = 
: & ’ ) P (5; Yee .) —_—_ . e . . . (17) 
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Wes. Ot 
Sei A; der Minor von — in A, also 


x 


a dA 
1 3 ot 
Oly 
dann ist. 
Ot; i A; 
it a a 


und A, ist eine ganze rationale Funktion von ausschliesslich ersten 


Ot) 
Ableitungen a Aus (18) folet dann wegen 


ty 
Ai x {2 
0%; (=) 06, & ) ha 
ape eee ohh aes ea Soe 
Ot Ota } Ot) Ota Of) A 


dass 


Ot; ae 1 (= 0t; ' 
Ot, Otg...0 At as” dt, dee oy 


ist, wobei G wieder ein Polynom bedeutet. Nach (17) haben wir 


Ot; Ot; 
PD (= ygse ) ° ee or dee .) aS} ES A . ° : (19) 
p Ot. Ole 


also: 

wo auch W wieder ein Polynom. Hieraus folgt ® = Ay, denn erstens 
is die Determinante A irreduziebel und zweitens kénnen wir in 
jedem Punkte (ti, £, rs e) des ¢-Raumes die Ableitungen ¢;,2, tia,--- 
willkiirlich wahlen, d.h. wir kénnen sie in (19) als unabhangige 
Variable betrachten. 


— 
: 

q 
4 
% 

| 

7 2 
3 

j 


§ 3. 


Der Hauptsatz, den wir hier beweisen wollen, lautet: 
Sind 
Coreen f.slinbeaw oe coe ys (20) 


 m+2 ‘geometrische, projektieve Differentialinvarianten mit den 
‘9-Gewichten py, Py -+ +> Pm+2e und mit den B-Cewichten q,, Yrs» Yn+2, 


~ dann ist die Determinante 
| ; 48* 


4) 


ae 


Pi K, Ps |S = =» « pPm-+2 Ky42 
9K, 4% K, - + + m+? Kn+e2 
0K, OK, 9K m+e 

OE, OEE ae ea 


(21) 


Ky, Kygie sas hapa 


OK, OKm+2 
Otigeadh. Cig oh” Ong 


eine Invariante mit dem 2-Gewicht p=1 + p, +.--+ Pnqe und mit 
dem A-Gewicht g=1+4,+.----+ m+. 

Wir beweisen diesen Satz in drei Schritten. 

1. Sind K,, K,,..., Km m absolute projektieve Differentialinvarianten 
d.h. solche mit den Gewichten Null, dann ist die Funktionaldeter- 
minante 


Be (igs Kase fe) _| 
OC MeCO £ ee bee 
eine Invariante mit 2-Gewicht Null und mit A-Gewicht 1. 
Bei der Transformation 


OK; 


a (22) 


a a 2 Gh ti Shas bel 
erhalten wir namlich aus 
Ki = K; (=1,2,...,m) 


durch Anwendung des Multiplikationssatzes fiir Determinanten: 


(Kip Ky sce Men) OUI og) Os hn eee 
0 (¢,, ae O (ty) ty + - tm) PCC 


DEAD) OM heka- 2 eT PEM 


2. Sind K,, K,,....,Kn4im-+1 projektive Differentialinvarianten 
mit den a-Gewichten Null und den A-Gewichten q,, Qy,-+++1 Imi A 0, 
dann ist die Determinante 


9, K, QB, . . . Ym+1 Kn 
OR mee, OKn-1 
dt, rt aoe 


1 


OK, 0K, OK m+ 
Ot» Ot,n we reece. H 
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eine Dijerentialinvariant mit a-Gewicht Null und mit A-Gewicht 
ME GP get bek. He qua 
Bewers. Es ist gn4i 40; deshalb sind 


K, K, Kn 
co (25) 
N 92 Im 
Im Imi Tn1 
Sekt cea eee 


m absolute Invarianten, worauf wir den vorigen Satz anwenden 
kénnen. Hs ist also 


Det. |\—— | —— 
Oty. q; 
Im+-1 
cre 


eine relative Invariante mit dem A-Gewicht 1. Daher hat 


q; 9; 
— —— = = —1 
fie Im t yn OKn | 
Det. OK K nt — tt K am ° ela si K; — 
Ot, m+1 Ym-+1 m-+1 Ot; | 
q4 + se + In | | 
Mea is ela ee 0K; ; O£4,, 
= Kk Im44 . Det. bors 5 Get _ qi aa J K; 
m-+1 | Ot; Qm+1 OtK | 


das A-Gewicht 1, oder 


il 
c (— Ki) 0 ( . Kents) 
q 2 he Qm-+1 


iS eee Kn 
Ms | Ot, a Oty, 
hat das A-Gewicht 1+ (¢, +... + qm) + mdm. 
Randern wir diese Determinante (26) mit einer ersten Zeile 
ee ee hes 
wad Kent 0, 0, ails a 0 als letzten Kolonne, so ergibt eine einfache 


Umformung den Satz (24). | 
3. Beweis des Hauptsatzes. Es sei pn4te 70. Dann sind 


Pi ae “cae (26) 


za ; =e eens cs. eet ket) 
Pm+2 Pm+2 Pm+2 
an: Kae Kote 


m+ 1 Invarianten mit den 2-Gewichten Null und den 4-Gewichten 


Ph 
qh Ym+2 an 


en a — 2 rye Saree | ale oe 
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Auf diese Invarianten (27) ist daher der vorige Satz anwendbar 
und ergibt die folgende Invariante, wobei wir nur das erste und 
das (i + 1)-¢ Element der A> Kolonne anschreiben : 


Ph 
Qh Pm+2 — Ph Qm+2 Rik Pm+2 
pm-+2 m--2 
HR 
Ph a PR = 
0K;, K Pm+e Ph OKn+2 K Pm+2 


— : - Bh: 
Ot; m-+-2 Pm+2 Ot; m-+-2 


In 7 multiplizieren wir zuerst die h** Kolonne (h=1, 2,...,m-+1), 
Phe 


mit Pn+s Reet ; dann rindern wir mit einer ersten Zeile 


Pi Kaas Ps Ie utnes PERG ods » Pm+1 Kn4i » Pm+2 Kn+2 


und erhalten die Invariante: 


Pr Kh ~ 0's Pm+e Kn+e 
(Qh Pm+2 — Ph Qm+2) Kn Kmte . . - 0 
1! = 
OK), OK, 
+ Pm+2 ane Kn+e2 = Ph Kh < i Se Las 0 
ti oy 


Hier multiplizieren wir die erste Zeile mit Qn42 Kn42 und addieren 


dies zur zweiten Zeile; dann multiplizieren wir die erste Zeile mit 
0k, ; ; : : : 
— und addieren dies zur (2+-2)-te=, Sondern wir dann gemein- 
i 


same Faktoren ab, so erhalten wir schliesslich (21). 
Im Nachhinein sehen wir, dass (24) ein spezieller Fall von (21) 


ist, némlich der, wo p,=p,=...= Pmti =, pm4eFO gesetzt 


ist. Ebenso ist (22) wieder ein besonderer Fall von (24), der entsteht, 
Wenn Wit. ¢,) => Q, >.> ag ae), Ym+i FO setzen. 

Setzen wir in (21) 9: = Js = +++ =Amti, Ym+2 0, 80 erhalten 
wir analog (24) den folgenden Satz: 


Sind K,, Ky,..., Kngi1 m+1 projektieve Di ferentialinvarianten 


i Mors. 


it den 2-( Gewichten iAP yeh, Daa am mit A-Gewichten Null, 


Pi eG Pa ie see Pmt Kn ; a 
iy 0K, —_ OK ; =" 


B ‘i ; ies . . oes . . . ° . . . . . ° (28) 
= PRR GCE Vili SL ORY 


Otm OGn 


a BP eine Invariante mit dem A-Gewichie 1+p, og apts Pm} und: mut 
f dem A-Gewichte 1. 


Wir fiibren schliesslich noch an, dass ‘die Be reieierna i ics (21) 
et folgenden Gleichungen geniigen : 


map i Dee ee Age, ey (ap) 
EEL AEA: RE fee G}. Peete, Baath da a2 fran (60) 


{ae S248...) [4 8,...,H\.6H- er 


rae | 
i ' 
5 2 
tah, wae 7 
« 
a4 - 
j 
ct . = 2 
» abel 3 if ? 
a I 
Je a ‘ 
it e115 : 
7% * 
® -s a 
aes a” 
a _* ‘ [ 
ni ee ‘ae eit : 
ATP eyo ? Hem) 
- ¢ 5 - 


¥ 
' 
5 
e ¢ 
se > 
oe ol if 
ee ee 
— oe a P 
Pe oe » 
E aay a 
at si 


Chemistry. — “The adsorption of electrolytes on charcoal.” By 1. M. 
Ko.tuorr. (Communicated by Prof. H. R. Krvyt.) 


(Communicated at the meeting of June 28, 1924). 


1. Though numerous investigations have been described in the lite- 
rature about the adsorption of electrolytes on charcoal, the explanation 
of this process still: escapes us. On the whole electrolytes do not 
change the surface tension of water with regard to air — nor probably 
to charcoal either — or very slightly at most, so that it is not rational to 
explain their adsorbability by making use of the well-known theorem 
of GisBs. | 

Another phenomenon often appears in the adsorption of electro- 
lytes which is called ‘‘selective adsorption of ions.” Charcoal often shows 
a preference for a particular anion or kation, if e.g. a dye-solution 
is shaken with charcoal, much more of the dye ion is absorbed than 
of the anion — or kation — with which the dye was combined °). 
In this so-called selective adsorption of ions the coal must send so 
many ions into the solution as corresponds with the difference 
between the quantity of adsorbed dye ion, and the other ion with 
which the dye ion was combined. If this were not the case the 
liquid would not remain electrically neutral. So we must imagine 
that the coal contains electrolytes as impurities, which are not easily 
removed, and the ions of which are able to react with other ions. 
Suppose e.g. a charcoal containing aluminium-silicate as an impurity 


we may represent the adsorption of a dye anion approximately by 


the following process: 
‘ AISil + 3 Dy’ 2 AlDy + Sil’”. 

The amount of dye ions taken away is replaced by an equivalent 
amount of silicate ions in the solution. According to this suggestion 
the adsorption of electrolytes is a purely chemical phenomenon, and 
by means of the laws of stoechiometry it is possible to deduce the 
formula of the adsorption isotherm, which, generally speaking, is 
also applicable in the adsorption of strong electrolytes. 


') See ia. L. Micuaiitts and P. Rona, Biochem, Z. 97, 85 (1919); summary in 
L. Micuaiitis: ,Die Wasserstoffionenkonzentration”, 2e Aufl. 1922, p. 200 and 
following. Hartiesen: Biochem, Z. 115, 46 (1921). 
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A few years ago’) I tried to explain the phenomena in the adsorp- 


tion of electrolytes on coal from a chemical standpoint. I started — 


from the assumption that molecular adsorption of the electrolyte 
does not take place as such, but that the decomposition adsorption 
is the only phenomenon that plays a part. As, in the course of a 
continued investigation different facts were found which could not 
easily be explained from previous theories, we thought it necessary 
to investigate if molecular adsorption is not found with electrolytes. 


2. In order to exclude decomposition adsorption it was necessary 
to start with charcoal of the highest purity possible, and practically 
free from electrolytes. It was prepared in more or less the same 
way as F. EK. Bartent and KH. J. Mrtiur’*) had obtained this preparate. 
I started from cane sugar with 0,005 °/, of ash. It was carefully 
carbonised in a platinum dish. Then the coal was heated for some 
days in a silica crucible, over a gasoline burner, until its appearance 
was no longer bright black but more or less dull. At first we 
admitted some air during the process of heating, which was dis- 
continued later on. The coal thus obtained had a percentage of ash 
varying between 0,08°/, and 0,09°/,. I call attention to the fact 
that BarteLL and Minter’s charcoal was better, as it contained only 
0,01 °/, of ash or even less. At any rate my charcoal was sufficiently 
pure for my investigation, and the conclusion which we shall discuss 
in the following pages — viz. that a molecular adsorption of electro- 


_lytes on charcoal is taking place — is decidedly justified. 


3. When it was seen that acids were appreciably absorbed on the 
pure charcoal we thought it necessary to demonstrate that practically 
speaking as much of the kation as of the anion was withdrawn 


from the solution. The charcoal used in these investigations had an 


ash content of 0,09°/,; the ash of one gram of charcoal neutralized 
0,15 ec. of 0,1 N. acid (indicator methylorange); this corresponds 
therefore with an alcalinity of 0,015 milli-equivalents per one er. 
of coal. : ; 

2 ers. of the coal was shaken with 50 cc. of solutions of hydro- 
chloric acid of different concentrations. In the filtrate I determined 
by titration the concentration of the hydrogen ions, as well as of 
the chlorine ions ; I moreover calculated from the conductivity of 


the filtrate the corresponding concentration of the hydrochloric acid. 


1 I. M. Kotruorr, Koll. Z. 80, 35 (1922). 
2 F. E. Barret and E. J. Muse, J. Am. Chem. Soc., 44, 1865 (1922). 
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The final concentrations of hydrogen ions [H'j, chlorine ions [Cl’], 
and [HCl] thus found, are seen in the following table: 


Experiments with 2 gr. of charcoal and 50 cc. of solution. 


Conc. of ed Rineleone. fd Hal 
acid 


[cl] | [HCl] from Kj,g 


0.0504 N 0.0436 0.0448 0.0440 
0.0201 _,, 0.015 0.0159 0.0153 
0.0100 ,, 0. 0057 0.0069 0.0059 
0.0050 __,, 0.00122 0.0022 0.00153 


As is seen from the figures but little more hydrogen ions than 
chlorine ions are withdrawn from the solution by the charcoal. This 
was to be expected as the charcoal still contained some substance with 
an alcaline reaction (see above) which can react with the hydrogen 
ions, in consequence of which less mobile ions pass into the solution. 
In agreement with this fact we also find a value for the final con- 
centration of the hydrochloric acid, calculated from the conductivity, 
which lies between the values of [H'] and (Cl’]. 

From the above data we have also deduced how much H’ and 
Cl’ were adsorbed in the different final concentrations. It was seen 
that in both cases the formula of the adsorption isotherm holds 


good : 


x 
ae a! ail tA 
m n 


: . x : A 
in wich = represents the number of milli-equivalents adsorbed per 


: : 1 
one gr. of charcoal, ¢ is the final concentration, and @ and — are 
n 


constants. 

In order to obtain further evidence of the fact that almost all 
the hydrochloric acid as such is adsorbed, and that there is no 
decomposition adsorption, I have made the following experiment. 
2 grs. of charcoal was boiled for five minutes with 50 ce of 0,05 N. 
hydrochloric acid, during which time the water evaporated was 
continually replenished. 

The charcoal was filtered off and washed with boiling water until 
the filtrate did not give any acid reaction with litmus paper. From 
the titration of the filtrate it was seen that in this case 1 gr. of | 
charcoal had adsorbed 0,075 milli-equivalents of HCI (compare with the | 
table above, referring to room temperature). This adsorbed quantity i 
of hydrochloric acid passes but slowly into water. The charcoal was 


—— ss ~~ _—. oe — 
AS 


745 
Isotherm of [H’] 
9] ~* found ~ calculated 
m m 

0.0436 0.17 0.17 

0.015 0.13 0.13 Vn = 0225 
0.0057 0.109 0.102 a == 0.37 
0.00122 0.095 0.070 


Isotherm of Cl’ 


Cc | ~* found : ~ calculated 
m . m 


0.0448 | 0.14 . 0.137 
0.0159 0.108 0.107 I/n = 0.24 
0.0069 0.084 0.0874 a = 0.29 
0.0022 0.0735 | 0.0663 


washed again several times with small quantities of boiling water, 
until we had obtained a filtrate of 100 cc. After cooling it had a 
faint acid reaction’ on methylorange; it was seen that one gr. of 
charcoal had given off 0,015 to 0,02 milli-equivalents of HC). In order 
to make the charcoal quite free from hydrochloric acid, we washed it 
with 5 ce of 0,02 N. sodium hydroxide and afterwards with boiling 
water. Acid- and chloride-determination indicated that all the hydro- 
chloric acid had been removed. 

From these experiments results that the molecularly adsorbed 
hydrochloric acid cannot be completely removed by washing with 
water. This fact is of importance, as most of the investigations, 
described in the literature, have been made with impure charcoals 
which had been treated with acid. All these charcoals probably 
contain a certain amount of molecularly adsorbed hydrochloric acid, 
so that it is likely that with these charcoals results are obtained 
totally different from those with the pure charcoal which I used in 
my investigations. 


4. The charcoal which I used also showed good results in the adsorp- 
tion of bases. I investigated the adsorption of sodium hydroxide and 


of baryta. 
‘The table given below illustrates the results obtained with sodium 


hydroxide: 
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Experiments with 2 grs. of charcoal and 50 cc. of sodium hydroxide. 


——— eee 


= found ~ calculated 
m m 


C 


Initial concentration 


0.05 N 0.044 0.15 0.187 

0302: Ax 0.015 0.125 0.129 

i) Ae 0.0067 0.082 0.080 

0.005 ,, 0.003 0.05 0.032 
Whi EGS all War 


We see that the adsorption-isotherm is rather unsatisfactory. 

On the whole there is much less adsorption of salts than of 
acids or bases. From the determination of the concentration of the 
kation and of the anion in the filtrate, and usually also of the 
conductivity, was shown that we have here molecular adsorption 
of the electrolyte, and that there is no decomposition adsorption 
of ions. 

Contrary to the results of E. J. Mitter*), I have never observed 
a marked hydrolytic adsorption, not even with salts as ammonium 
chloride, metheleneblue chloride, and salicilate of sodium. 

In the adsorption of the strongly hydrolysed sodium salt of veronal 
(medinal) I found that the hydroxyl ion concentration of the solution 
was strongly reduced after the adsorption. In this case there was 
a simultaneous adsorption of the salt itself, and of the sodium hy- 
droxide which was set free by hydrolysis. . 

Finally I wish to call attention to the fact that the charcoal which 
was used, lent itself readily to the adsorption of non electrolytes, 
as iodine and phenol. 


5. Without speculating on the nature of molecular-adsorption of 
electrolytes we must assume that the electrolyte is adsorbed by the 
charcoal as an undissociated molecule or, according to the modern 
views of N. Byrrrum and others as associated ions. It is to be expected 
that neutral salts which diminish the electrolytic dissociation of the 
electrolyte, will increase the adsorbability. . 

It is also to be expected that the amount of adsorption is a 
- Specific property of every electrolyte. When we compare the adsorb- 
ability of two strong acids under the same circumstances the result 
may be totally different. From the data in the following table we 


') E. J. Muuer. J. Am. Chem. Soc., 46, 1150 (1924). 
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see that these views are indeed correct. In the tests I used a sugar- 
charepal with 0,08 °/, of ash. 2 grs. of charcoal were shaken with 
50 cc of 0,05 N. solution of the acid, with the neutral salt of the acid, 
as well as without, after which the concentration in the filtrate was 
determined. In the table is noted the amount of acid in milli-equi- 
valents per one gr. of charcoal adsorbed. 

The specific character of the adsorbability is seen very clearly 
when we compare the behaviour of nitric acid and perchloric acid. 
Under the same conditions the absorbability of the former is 4 times 
as strong as of perchloric acid, and trichloracetic acid has a degree 
of adsorbability 7 times smaller than nitric acid. Phosphoric acid 
is practically speaking, not absorbed at all. Further we see that 


2 grs. of charcoal with 50 cc. of 0.05 N. acid. 
— 


Acid used Addition of salt = p. 1 g. 
: ~ . Hydrochloric acid — ; 0.16 
| ” in 2 N KCl 0.29 
: Hydrobromic acid ne 0.16 
‘a 7 » 1 N KBr 0.26 
4 Hydroiodic acid — 0.27 
4 5 tN Kd 0.42 
Nitric acid — 0.28 
” » 2NKNO3 0.53 
Perchloric acid = 0.072 
Trichlor acetic acid A 0.042 
Sulphuric acid : <= 0.048 
Phosphoric acid - ) 0.02 
Oxalic acid = 0.46 
Acetic acid ~ =~ 0.51 
» 2NNaAc 0.55 


neutral salts markedly increase the adsorbability of strong acids. 
In contrast with this the presence of acetate of sodium does not 
influence the adsorption of acetic acid. This was to be expected as 
the acid in 0.05 N. solution is for the greater part present in the 
— undissociated state, so that the acetate of sodium raises the concen- 
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tration of the undissociated acid to a very small extent only. 
Finally I wish to observe that neutral salts on the whole have no 
influence on the adsorbability of non-electrolytes; on the contrary 
the adsorbability of sodium hydroxide and of salycilate of sodium 
is increased by the addition of neutral salts. 


6. Now that we have demonstrated that electrolytes, as such, are 
adsorbed, and that the amount of adsorbability is a specific property 
of the electrolyte, it would be interesting to trace the influence of 
cappillary-active substances, as phenol and amylalcohol, on the adsorp- 
tion of electrolytes. Assuming that the adsorption is generally effected 
because a chemical affinity ') exists between the charcoal and the sub- 
stance adsorbed, it is to be expected that capillary active substances, 
which are strongly adsorbed by charcoal, can replace the electrolytes. 
This indeed proved to be the case. The tests, the results of which are 
mentioned in the following table, have been made with 2 grs. of 
charcoal und 50 cc. of 0.05 N. solutions of electrolytes, without and 
with salt in absence and presence of 5 millimols of phenol or 
amylalcohol. (See table next page). 

These figures prove that the strong electrolytes, to which, in this 
case also oxalic acid belongs, are practically totally removed from 
the charcoal by phenol. In this respect amylalcohol is less effective 
than phenol. The fact that we always find a small quantity of acid 
adsorbed when phenol is present, is to be attributed to the charcoal 
having a slight alkalinity. Neutral salts, as potassium, iodide, and 
salicylate of sodium are completely driven away from the charcoal by 
capillary active substances. Acetic acid, which also behaves like a 
capillary active substance is only partially driven away, as to be 
expected. 


7. From the data, given in this preliminary paper, it follows that 
the adsorption of electrolytes in any commercial charcoal containing 
many impurities, is a very complex phenomenon. In the first place 
we have the molecular adsorption of the electrolyte, as described 
above. But at the same time the so called replacing adsorption 
appears, in which one ion can react chemically with one of the 


7" 


impurities of the charcoal. As both adsorptions always take place simul- — 


taneously, the results can never lead to a general conclusion. If the 
displacement adsorption alone is to be investigated, a capillary active 
substance must always be added, in order to repress completely the 
molecular adsorption -of the electrolyte. A further investigation is 


) Cf. N. Scutow and L. Lepin, Z. Physik, Chem. 104, 25, (1920). 
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Influence of capillary substances on the adsorption of electrolytes. 


ie 
Electrolyte used | Addition of salt 


Xipede ' xe 
—without capill- — in presence of 
m 


af Bed easter phenol amylalcohol 
2 Se Sa a aes ee a 
Hydrochloric acid — 0.16 0.03 0.04 
a 2 N KCl 0.29 0503 0.04 
Hydrobromic acid — 0.16 0.04 
” N KBr 0.26 0.04 0.045 
Hydroiodic acid = 0.27 0.02 
Nitric acid — 0.28 0.015 0.08 
_ 2N KNO3 0.53 0.05 0.08 
Oxalic acid ii 0.51 — 0.01 
Acetic acid —. 0.51 0.23 
Sodium hydroxide — 0.035 0.00 0.01 
be 2 N KCl 0.08 0.01 0.02 
Potassium iodide = 0.02 0.00 
Salicylate of sodium =S 0.042 oa 0.001 
re 2 N KCI 0.057 = 0.007 


already being made along these lines, and I have already obtained 
results which clear up former anomalies. A further paper on this 
subject will treat this matter more exhaustively. 


SUMMARY. 


1. A molecular adsorption of electrolytes takes place on pure 
charcoal. 

2. Neutral salts increase the adsorbability of strong electrolytes. 

3. Capillary active substances prevent or decrease the adsorption 
of electrolytes on pure charcoal. 

4. A marked, so called ‘hydrolytic adsorption” on pure charcoal 
has not been observed. 

5. A molecular- and an ion adsorption takes place simultaneously 
on charcoal with impurities. Both phenomena differ completely in 
nature. If adsorption of ions alone is to be investigated the addition 
of some capillary active substance is necessary to prevent molecular 


adsorption. 


Utrecht, June 1924. Pharmaceutical Labor. of the University. 
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Heredity. — “Hereditary phenomena in family-portraits.” By Dr. 
J. F. van BEMMELEN. 


(Communicated at the meeting of September 27, 1924). 


Among the family-portraits in my parental home I remember 
since my early youth a small picture, representing an elderly lady 
clad in a huge widows-cap. As I was told by my father it was 
the portrait of Suzanna WEVERINGH, my great-grandmother, or more 
correctly expressed, one of my four great-grandmothers. I did not 
pay much attention to this painting, till an artist, who had taken 
a photo of it, remarked | that he saw in it a striking likeness 
to my own face. This assertion was confirmed by all persons con- 
fronted with the portrait, and by comparing the photo of the picture 
with one of my own face, 1 could convince myself of its truth. 
That this likeness had never before been remarked by any one, 
must probably be explained by the very plausible supposition that 
it had gradually augmented in the course of my life, and so had 
only now become striking, after | had reached the same age as 
Suzanna WeverincH when she was painted. 

Some time afterwards, Jhr. Mr. Dr. E. A. van Berestryn kindly 
placed at my disposal a collection of 46 portrait-drawings, evidently 
made in the seventeenth century by a rather poor draughtsman, 
after family-pictures belonging to a group of seventeen interallied 
families. That such was the origin of this collection, [ could prove 
for four of these drawings, as I became aware that one pair 
represented copies of oil,paintings in my own house, and another 
one had been taken from a couple of family-pictures that I found 
in the gallery of one of my relatives. As these four pictures were 
marked with the names of the people they represented, I could 
satisfy myself about the correctness of the names on the banderoles 
under the drawings, and felt justified in supposing the same to be 
the case with the rest of them. So I concluded that I had got 


before my eyes the effigies of no less than 29 of my direct fore- 


fathers, and of eleven other members of my ancestry, only six 
belonging to sidebranches which were not in blood-relationship 
_ with myself. 


Among these direct ancestors was a picture ofa clergyman, called 
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JustUs vaN DEN Booearrt, a calvinistic preacher living from 1623—1663 
at Naarden and Utrecht, and belonging to the eighth parentation >). — 

Once again a casual remark of an uninfluenced spectator directed 
my attention to the similarity between my face and that of Justus 
VAN DEN Boocakrt. That such a similarity really exists, I venture 
to conclude from the result of a little experiment, in which I invited 
different people to make an independent choice from the full 
collection of my family-portraits (now already amounting to more 
than a hundred), of those that according to their opinion showed 
the greatest likeness with myself. The larger majority of these 
unprepared and unpartial spectators placed Justus vaN DEN Boogarrt 
and Suzanna WeverineH at the top of their list. 

Now, when tracing in my ancestral tree the relation in which I 
stood to these two ancestors, it turned out, that the line of descent 
between Justus vaAN DEN Boogarrt and myself passed through Suzanna 
WeverineuH. Moreover it became evident, that, thanks to the above- 
mentioned portrait-album, I had the-disposal of the portraits of the 
four intermediate generations, which all proved to be of the female 
sex, as may be seen from the following pedigree : 


8th parentation Justus vaAN DEN Boogarrt and Cata. Brouwsgrs. 


7th 4 ANNA CATHARINA V. D. BooGarrt and BERNARD DE Moor. 
6th re Anna CatTHARINA DE Moor and Jan van Royen. 
5th 3 Justina Ciara VAN Royen and Henprik VERBEECK. 
4th bs JacoBa EnisaBetH VERBEECK and Maarten WEvERINGH. 
3rd “ SuzaANNA WeEvERINGH and PistErR PAMA DE KEMPENAER. 
gnd < ANTOINETTE ADRIANA DE KEMPENAER and 

JAN Frans vAN BEMMELEN. 
1st e JacoB MaartTEN vAN BemmMEeLen and Maria Borke. 


As to portraits, the only missing links in this chain of ancestors 
are CatHarinaA Brouwers and Justina Crara van Royen, but I am 
in possession of the portraits of no less than three sisters of the latter, 
which all show a remarkable resemblance to one another, but have 
no feature in common either with Justus vAN DEN BooGakrtT or with 
Suzanna WeverincH. The origin of this family-type of the sisters 


1) I have made the proposition to indicate the successive generations of ancestors 
by the theoretical number of their members. According to this method I call 
Justus vAN DEN BooGaERt my 256-father. 

By an English friend and colleague, who had the kindness to correct my trans- 
lation of the Dutch original, my attention was called to the fact that parentation 
and filiation are not habitual English expressions, but nevertheless will be understood 
by English scholars of genetics. es 


Proceedings Royal Acad. Amsterdam. Vol. X XVII. 
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van Royen I consider to be able to trace through the paternal 
ancestry, as I am acquainted with the portraits of no less than 
eight members of that line: 


Corneuis I van Royen and PetroNnELLA VAN BLANKENDAEL. 
Nicovaas vAN RoyEN and ANNA VAN SOLINGEN. 

Corneuis Il van Royen and Jonanna DE St. GILLEs. 

Jan van Royen and Anna Catarina DE Moor. 


From these portraits it becomes evident, that it is JOHANNA DE 
St. Gites who has imprinted her type on her descendents. 

Moreover the. abovenamed album (which probably has been 
drawn by a member of the van Royen-family, and so may be called 
“album-van RoyEn’”’) contains the portrait of Justus vaN DEN BooGaErT’s 
father, called Gites, and married to CorneriaA VERSPREET, but also 
this does not show any striking resemblance to his son. 

From these facts I conclude that the familiar type of facial features 
is handed down from parent to child for an undefined number of 
generations, without however manifestating itself in each succeeding 
filiation. So the repetition of the type occurs in leaps, and the 
number of intervening generations between each pair of manifestations 
cannot be predicted beforehand. It therefore becomes evident, that 


the type is hereditarily handed down by parents, who carried it | 


genotypically, but did not themselves show it phenotypically. 

In itself this assertion contains nothing strange or unexpected; it 
only teaches us that family-likeness follows the same rules as other 
hereditary features, mental as well as physical. My intention in this 
communication is simply to draw attention to the importance of 
portrait-studies for the knowledge of hereditary phenomena in man. 
An inevitable preliminary condition for this study is to get acquainted 
with the stock of portraits still existing. That this knowledge is far 
from satisfying or in any way complete, I need not specially insist 
upon; the majority of people possessing family-pictures are not at 
all or at least not correctly informed about the names of the persons 
represented, and many paintings have been combined in pairs, and 
framed anew, only to form nice decorative couples, without any 
regard to their real relation. Still worse are the conditions in the 


era of photography; the overwhelming majority of photo’s are not. 


provided with names, and consequently soon become unrecognizable. 
It may therefore be asserted without the least exaggeration, that 
nowadays the whole world becomes photographed, but no scientific 


result of any importance whatever comes out of this immense - 


iconographic material of the species Homo sapiens. 
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Still oné more ancestral portrait in the album-van Royun drew 
my particular attention: that of Crara Ciarspocurmr CoLisN, as so 
many persons, who joined in the above-mentioned experiment, placed 
it on their list of ancestors showing a special likeness to myself. 
The line of blood between this ancestor in the 10‘ parentation 
(1024-mother) and myself was again found to pass through Suzanna 
WeEvERINGH, and moreover to join the line of descent from Justus 
VAN DEN BooGanrt in the person of his granddaughter ANNA CaTHARINA 


_ DE Moor. This is seen from the following pedigree: 


Ciara CLaEspocntEr Congn and Rompout Jacossz. 
CaTHARINA Jacossz. and Rocnus van CAPELLE. 

Ciara vaN Capriie and Brrnarp I bE Moor. 

‘Bernarp Il pe Moor and ANNA CaTHARINA VAN DEN BoogaErt. 
ANNA CaTHaRINA DE Moor and Jan van Royegn. 


Just as in the previous case, I have at my disposal the portraits 
of all these persons, with only one exception: CaTHarina Jacossz., and 
so 1 have been able to convince myself, that none of them (with 
the exception of ANNA CaTHARINA VAN DEN BooGazErt) showed any 
special similarity with the person at the top (Ciara Corin), whom 
according to the impartial evidence of many independent judges, I 


resemble in features, though she shares her contribution to my 


procreation with 1023 others. 

At first sight this observation might seem to stand in contradiction 
to the theory of saltatory repetition of family-type, as it might be 
thought illogical to suppose that Suzanna Weverinen did inherit her 
type at the same time along the line of descent from Justus VAN DEN 
BoogaErt and along that from Ciara Conn. But a moment’s 
reflection teaches us, that such a double or even multiple derivation 
of the same hereditary features is by. no means impossible or 
improbable, but on the contrary will occur pretty often. 

Why indeed should it be necessary to suppose that the family- 
type in question started with Jusrus van DEN Boogarrt in the seven- 
teenth century? Is it not much more probable, that the same repe- 
tition of type, which, judging from the portraits occurred twice in 
the lapse of time from 1623 to 1760, had manifested itself an 
unlimited number of times in foregoing periods, each time skipping 
an indefinite number of generations? Nor is it in the least probable 
that in each case this reappearance of type remained restricted to 
one single person, and that all these manifestations of the type 
should be concentrated in the line running through Justus VAN DEN 


~ Booearrt — Suzanna Wuverinen. On the contrary, it seems much 
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more likely that this type repeatedly became manifest in a number 
of different but interrelated families, living in the same town or at 
least in the same neighbourhood. This opinion agrees well with the 
fact that Crara Conuwn and her husband Romsout Jacossz., as well 
as GiuLEs VAN DEN Boogarrt and his wife Cornenia VERSPREET, were 


inhabitants of Antwerp, and belonged to the prosperous merechant- 


euild, the same being the case with the family ps Moor. All these 
families, and many others, that were interrelated with them and 
with each other, emigrated to Holland in consequence of the troubles 
and persecutions in the days of the insurrection against Spain. 

Undoubtedly they may have imported a certain number of family- 
types, which they carried in their hereditary material. May be 
Anna Catuartna DE Moor had obtained a double dose of one of 
these types, along the lines of both her parents: viz. the type that 
had become manifest both in her grandfather Justus VAN DEN BooGAaERT 
and in her great-great-grandmother Ciara Corin. It remains to be 
explained why notwithstanding this double inheritance, the type in 
question did not once more become manifest before the third ge- 
neration in descent from Anna C. DE Moor, namely in SuZANNA 
WEVERINGH. 

As the starting-point for our consideration we can best refer to 
the condition at the end of the sixteenth century, which we may 
imagine to have consisted of a rather large circle of interrelated 
families, that for centuries continually intermarried, but from time 
to time begat individual members, who carried the family-types to 
other Flemish and Dutch towns and even to foreign countries. At 
the said period this hereditary disposition probably was already 
rather complicated, but by no means reached the complexity, that 
arose during the seventeenth century, when numerous Flemish, 
Brabantic, Walonic and French exiles gradually mixed up with the 
autochthonic inhabitants to the North of the Rhine-delta. 

Now supposing this hypothesis about the saltatory repetition of 
family-types to be well-founded, it necessarily follows that this 
type should reappear periodically and therefore also contempora- 
neously in different persons, whose mutual forefathers rank so high 
up in their pedigrees, that these bearers of the same type are them- 
selves quite unaware of the existence of blood-relation between them, 
and consequently consider this similarity as an inexplicable and 
accidental trick of pure chance. 

In short: by the saltatory repetition of family-type a natural ex- 
planation might be given of the mysterious but undeniable fact of 
the ‘‘second-self”’. 


7595 


A priori there seems to be no plausible reason to consider the 
occurrence of the second-self as an isolated and independent phe- 
nomenon, in need of a special explanation. For the similarity, that 
so often shows itself between members of the older and younger 
generations of the same family, cannot reasonably be supposed. to 
be of another character than that which sometimes is seen to exist 
between two or more descendents of the same remote ancestor. 
Yet this distinction is very readily made by the greater majority of 
people. When a person shows a striking likeness toa male ancestor, 
say e.g. that one of his great-grandfathers, with whom he shares 
the family-name, nobody will hesitate a moment to ascribe that 
similarity to blood-relationship. But when the same kind of simil- 
arity shows: itself between two descendents of that same gveat- 
grandfather, who can therefore be relatives in the 9th degree, and 
may differ not only in family-name, but also in all sorts of other 
features, even in nationality, and be quite unaware of the existence 
of any blood-relation between them, this phenomenon awakes sensa- 
tions of astonishment and even awe, and is ascribed to the influence 
of accident, which only means that no reasonable explanation is 
deemed possible. 

Though therefore the theoretical explanation of the phenomenon 
of ‘‘second-self” as a consequence of blood-relationship seems clear 
and simple, yet the reconstruction of the concrete proof in each 
single case of similarity between apparently quite unrelated persons 
is of course studded with difficulties. In the first place the over- 
whelming majority of people are completely unacquainted with 
their higher ancestry; often they do not even know the family-name 
of their maternal grandmother. So when we want to compare the 
pedigrees of two persons, who do not appear to be in any way 
related, we are met with the difficulty that the chances are very 
much against our obtaining on two lines of descent the evidence of 
mutual ancestral relationships. But even when we succeed in dis- 


covering one or more mutual ancestors, there is no need whatever 


to suppose, that the type in common should exactly be derived from 
this ancestor, and as long as we do not discover a portrait of him, 
the solution of this question will remain impossible. Even if the 
portrait should really be found, the chance exists, that the common 
forefather shows features different from those of his descendents, 
and yet has handed down to them their family-type, which he carried 
hidden among many others in his genotypical predisposition. 

On the other hand we may safely assume, that as soon as it 


proves possible to trace the pedigrees of a set of two (or more) 
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persons that show a striking similarity, (say e.g. up till the tenth 
generation), we will in most cases undoubtedly meet with forefathers 
in common. This can be ‘expressed shortly by the assertion : All 
men are blood-relations, in every kind of degree and in many different 


manners. The relation may be of a very simple character, but also 


of the highest complication. As it cannot be told beforehand, what 
will prove the case in each special instance, it seems fairly hopeless 
to undertake such an investigation concerning the pedigrees of two 
or more second-selves, and still more to try to collect as many 
portraits as possible of their ancestors. Even for one single pedigree 
the search for family-portraits is next to impossible, at least for the 
private student. | am therefore fully convinced, that the only way 
to extract any scientific results about the heredity of family-types 
from what is left us of the likenesses of our forefathers, will be to 
get them all photographed, and so make them accessible for compar- 
ative investigation. As this material is scattered over the whole 
civilized world, and for the greater part is not provided with the 
names of the persons represented, it seems very doubtful that such 
a collection of the iconographic material of Europa and America 
could ever be brought together. But assuredly mere codification, 
without reproduction by photography, could only be of very slight 
use for the study of family-likeness by means of portraits. 

Yet the private investigator need not remain inactive, as he can 
try to apply his hypothesis to a few well-defined cases. For this 
endeavour he may find encouragement in the consideration, that 
the above-mentioned check to the discovery of the common forefather 
of the family-type, hopeless as it may apparently look, can be seen 
really to contain a strong support for it. Should namely the sup- 
position that an unlimited number of family-types independent of 
one another, may be hidden in the hereditary material of each 
‘person, prove true, then the demonstration of the probability of 
the above-named hypothesis is considerably simplified. It may be 
restricted to an elucidation of the question at issue: 

Do those ancestors that, according to existing portraits, have 
strongly influenced the type of one member of a set of closely- 
resembling persons, also occur in the pedigree of the other member? 


I consider that I am able to produce evidence concerning this — 


restricted deduction in a case of resemblance between three gentle- 
men, which I noticed at a moment, when I was still quite unaware 
of their mutual relationship. It was in the library of the Dutch 
Society for Genealogy and Heraldry, called ,,De Nederlandsche 
Leeuw”, that I first got sight of the portrait of the well-known 
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Dutch genealogist Mr. W. J. Baron p’ABLainG van Ginssensurc. The 
portrait immediately reminded me of my uncle Mr. P. van BumMELEN, 
but at the same time vividly impressed me by its likeness to the 
late statesman Jhr. Mr. A. F. pe Savornin Lonman. These gentlemen 
were contemporaries, and as the latter two belonged to families, 
whose pedigrees might probably be investigated with good chance 
of success, I resolved to make an attempt. Yet, as a matter of fact, 
such an effort can never lead to a complete pedigree, even when 
the number of generations is restricted to ten. And even with this 
restriction we can safely predict, that in any case a certain number 
of ancestral quarterings in common to both families will be found. 
To go up still higher than the 10% generation will of course only 
prove possible for a very few families, mostly belonging to royalty 
or the higher nobility, but in those exceptional cases we may be 
perfectly assured that we shall find alliances in common. That this 
is inevitable may be understood by the following consideration : 
Mankind of to-day is the product of foregoing generations. Theo- 
retically the number of ancestors of each individual increases at 


the rate of multiples of two, which in a period of ten centuries, 


corresponding to thirty generations, leads to a theoretical number 
of 2°° forefathers and -mothers. Such a number will probably 
already surpass the number of. men, capable of existence in those 
days over the entire habitable surface of the earth, but in any 
case it greatly exceeds the number of inhabitants of western Europe, 
that lived there about the year 900, and practically form the 


‘ancestors of our nation. This becomes the more stringent, when 


we take into consideration that only a certain part of the population 
in those days as well as in others can have contributed to the pro- 
creation of posterity, a great number remaining excluded from 
propagation, by all kinds of reasons: untimely death, illness, coeli- 
bacy, sterility ete. So the number of people fit for begetting issue 
must have been so restricted, that practically all of them must 
have participated in the procreation of every separate member of the 
present generation of Europe and America. In other words: every 
man of the generation of Anno 900, who got children, is the 


forefather of every white man of to-day. 


That this assertion is true, can of course never be proved rigor- 
ously and only made probable for a few historical figures of those 
remote days, e.g. Charles the Great (Charlemagne), but we may 
safely infer, that it may as well be applicable to all his contemporaries. 

In itself the possession of common ancestors therefore implies 


nothing strange, on the contrary, I have been rather astonished, that 
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in the case of pg SAvornin Loman their number came out to be 
so low, not only in connection with vAN BemMMELEN, but as well, 
and even more so with p’ABLAING VAN GIESSENBURG. Notwithstanding 
that, I succeeded in tracing a few quarterings in common to all 
three, and in one case to ascend to a mutual forefather. | was 
greatly surprised and pleased to find, that a few of these quarterings 
led to the same circle of families at Antwerp, which I mentioned 
before, and in the case of D’ABLAING VAN GuIESSENBURG even to the 
family Jacossz., to which belonged the husband of Ciara Cony. 

Though | did not succeed in finding either the name Con, or 
that of vaN DEN Boogarrt, among the ancestors of both pb’ ABLAING 
vaN GiEssENBURG and pg Savornin Lonman, | don’t think that this 
must be considered as a serious obstacle against my hypothesis. For 
we must never forget, that Justus van DEN BooGakrT may as well 
have obtained his face and complexion from his mother CorNnEeLia 
VERSPREET,. as from his father Gites, and that the mother of this 
Cornetta, also named Cornetia, was a daughter of the family 
BruynsEEts, that probably stood in blood-relationship along many 
different lines with the remaining merchant-families of Antwerp, 
mentioned in this paper. 

When we look at the question from this point of view, we clearly 
conceive how unscientific it would be only to attach value to a 
name. Yet names are the last thing left, in tracing family-relations, 
when all other indications fail, and so it is clear that exact genea- 
logical studies must form the foundation of every investigation of 
family-resemblance. ; 

It need not be specially mentioned, that we should not restrict 
ourselves to the external features, but may and even must extend 
these investigations to all bodily and mental characters, and so try 
to make as complete a reconstruction of our ancestors as possible. 
Especially on the latter field we can often still obtain important 
results, even when all indications about the material personality fail. 
By the study of his mental inheritance in publications and letters, 
and even by the graphological analysis of his manuscripts, as well 
as by the knowledge of his rdle in publie and private life, we may 
obtain a good insight into the character and the remaining mental 
disposition of many a forefather, or, when not of himself, at least 
of his nearest bloodrelations. When we take into consideration, that 
undoubtedly in many cases an intimate connection exists between 
bodily and mental features, we may be led to more or less probable 
conceptions about the former by the study of the latter. From this 
point of view it may prove of interest, that Mr. P. van BEMMELEN, 
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who undoubtedly had inherited his external features from his grand- 
mother Suzanna Weverinen, had probably obtained his juristic — 
predisposition not only from her side, but as well from his grand- 
father Prerer Pama pE Kemppnarr. He shared this legal ability with 
his uncle Mr. Jacopus Marraevs pe Kemprnanr. In this respect it is 
assuredly remarkable, that also his second-selves, Mr. p'ABLAING VAN 
GinssEeNBURG and Mr. pr Savornin Lonman, have distinguished them- 
selves in the realms of the law. : 

The two brothers of P. van Bemuenen, Jacop Maarten Sr. and 
ApriaaN Anruony, did not possess such a striking similarity to 
SuZANNA WeverineH, and showed no juristic disposition, but were 


naturalists. But by the issue of the former of these two, it becomes 


at least probable that also Jacop MaarTmn vaAN BrMMELEN Snr. carried 
in his hereditary material not only the facial type of his maternal 
grandmother, but also the juridical predisposition of both his maternal 
grandparents. Taking this aspect of the question, it might prove of 
interest, that the pedigrees of these three personalities: p’ ABLAING VAN 
GIESSENBURG, DE Savornin LOHMAN and van BemMELEN, have led me 
to an ancestor common to all three of them: AEM van pER Burcu, 
a member of the well-known municipal family of Delft, now extinct 
(according to the popular conception. of this word). This man lived 
about 1400, and had a daughter Basrrz, who married GErRIT 
Gerritsz. Bennineu, the founder of the well-known patrician family 
BennineH or Bannine of Amsterdam. This alliance led to the families 
p’ABLAING and vAN BemMELeEn, in both cases along two different paths. 

Furthermore he had a son Henprik, who married Ancut Hart 
vAN DER. WokrT and bad a daughter Hapewicu, who married twice, 
first with WitLem ALBRECHTSZ. PIJNSsen vAN DER AA, which union led 
to ancestors of Mr. p’ABLaInc vaAN GuinssenBuRG and Mr. pe Savornin 
Lonman, and a second time with Reyer Dircksz. van H&emskerck, 
which made her a female ancestor of the issue of the couple DE 
KemPRNAgR-WEVERINGH, on both paternal and maternal lines of 
descent. 

But still further we find that out of the second marriage of 
Haprwica vaN per Burcu there issued a grand-daughter called E1sJz 
van Heemskerck, who, by marrying Huyeé Cornetiszoon DE Groot, 
became the grandmother (on the fathers’ side) of the famous Hugo 
pe Groot. So perhaps it might be suggested, that the accurate in- 
vestigation of the complete progeny of Arm van DER Burca could 
furnish us with arguments, that proportionately it contained a greater 
number of members with juridical predisposition than other similar 
families, accessible for statistical supervision. The number of these 
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. descendents must needs amount to several thousands, and the investi- y 
gation therefore will prove exceedingly laborious and difficult, but — 
on the other hand it is fairly certain, that only by the comparison 4 
of very large numbers of persons in a long series of generations __ 
it will be possible to exclude the influence of numerous external 
circumstances (such as habit, tradition, social and religious tendencies) __ 


which have no direct connection with heredity. 


Groningen September 1924. 
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Palaeontology. — ‘Neotenie, Persistenz, Degeneration.” Von Dr. 
A. Kigstincrr, Wien. (Communicated by Prof. H. A. Brouwsr). 


(Communicated at the meeting of November 29, 1924). 
Die einzelnen Merkmale eines Organismus stehen in Bezug auf 
ihre Organisationshébe in einem gewissen Zusammenhange (Korrela- 
tion). Man hat daher in vielen Fallen geglaubt, aus der Entwicklungs- 
stufe eines Organes auf den Rang der ganzen Form (‘“‘primitiv, 
differenziert”) schliessen zu kénnen. Es stellte sich heraus, dass dies 
nicht ganz richtig sei, dass strenggenommen jedes Organ seine eigene 
Wachstumsgeschwindigkeit besasse (‘“Heterochronie’ der Organe), 
welche allerdings fiir bestimmte engere Gruppen bleibend und be- 
zeichnend ist. Aber auch hier ergaben sich Unterschiede durch 
friiheres oder spateres Hintreten des einen oder andern Merkmals. 
Je nach dem Standpunkt des Beschauers wurden diese Abweichun- 
gen vom Gewdhnlichen als Beschleunigung oder Hemmung des 
Wachstums aufgefasst. Der eine Vorgang wurde von GrarD als 
Progenese(3), der andere von Korimann als Neotenie (1) be- 
zeichnet. Spatere Autoren haben beide Vorgadnge, die doch ihrer 
urspriinglichen Begriffsfassung nach Gegensatze bedeuteten, fiir gleich 
erachtet. In verschieden weiter Fassung geht besonders der erste 


_ Begriff durch das zoologische Schrifttum. 


KoLiMaNn ging von der Erscheinung aus, dass bei manchen Anuren 
und Urodelen die Verwandlung zum richtigen Zeitpunkte unterbleibt. 
Die Larven iiberwintern, werden grésser als gewohnlich und kénnen 
unter Umstinden (manche Urodelen, bes. auffallig beim mexikani- 
schen Axolotl, Amb/ystoma tigrinum) sogar geschlechtsreif werden, ohne 
die vollige Entwicklung erreicht zu haben. Dies nannte KoLLMANn 
Neotenie (partielle: das langere Beibehalten jugendlicher Merk- 
male, vollstandige: das Andauern dieser Merkmale bis itiber die 
Zeit der Geschlechtsreife hinaus). Fragen wir hier nach der relativen 
und absoluten Stellung der Teilvorgange, so ist das Normale hier 
das Eintreten der Geschlechtsreife zum normalen Zeitpunkt, das 


-Abnormale liegt im Ausbleiben der Umwandlung, im Beibehalten 


der jugendlichen Merkmale bis in eine Zeit hinein, wo das Tier, an 
andern seiner Art gemessen, durchaus nicht mehr jung ist. Es liegt 


also eine wirkliche (nicht bloss relative) Verzégerung in 
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der Entwicklung ganzer Organgruppen vor. Wenn nur ein einzelnes 
Organ zuriick bleibt, ware besser von Epistase (Eimer) zu sprechen. 


Wir fassen zusammen: Neotenie hat dann statt, wenn bei sonst normal | 


fortschreitendem Wachstum eine Organgruppe dauernd oder auf 
langere Zeit zurick bleibt, wenn ein in vieler Hinsicht erwachsenes 
Tier infantile Merkmale aufweist. Das Gegenteil, Progenese, hat 
statt, wenn bei sonst normalem Wachstum und normaler Entwicklung 
eine Organgruppe in Entwicklung und Funktion den tibrigen vor- 
auseilt. So haben Giarp und Bonnier (4) beide Vorgange unter- 
schieden*) und es ist bedauerlich, dass in der Folgezeit diese Begrifis- 
trennung wieder verwischt wurde’). 

J. E. V. Boas hat 1896 den Erscheinungen der Neotenie eine 
eigene Arbeit gewidmet (5) und dabei auf die weite Verbreitung 
derartiger Erscheinungen im ganzen Tierreiche itiberhaupt hingewiesen. 
Den besonderen Wert dieser Erkenntnis sah er darin, dass dadurch 
viele Merkmale, die bisher als ‘‘primitiv” galten und sich schlecht 
in die sonstige systematische Stellung ihres Tragers einpassten, 
nunmehr mit Hilfe des Neotenie-Begriffes zwanglos erklart werden 
konnten. 

Boas ist vielleicht in manchem zu weit gegangen. Er legt wenig 
Wert auf die Unterscheidung von Neotenie und Progenese’*), zablt 
dagegen auch das Zuriickbleiben einzelner Organe (doppelte Vagina 
bei einzelnen placentalen Séugern, Zuriickbleiben einzelner Knorpel 
im Vorgang der Verknécherung usw.) zu den Belegen fiir Neotenie, 
was wohl nicht dem urspriinglichen Begriffsumfang entspricht. 


1) G. und B. bringen folgende Beispiele (zitiert nach Boas): Ein Fall von teil- 
weiser Neotenie liegt z. B. vor, wenn ein erwachsener Mensch das Milchgebiss 
beibehalt, ein Fall von Progenese, wenn das Funktionieren der Geschlechtsorgane 
schon hei einem Kinde eintritt. Den ersten der beiden Fiille wiirden wir heute 
wohl als Epistase bezeichnen. 

*) Vgl. u. a. die Erklarung von Neotenie und Progenese in ,Kultur der 
Gegenwart” IV/1, Allgemeine Biologie 1915, S. 428 f. (E. GopLewsk1). 

s) Wenn B. am Ende seiner Arbeit (a.a.0.) sagt: ,,Saimtliche hier ange- 
fiihrte [Fille von Neotenie haben das Gemeinsame, dass das Tier auf einer Ent- 
wicklungsstufe geschlechtsreif wird, auf welcher seine tibrigen Organe — alle oder 
einige — nicht die volle Ausbildung erreicht haben und dann tiberhaupt diese 
Ausbildung nicht erreichen. Manchmal findet aber eine vorzeitige Reife der 
Geschlechtsorgane, resp. eine verspitete Ausbildung gewisser anderer Organe statt 
ohne dass Neotenie daraus resultiert...”, so ist das auf Umwegen eine aniael 
willige Anerkennung der ,,Progenese’’ GIARDS. 


Die Beschrankung des Begriffes Neotenie auf solche Formen, welche die vollige 


Ausbildung tberhaupt nicht erlangen, méchte ich als unwesentlich ablehnen. 
Sagt doch z.B. KoLLMANN vom Axolotl (2, S. 268), er kénne , Jahre hindurch 
oder sein ganzes Leben auf der Perennibranchiatenform stehen bleiben.” 


—————— 
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Derartige Hinzelerscheinungen werden heute meist als Hemmungs- 
bildung oder Hpistase (Eimer) bezeichnet und ‘“Neotenie” auf das 
Zuriickbleiben ganzer grosser Organgruppen, welche den allgemeinen 
Habitus des Tieres bedingen, beschrankt. Der Unterschied zwischen 
Neotenie und Epistase ist also im wesentlichen ein gradueller. So 
hat es wohl auch KotpMann gemeint, wenn er vom Axolotl sagt 
(1, S. 393): “«....das Wort “Hemmungsbildung” ist hier nicht am 
rechten Platz, weil dieser Begriff gleichzeitig den eines pathologischen 
Kingriffes und den Hinweis der Lokalisierung auf einzelne Organe 
in sich schliesst”’. 


Hs hat einen gewissen Reiz, den Erscheinungen der Neotenie, 
welche in der lebendigen Tierwelt eine so grosse Rolle spielen, auch 
in der fossilen nachzuspiiren und zwar sollen fossile Cephalopoden 
als Beispiel herangezogen werden. 


H. Scumipr (Géttingen) hat Studien tiber Neotenie bei Goniatiten angestellt, 
liber die er auf der Tagung der Paldontologischen Gesellschaft zu Kichstidt 1924 
berichtet hat. Leider liegt diese Arbeit noch nicht im Druck vor, so dass hier 
nicht auf Kinzelheiten eingegangen werden kann. Scumrpr geht, wenn ich ihn recht 
verstanden habe, von einigen globosen Goniatitentypen aus. Diese kugeligen Jugend- 
formen entwickeln sich einerseits zu solchen, welche die plumpe Gestalt beibehal- 
ten, anderseits zu andern, welche den Querschnitt andern und flach werden. (Es: 
liegen hier also _,,Divergenzformen” vor, wie ich dies seinerzeit [8, Nachtrag S. 140] 
genannt habe). Diejenigen Gehiuseformen nun, welche ihren runden Querschnitt 
beibehalten, halt Scumipr fiir neotenisch. 

Was an Scumipts Untersuchung vor allem auffallt, ist die geringe Bewertung 


’ der Lobenlinie, welche fiir ihn durch die Gehauseform bedingt und daher ganz 


nebensichlich erscheint. Weit entfernt, das Ziel der Ammonitenforschung in einer 
unermiidlichen Graphologie der Loben zu suchen, méchte ich hier doch eine 
Apologie dieser missachteten Linien wagen. Es kann nicht scharf genug betont 
werden: Die Lobenlinie steht in nur sehr losem Zusammen- 
hange mit der stereometrischen Gehauseform. Ueberaus gross 
ist die Zahl der Konvergenzformen, grésser als die der alleinstehenden, nicht nur 
unter Ammoniten, sondern auch zwischen Ammoniten und Nautiliden. Zahlreiche 
Gehause gleichen einander in Form, Skulptur und Zuwachsstreifen so vollkommen, 
dass erst die auspraparierte Lobenlinie ihre wahre Natur enthiillt. Wenn irgend 
ein Teil des Ammonitengehauses, so sind es die Kammerscheidewande, welche 
Riickschliisse auf die Weichteile zulassen. Die Aussenschalen sind in ihrer Gestalt 
ein Kompromiss aus Umwelt und Eigenleben, sie umfassen einen geringen Formen- 
schatz, der schon im Perm im Wesentlichen erschdpft ist und sich in der Folgezeit 
oftmals wiederholt. Was wiissten wir von allen Familien ohne jenes wichtigste 
Merkmal? Was wiissten wir tiberhaupt von den Ammoniten? 

Zur globosen Kérperform: Warum soll sie fiir Jugendformen allein charakteristisch, 
bei alten daher neotenisch sein? Ist der , Arcestes-Typus” nicht wahrscheinlicher 
das Ergebnis einer bestimmten Lebensweise, tiber die wir allerdings nichts wissen ? 
Ich halte also in dem Goniatitenbeispiel den Schluss auf Neotenie fiir durchaus 
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nicht zwingend und will im Folgenden versuchen, einen solchen auf der Loben- 
linie, die ich fiir ebenso bedeutend halte wie Scumipt die Gehduseform, auf- 
zubauen. 

Die vorliegende Untersuchung basiert auf dem schénen Trias- 
material, das von der 2. Niederlaindischen Timorexpedition aufge- 
sammelt wurde und von dem ich einen kleinen Teil bearbeitet habe 
(8 und 9). 

Unter den Nautiliden der Triasformation spielt die Gattung 
Proclydonautilus eine Hauptrolle. Es sind meist scheibenformige 
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Gehaduse mit weitgehender Kinrollung (also engem Nabel) und einer 
fir einen Nautilus sehr stark bewegten Sutur. (Bezeichnende 


Fig. 2. 
Abgewickelte Lobenlinie von Proclydonautilus singularis WELTER in !/, 
nattirlicher Grésse. Die Entwicklung vom einfachen Paranautilus-Stadium 
zur Proclydonautilus-Sutur ist deutlich zu sehen. Die Loben rechts u. 
links nicht ganz symmetrisch (Aus WELTER, a.a.O., Textfig. 82). 
% 


Formen in Fig. 6 u. 7). Die Jugendformen beginnen aber mit einfachen 
geraden Linien (‘‘Raranautilus-Stadium”). Wiederholter Wechsel des 
Querschnitts, gelegentlich leichte Skulpturen (“Cosmonautilus’’) er- 
moéglichen es, verschiedene “Arten” zu unterscheiden. Ich habe an 
anderer Stelle (8, Nachtrag) die innige biologische Verknipfung dieser 
Formen aufgezeigt, die eine so scharfe Artentrennung, wie sie dem 
Palaontologen erwiinscht ware, unmdglich macht. Der enge Zusam- 
menhang der einzelnen-‘“Arten” von Proclydonautilus ist hier fiir uns 
von besonderer Bedeutung, denn er berechtigt uns, fiir diese Formen, 
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die alle sehr ahnlich sind und die gleiche Grosse erreichen, ein 
ungefahr gleichschnelles und gleichmassiges Wachstum anzunehmen. 


Dies ist eine der Grundlagen fiir das Folgende. 
Im Jahre 1914 hat nun Wetter eine sonderbare neue Form unter 


Fig. 3. Fig. 4. 
Jugendform eines grossen Procly- Drei Lobenlinien des Stiickes von Fig. 
donautilus singularis WELTER aus 3. /, natiirlicher Grosse. Nach Kigs- 
Timor. Zu beachten die einfachen LINGER. 
Loben. 1/, natiirlicher Grésse. Nach 
KiEsLINGER. 


dem Namen Proclydonautilus singularis aus Timor beschrieben 
(7, S. 211, Textf. 82, Taf. XXXII, Fig. 7 und 14). Fig. 1 und 2 
sollen eine beilaufige Vorstellung geben. Im Jahre 1922 konnte ich 
auf Grund der Aufsammlungen der zweiten Timorexpedition die 


Fig. 5. 
Reife Lobenlinie von Proclydonautilus singularis 
Wetter in !/, natiirlicher Grosse. Nach KresLinaer. 


Beschreibung Wetrers wesentlich ergdinzen (8). Die neue Art ist 
schon durch ihre Qnerschnittsverhaltnisse leidlich gut von ihren 
Nachbarn getrennt; was sie aber besonders auszeichnet, ist der 


Umstand, das die jugendliche “Paranautilus-Sutur’ nicht wie bei. 


allen nachsten Verwandten bei einem kleinen Durchmesser (héchstens 
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3—4 cm) verschwindet, sondern dass sie bis ca. 8 cm Durchmesser, 
also schon einem ansehnlichen Gréssenstadium des Tieres, reim 
anhalt und erst zwischen 9 und 13 cm Durchmesser sich zur reifen 
Proclydonautilus-Sutur umbildet (Fig. 2 bis 5). In Gréssenstufen 
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Ausgewachsenes Stiick von P. singuiaris. 1/. natiirlicher 
Grosse. Nach KIEsLINGER. 


also, in denen alle andern Clydonautilen schon eine ausgebildete 
Sutur haben (Fig. 7), zeigt P. singularis noch zweifellos jugendliche 
Merkmale. Erst viel spater holt er das Versiumte ein und wachst 
normal weiter bis zur durchschnittlichen Hochstgrenze von 25 cm DM.. 
(Fig. 6). 
Hat hier vielleicht eine zeitweise Verlangsamung der Gesamt- 
50 
Proceedings Royal Acad. Amsterdam. Vol. XXVIL. 
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entwicklung stattgefunden? Wir haben oben ‘gesehen, dass die 
innige Verwandtschaft und Durehkreuzung dieser Formen eine 
solehe Annahme unwabhrscheinlich macht. Viel deutlicher aber 
sprechen die regelmassig zunebmenden Abstande der Loben, von 


Fig. 7. 
Lobenlinie von Proclydonautilus Goniatites HAUER in natiir- 
licher Grésse. Man beachte die tiefen Loben trotz der 
geringen Grésse im Vergleich zu Fig. 2 und 3. Diese nur in 
halber Grésse! Nach KIESLINGER. 


denen keiner aus der arithmetischen Reihe herausfallt. Eine Verzé- 
gerung des Wachstums und ein nachfolgendes rascheres Einholen des 
Versdumten (wie dies We.teR andeutet) liesse sich damit nicht 
vereinigen. Nun ist die Kammerscheidewand sicher einer der 
wenigen Teile des Cephalopodengehaiuses, die mit der inneren 
Organisation, mit den Weichteilen in engem Zusammenhang stehen 
und Riickschliisse auf dieselben zulassen. Wir haben somit bei 
sonst normaler Entwicklung ein auffallend langes Zuriick bleiben 
der Lobenlinie und mit ihr sicher eines grossen Teiles der inneren 
Organe auf einem niederen Entwicklungsgrad, somit einen typischen 
Fall von Neotenie vor uns. ; 
Vollstandige (totale) oder teilweise (partielle) Neotenie im Sinne 
Kotumanns (1, S. 394)? | 
Witty sagt (11, S. 746) tiber den rezenten Nautilus auf Grund . 
eingehender Studien am lebenden Tier: ,,It has been suggested, and 4 
[ think in some quarters adopted as a dogma, that the formation — . 
and succession of septa (in Nautilus) is correlated with the recur- | 
rence of reproduction periods. This is not the case, since, according 
to my observations, propagation only takes place after the last 
septum is formed” und (S. 747) "The progressive growth of the 
animal is accompanied by the addition of new chambers, which 
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giveincreased buoyancy and so maintain the shell under the entire 
control of the animal until a limit is reached when the last alr- 
chamber has been divided off, and then only does propagation 
commence’. Also erst nach Vollendung des ganzen Gehduses wird 
der Nautilus geschlechtsreif (und stirbt wahrscheinlich bald darauf). 
Mit einer gewissen Berechtigung diirfen wir dasselbe fiir die fossilen 
Nautilen annehmen und haben daher einen Fall einer hailwoisen 
Neotenie vor uns. 

Dadurch, dass die hier beschriebene Erscheinung nicht auf ein- 
zelne Individuen beschrankt, sondern allem Anschein nach fiir eine 
Art” bezeichnend ist, fallt sie gleichzeitig unter Ermers Begriff der 
Genepistase. Darunter verstand Ermer eine Artentrennung, her- 
vorgerufen durch “das Stehenbleiben einer Anzahl von Individuen 
auf einer bestimmten Stufe der Entwicklungsreihe, wahrend die tibrigen 
in der Umbildung weiterschreiten” (10, S. 34). 


Hs ist verlockend, die Linien weiter zu verfolgen. Seit dem Perm 
haben wir neben anderen einfache, indifferente Gehdusetypen, die 
tiber das Paranautilusstadium iiberhaupt nicht hinausgehen. Wahrend 
im Perm die Gruppe der “Nautili simplices’, in der Trias die 
Gattung Paranautilus eine geringe Rolle spielen, sind diese ‘‘ein- 
fachen” Formen vom Lias an herrschend. Gelegentlich haben sie 
Ableger mit einer starker differenzierten Lobenlinie (z.B. Aiuria). 
Im Grossen und Ganzen aber bleibt es dabei. Die Sc hale scheint 
-primitiv. Das Tier ist es sicher nicht, wie wir aus der Anatomie 
des rezenten Nautilus wissen. Ob wir es nicht mit einem Falle von 
Neotenie von einer grossartigen zeitlichen Erstreckung (also Genepi- 
stase im Sinne von Eimer) zu tun haben? Mit einer von jenen Formen, 
wie solche Boas beschrieben hat, welche auf so sonderbare Weise 
primitive Merkmale in einem sonst hochentwickelten Gesamttypus 
enthalten? Besteht zwischen Neotenie und Persistenz ein Zusam- 
menhang ? 

Zwei Arbeiten kommen dieser Problemstellung nahe: WiIntsy halt: 
den rezenten Nautilus (11, S. 810) fiir das Hndglied einer Ent- 
wicklung und verallgemeinert: “Fixity of type is the expression of 
a completed evolution, and this is meant when a particular type is 
said to be highly specialised in a given direction. Fixed types are 
very likely the same as persistent types, and they have some proper- 
ties in common amongst which are their limited range of variation 
and their defective power of regeneration”. Das letzte Argument © 
~ muss fiir unseren Fall sofort ausscheiden, weil die Regenerations- 
fahigkeit an Fossilien nicht nachweisbar ist. Dass persistente Typen 
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immer extrem spezialisierte seien, diirfte mit den bisherigen Erfahr- 
ungen schlecht zusammenstimmen. Gerade indifferente Typen (etwa 
Lingula) sind persistent, gerade extrem spezialisierte sterben rasch 
aus. So hoch organisiert der rezente Nautilus ist, so fehlt jeder 
Hinweis, dass er sich nicht nach irgend einer Richtung weiterbilden 
koénne. Wiederholt im Mesozoikum und noch im Tertidr hat sich 
vom Stamme des einfachen. “Nautilus sensu stricto” eine ‘“Aturta- 
form” losgelést. Warum soll dies in Zukunft unméglich sein? 

Wenn also auch die hohe Entwicklungsstufe des Nautilus zuge- 
geben wird, so kann sie doch nicht als Endpunkt (‘completed 
evolution”) aufgefasst werden und ebensowenig diirfen die Begriffe 
“persistent” und “extrem spezialisiert” fiir kausal verbunden ge- 
halten werden. 

Die zweite Arbeit stammt von J. P. Smira. Er hat eine iiberaus 
sorgfaltige Untersuchung tiber die Auswirkung des “biogenetischen 
Grundgesetzes” bei Ammoniten angestellt und an der Ontogenie vieler 
Formen die Unterdriickung und Ineinanderschachtelung (‘‘telescoping”’ 
Grapav) vieler Stadien exakt nachgewiesen (6). Als Gegensatz zu 
dieser “acceleration of development” (‘“Tachygenesis’ Hyatt) 
fihrt er mehrere Vorgadnge einer “retardation” an, die zu Entartung 
fiibren. Darunter gibt es auch ein “stretching the ontogeny”: ‘as 
when a spezialised group remains longer in the larval and adolescent 
stages than did its ancestors, while finally reaching to the full 
perfection that they had attained”. Also Neotenie. Schon das Stehen- 
bleiben auf einer gewissen Organisationshéhe (‘‘cessation of progress’’) 
ist fiir SmirA “‘the first step towards degeneration” und fiihrt zandchst 
zu ‘fixed types’, denen der weitere Verfall folgt. Dies stimmt gut 
mit den verschiedenen Experimenten, bei denen man Neotenie kiinst- 
lich hervorgerufen hat, meist durch Untererndhrung der Versuchstiere 
(Boas, CHavvin, etc.). 

Wir sehen also Neotenie in Verbindung mit zwei anscheinend 
gegensadtzlichen Vorgangen, naémlich mit Persistenz und Degeneration. 
Vielleicht kénnen spatere Ergebnisse den Widerspruch aufklaren. 

P. S. Der Verfasser ist Herrn Prof. Dr. H. A. Brouwgr (Delft) 
fir seine Bemiihungen um die Drucklegung und Herrn Prof. Dr. 
J. Wanner (Bonn) fiir die Uberlassung des Druckstockes zur Text- 
figur 2 zu verbindlichstem Danke verpflichtet. 
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Mathematios. — “The equivalence in R,, of the n-dimensional simplea 
star and the spherical neighbourhood.” By Witrrip Wirson. 
(Communicated by Prof. L. EK. J. Brouwer.) 


(Communicated at the meeting of December 27, 1924). 


The object of this paper is to prove the theorems | and II stated 
beneath. So far as the writer is aware these theorems have not yet 
been explicitly stated and proved, but have been implicitly used in 
several topological investigations. Some related theorems are stated 
and proved by H. Knuser in a paper in these Proceedings, the proof 
sheets of which I have seen through the intermediation of Prof. 
Brouwer. *) 


The Simplex star. 

In the m-dimensional number space #,, consider a finite number 
of n-dimensional simplexes, (n < m) of common vertex A, and such 
that: 

(a). Any (n—1)-dimensional face of vertex A, is common to two 
and only two n-dimensional simplexes; 

(6). Any two n-dimensional simplexes have in common either (1) 
no point other than A,, or (2) one p-dimensional face and all its 
(p—s)-dimensional faces, (pC n—1; k=1,2,...,p). 

The set of points constituting these simplexes and their boundaries 
is called an n-dimensional simplex star of centre A,; those (n—p)- 
dimensional faces, (p—1,2,...,n), of which A, is not a vertex 
are called the boundary of the star while the remaining points are 
called the interior. 


Regular subdivision of a simplex star.*) 
Let a; be the number of 7-dimensional simplexes, == O01 tee 
of the n-dimensional star S,, so that any simplex of S, may be 


written a5, (peaD kr tons j=1,2,..., 4), the aj, GQesli2s os rae 
being the vertices. In the interior of a; take an arbitrary point 


P,P; being the vertex a; , and subdivide S, into a set S of n- 
dimensional simplexes, in the following Way: 


1) H. Kyeser, ‘Ein topologischer Zerlegungssatz”, § 1, Satz 3(m) and 4 (m), 


these Proceedings 27, p. 603. 
*) VEBLEN, Cambridge Colloquium, Analysis Situs, p. 85—86. 
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(0) The vertices of Sare the points Pi (Heel. 2 Nya, Sateen 
(1) The 1- dimensional simplexes of S are the segments - which 


join the point P} to each vertex of S in the boundary of ay, 
ee: Tare As ery ae ati). 


@) A k-dimensional simplex of S is the set of points on all 
segments joining a point P; to the points of a (&4—1)-dimensional 


eee of S in the boundary of aia C= heh. n; 7) S12). 


(n) An n-dimensional simplex of S is the set of points on all 
segments joining a point P; to the points of an (n—1)-dimensional 
simplex of S in the boundary of aj, (Girl Hees eeas 

It follows from these detinitions that any n-dimensional simplex 


of S has the form Es P....P} and that the number of simplexes 
in S is finite (being (n + 1)! times the number in §,). 


Theorem 1. Any point P of the mterior of an n-dimensional star 
S, ts the centre of an n-dimensional star Sn composed of simplexes 
of a regular subdivision S OF Ss. . 

Let P be in the &-dimensional simplex at Gl Se, (Uk on). 
Choose the subdivision S so that pre P, and let 


Pero. UP aeP) PIP ten PiaeP Ys a" 
be any n-dimensional simplex of S of vertex fee 
From the definitions (0), (1),...,(n) it follows that 

P? P), P. ae PS P} pi cg pe ro pr P’, is in the simplex aot Sy, 

P! P}, P?... PI pi Pi... PP... P!* is in the (2—1)-dimensional 
face a. of a’, 

POP Ps ke 4 Bae Ps is in the &-dimensional face af Diam - 

P? Pi, ee Sc Pp} PI™ is in the (j-+1)-dimensional face az of a, 


P? P>, PAs pron P! is in the j-dimensional face a? of alt, 
P} ‘Pe | ee ge — is in the ( algae gia face a a Gh ad, 


4 
P) P), Pi. is in the 2-dimensional face a. of i 


Pi P., is in the edge a), of a and 


: 0 1 
Pi is the vertex a of ap. 
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Since p* is an interior point of S,, the (n—1)-dimensional face 

ant containing it, must have the centre of S, as a vertex and 
P Po: ee 

therefore by (a) of the definition of a star, a.” is common to two 


and only two n-dimensional simplexes a, and yy Of Sp: 
By the concluding remark of the previous paragraph the number 


of the simplexes @?, is finite. We require to prove that they satisfy 
conditions (a) and (6) of the definition of a simplex star. 


(a) The (n—1)-dimensional faces of a,, of vertex Pe are 

(iy PP? a Pi? PP ee eer eee 

(Q)eiBh Pie Es an BET Pe Oe ee 

(j=1,2,...4—1,4+1,...,n—1), and 

BP pip a pe pee aa 

(1) Let P! and P} be the vertices of a,. Then: 

By definition (1) of Subdivision, P} P) is an edge of S, hence by 
definition (2) of subdivison, Ph P. P is a 2-dimensional simplex of S. 
Applying definitions (3), (4),..., (n—1) and (m) in succession we 
prove that Py P, Ph... ties e prt PE... Pp" P" is ann-dimen- 


sional simplex of S. Thus Pp pee ae Pi prt Led eon oak y siting Sab 


is common to two n-dimensional simplexes of S. Any other n-dimen- 
sional simplex having the face P,, P, ... P, must be of the form 
Tea Ay caylee P;, and by definition (1) of the regular subdivision, P?P', 
and P% P\, are the only edges of ‘'S of the form Pr Pi, incident 
with P. Therefore 7" must be J or Z'. Thus 

Pa PPT ie PLP op ee Py 


is incident with two and only two n-dimensional simplexes of S. 


(2) The (j—1)-dimensional face of is incident with two ~ 


j-dimensional faces a? and a’, of a?t'. Therefore by definition (7) 
of regular subdivision there are two j-dimensional simplexes 
0 iI 0. 1 Pj Gap 
P; Py P; and Pi :.. PJ P4, of Sand by applying successively 
the definitions (7), (j+1),..., (nm) of regular subdivision we obtain 
pri deeeh isi: ae Ps 
two. simplexes is gD Py Pi P’, and Pi es : p), pit ps 
of S having P; ... PZ * pit P™as—common. (n—1)-dimensional 


face. Any other n-dimensional simplex having this face must be of 
the form: 


ee 


775 


PhanPy Pi, pit" | P®, where by definition (j+1) of regular 
subdivision a’ is a j-dimensional face of qi incident with ao, 
that is, an is either a? or a’, and thus P?,, is either Pp? or P%,, 
Thus P! ae pi pit! ... Pi, is an (n—1)-dimensional face of two 
and only two n-dimensional simplexes of S. 

(3) The (n—1)-dimensional face a} ' being common to two and 
only two n-dimensional simplexes a, and dy of S,, it follows from 
definition (n) of regular subdivision that the (n—1)-dimensional face 
P| P,...P, * of S is common to two and only two simplexes 
P? By ...P.-' P®™ and P} Pi ay er Pi, of S. Thus the sim plexes 
of S of vertex pk satisfy condition (a) of the definition of a star. 

(b) Consider first the simplexes of S in a. 

By definition (1) of regular subdivision any two edges of the 


subdivision of a, have either no point or a vertex in common. 
Hence by definition (2) any two 2-dimensional faces! of the sub- 


division of a, have either no point or one vertex or one edge in 
common. Hence by definitions (3), (4),...,(m—1) any two (n—1)- 


dimensional faces of the subdivision of a, have either no point or 
one p-dimensional face in common, (OC p< n— 2). Finally by 
definition (n), any two n-dimensional simplexes of vertex P7, of 
the subdivision of a, have one p-dimensional face in common, 
(0 << p<gn—1). | v3 z aE 

Consider now two n-dimensional simplexes a; and a of § in 
the simplexes a; and a2 of S,. Then if aj and a; have no com- 


mon point, a; and az have no common point. If a; and az have 
in common 4 p-dimensional face, OC p< n—4), then by definition 
(n), a; and ag have either no point or a q-dimensional face in 
common, (OC q<qp) that is OC 9 <p<cn—1). 

Thus any two n-dimensional simplexes of S have either no point 
or a p-dimensional face in common, (0 <p<gn—l) and in parti- 
cular any two n-dimensional simplexes of 'S of vertex P* have 
either no point other than Prora p-dimensional face, 1c pg n—4), 
in common. 

Thus the simplexes an of vertex pk constitute a simplex star of 


centre pr. 


_—— 
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Theorem IL. In R,, any n-dimensional simplex star of centre 
A, contains an n-dimensional spherical region of centre A,. 

The proof falls into two parts: 

(1) If the theorem is true for n= (p—1), it is true for n=p. 

(2) The theorem is true for n= 1. 

(1) We asueee then that in 2,4, any (p—41)-dimensional simplex 
star of centre Py contains a (p—1)-dimensional spherical region of 
centre Px. Consider in R, @ p-dimensional star S, of centre 
A, and let U(A,) be a p-dimensional spherical neighbourhood of 
centre A, and radius 7, where 7 is less than the distance of A, from 
any point of the boundary of S,. Let P, be any point of U(A,) in 
the simplex a” of S, and P, any point of U(A,) not in @ and not 
in the line P,A,. We require to prove that P, is in S,. 

Tiel aie Weta ev lane ae ...,k<p—1), be the set of all simplexes, 
finite in number each of which contains ‘one and only one point 


of the roomie P, P,. Let P, P, intersect ai, a, ..., an in the points 
PoP TEP a n respec tively and let Pp be the nearest of these points 


to P,. (Assume p* to be different from PP) forsat p* — p., then 
P, is in S,). Since U(A,) contains no boundary points of Sp the 


simplex ak containing P’, must be of the form A, A,... Ax. Let 
k ; : 

ee: A, A,... Ax be a k-dimensional face of the simplex A, ... Ax... Ap 

of S, and let Aj, Ao,..., Ap; be points of A, A,, A, A yy Ay Aeon 

respectively such that the simplex A AL Ab contains p* but 

such that the Rp—s determined by Age dence pi» does not contain 

Be Then the Ry»—1 determined by vB pee: ‘ 1 pe P, contains the 


h 
segment P, P, and intersects A, A, in one point 4; only, so that 


A, and A, are on opposite sides of Rp, in Rp. 


ear 
Consider oe the intersection of 2,_; and any p-dimensional simplex — 


Ay Avi, ies A,, of Sp of edge A,A,. Then R,_; intersects one of the 
edges A, A,,, A,, A, in a point Ay. Thus Rp_; intersects the simplex 
A, A, A,,- a A,, in a (p—1)-dimensional simplex A; An bs A,, 
vertex A;. The set of such simplexes as 4; A,... A. form a (p-1) 

2 Sp iri! is 


of 


dimensional star S, 1 of centre A in Ry-1, for they are finite in 
number and satisfy the conditions (a) and (6) in the definition of a 
star. Thus: 


(a) Because S, is a simplex star of centre a the 6a 


sional face A, A, As... As, is common to two and only two 


| Coe 
p-dimensional simplexes A, Ay Age: eA e. A,, and A, A, A,,... 
As, A,. and thus the (p—2)-dimensional face A, Ag Axe Agen 
common to two and only two (p—1)-dimensional simplexes 
Ai Ay...Ag, As, and Ay Ay. eee 


AVA, “As, satisfy condition (a). 


1S 


ay A,,. Thus the simplexes 


—l 


(6) Any two simplexes of Sp of edge A, A, have in common 
either no point other than the edge A, A,, or one /-dimensional 
face, (k = 2,3,...,p—1). Therefore any two of the (p—1)-dimen- 
sional simplexes A; A,,. RA, have in common either no point 


other than Ai, or one k-dimensional face, (ck =1,2,..., p—2), for 
if 4A, A,,.<. As, is common to two simplexes of Sp, then 
| Ai As Age Ae is common to the two corresponding simplexes in R p_1. 

Thus, from (a) and (0) the simplexes At ae aT Ay, form a (p—1)- 
dimensional star Sp. in Ry-1 of centre tye and we have seen 
that ips is in the simplex A Ay aes wb of S,-1. Therefore by The- 
orem I, p* is the centre of a (p—1)-dimensional star San Spa 
Therefore by hypothesis, Sper being in Ay_1, there is a (p—1)- 
dimensional spherical neigbourhood U (PX) of centre pk in San 

If P, be in U(P2) it is in §, and our theorem is proved. Consider 
the case when P, not in U (P*). Since Pe P, and U(P;) are in ieee 
the segment pk P, intersects the boundary of U(p*) in a point Q 
and the segment Pra ig in U(P*) and thus in S,. Let Q be in the 
simplex av of S, and note that P,Q contains none of the points 
Pe Pp. Seine dh pr. Since P, is in the R, containing a%, and Q is in 
ay, P, must be in a? for otherwise P,Q would intersect the boundary 
of a? in one point which is impossible (since P,Q contains none of 
the points (cle daub yep ; P). : 
Thus P, is in S,. Therefore U(A,) is in S, and the Theorem II 
is true for n = p, if it is true for n= (p—1). 

(2) The Theorem is true for n= 1, for a 1-dimensional star of 
centre A, in R,, is a segment of R,, and A, is an inner point of 


the segment. 
Thus Theorem II is true for any finite n. 


Mathematics. — “On the n-dimensional simplex star in Ry.” By 
Prof. L. E. J. BrouwEr. 


(Communicated at the meeting of December 27, 1924). 


Each of the two following §§ contains another proof of Mr. 


Wirson’s theorem II deduced in the preceding communication. 


§ 1. 


Let @ be a p-dimensional face of an n-dimensional simplex S in 
an R,. The flat p-dimensional spaces of R, parallel to @ and having 
at least one point in common with S form an (n—p)-dimensional 
simplex in the R,_, of all flat p-dimensional spaces of &, which 
are parallel to a. 

For let P,, P,,..., Pati be the, vertices of S and P,,P,,.°., Poy 
those of a. Let 2,.a,,...,2,41 be barycentrice coordinates with respect 
to S. Then an arbitrary flat p-dimensional space of 2#, parallel to 
a is given by (t+... Ups): Uppe:--- t Ln41=Apps : Appa: Anti, 
the necessary and sufficient condition that it should have at least 
one point in’ common with S laying in the absence of an a, and 
an a, of opposite signs. We may regard these cay Apt, +. -, Anti 
as homogeneous coordinates of the p-dimensional spaces considered. 

Keeping now the vertices P,,P,,...,P,4, unchanged, we replace 
Pyte,--+, Pati by Py4e,...,P'n41, and represent the barycentric 
coordinates with respect to the new simplex S’ by a',, a',,..., a'n4u. 
Then the following formulae of transformation hold: 


U 


Bi tet. eC gre pales atid nt = (4,1 Ap4otpet ... Hi Fn412n41)* 
rasan (%p44 + pHi@p2 pte +f oA + pl Un Xn+1) : (1) 


By means of S’ in the same way as by means of S, we introduce 
homogeneous coordinates for the flat p-dimensional spaces parallel 
to a and call these coordinates Mooli, Apia)". . »@nii; they are 
evidently homogeneous linear functions of Mp1, Up4e,.++, Anta by 
the formulae (I). > 

Thus if in R, we have an n-dimensional simplex star of centre P,, 
having the p-dimensional face P, P,... P,41, then the flat p-dimen- 


Cia 


sional spaces of R,, parallel to @ form an R,—), and those of them 
having at least one point in common with any simplex of the star 
of which P, P,...P,41 is a face, form in that R,-p an (n—p)- 
dimensional simplex star. For the (m—v)-dimensional simplexes 
derived from the n-dimensional simplexes P,... Py+4 Potent. Baa 
and P,...Pp41P'p49...P"n41 of the star have always a face in common 
of as many dimensions as there are indices @ for which P’, = P",. 

We assume now that for » <n, a v-dimensional simplex star in 
R, of centre C fills a neighbourhood of C in R,, and consider a 
point A of an n-dimensional simplex star o in R,, which belongs 
neither to the boundary nor to a (»—1)-dimensional face of o, but 
to the p-dimensional face a of the star, with the vertices P,,P,,... » Pras 
(P, is the centre of the star). Of the set of the flat p-dimensional 
spaces of f, parallel to a any neighbourhood of a fills a neigh- 
bourhood of A in R,. 

Consequently the set of those flat p-dimensional spaces of R, 
parallel to a which cul a simplex of 6 of which a isa face, contain 
a neighbourhood of A in R&, and since the parts of these flat 
p-dimensional spaces which lie outside o have a non-vanishing 
minimum distance from A, o also fills a neighbourhood of Ain Ry. 

With this property Mr. Witson’s theorem is proved. For, if the 
closed set o did not fill a neighbourhood of P, in R,, there would 
be a point A of o different from P,, not belonging to the boundary 
of o and being a limiting-point of points of A, not belonging to o. 


§ 2. 


Theorem 1. Giwvenin R, a finite number of flat (n—2)-dimensional 
spaces 1,, l,,...,1, and two points P’ and P" not in any 1, and 
in a distance a from each other, then P’ and P" can be joined by 
a polygonal path of span a containing no point of the l,. 

Proof. Let w', be the flat (n—1)-dimensional space through P’ 
and /,, and v", that through P” and /,. Further let P be a point of 
R, neither in a v, nor in a v",, but inside the (n—1)-dimensional 
sphere of diameter P’ P”. Then the segments P'P and PP" constitute 
a polygonal path satisfying the required conditions. 

Theorem 2. Let S be an n-dimensional simplex star in R,, 6 
the intrinsic boundary of S (i.e. the set of points formed by those 
faces of S not having the centre of S as vertex), K a point of S 
not belonging to b, G the domain complementary to S in R,, and 
g the boundary Gutectnialt belonging to S) of G in Rn. Then K can 
not belong to g. 
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Proof. A point of S belonging neither to 6 nor to an (n—2)- 
dimensional face of S has always a neighbourhood (with respect 
to R,) laying entirely in S. Consequently g is the sum (union) of 
6 and a closed set of points c entirely in the (n—2)-dimensional 
faces of S. Let d be the distance (measured in R,) of K from 0d. 

Assume now that K belongs to g. In that case at a distance 


res 
< a¢ from K, there could be assigned on the one hand a point 


P' of G and on the other a point P" belonging to S but not to an 
(n—2)-dimensional face of S. By theorem 1, P’ and P" could then 


1 
be joined by a polygonal path 2 of span <47¢ not meeting c, 


hal ni ; 1 
which, just because its span is ar d, also would not meet 6 and 


thus would have no point in common with g. But this result is 
contradictory, since 2 joins the point P’ of G to the point P” not 
in G. The assumption that K belongs to g is thus reduced to an 
absurdity proving theorem 2. 


Botany. — “The Results of the Temperature during flower-formation 
for the whole Hyacinth”. (Second Part). Laboratory for plant- 
physiological Research, N°. 11, Wageningen, Holland). By 
A. H. Braauw. 


(Communicated at the meeting of September 27, 1924). 


§ 10. Had the different temperature-treatments a noticeable influence 
on the growing-point formed during that period? 


In connection with the results discussed in the first part (Verh. 
Kon. Akad. v. Wet. 24 section. Part XXIII N°. 4; §§1—9), there 
were many questions to be answered. They have partly been solved 
in the cultural year 1923—1924 and will be briefly communicated 
in this paper. 

The results of 44 different temperature-treatments were described 
in part J. Where-ever a flower-cluster was formed under a certain 
treatment (whether this cluster became a failure or not) the new 
growing-point was also formed. This new growing-point which is to 
form a flower-cluster a year later and to flower next April twelvemonth, 
originated and grew during the first weeks that is under very different 
temperature-conditions. 

Now the question is, whether those different temperatures havea 
noticeable influence on this new bud and the flowering plant arising 
from it. 

For this purpose the circa 20 bulbs of each of the 44 experiments 
were treated all in the same way during the summer of 1923, ie. 
from the beginning of July to Sept. 1 in 25° to 26°, from Sept. 1 
to planting-time in 17°, which is the optimal treatment for flower- 
formation as hitherto approaimated. 

But the material was, as communicated before, far from uniform 
after the 44 treatments. I refer to the weight of the bulbs, which 
at the end of the experiments previously described (July 1923) had 
become as shown in table 21. This should be taken into consideration 
when judging the results. (See table 21 next page). 

Secondly we should bear in mind that in some extreme treatments 
there was not formed any flower-cluster at all and the same growing- 
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point was retained. In that case no new growing-point has been 
formed in that temperature; only the existing growing-point which 
was to form a flower-cluster next year, bas experienced that tempe- 
rature. This is quile an other matter than the formation of a new 
growing-point in a certain temperature, because on retention of 
the same growing-point in consequence of extreme temperatures, 
processes of growth and division are fairly brought to a standstill. 


TABLE 21. Average weights of the bulbs at the beginning of July 1923 in grams 
per bulb, after having been variously treated in the summer of 1922 and before 
being uniformly treated in the summer of 1923. 


Temp | 3 w | 5 w. | 8 w | 12 w 
oo ek | de ee re 
11/4° 18.0 15.7 11.2 8.5 
5° 17.7 17.2 11.9 8.9 
9° 19.4 17.3 15.8 8.9 
13° 23.3 20.5 18.5 14.9 
17° 22.9 21.5 19.1 22.9 
20° 23.0 24.7 25.0 22.9 
230 25.8 27.2 30.4 28.9 
251, 30.4 27.6 31.6 29.2 
28° 28.8 30.2 29.0 29.5 
31° 26.6 29.7 30.8 20.9 
35° yer 40.6 38.2 23.4 


Table 15 part I already shows that (judged per 10 bulbs in 
January) in 1'/,°, 5°, 35° during a 12 weeks’ treatment the same 
growing-point was nearly always retained (in 9 or 10 of the 10 
_ bulbs). Consequently after 8 or 5 or 3 weeks’ treatment there 
usually has not been formed a flower-cluster in those temperatures 
and the same growing-point has been retained. The flower-cluster 
and new growing-points found, after 8, 5 or 3 weeks’ treatment 
in 1*/,°, 5°, 35° still generally occurring, are formed under the 
imfluence of the further treatment in 17°. Let us subject fig. 2 part 
I to a closer examination. It shows us that only in temperatures 
from 13° up to and inclusive of 34° all or the greater part of the 
growing-points form a cluster, so a new growing-point; in 11/,°— 

°—9° and 35° only less than half the number or an exteptionnl 


\ 


Ae 


i i a ee eee eee 
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few. (If stage III is reached (first indication of the first 1 or 2 
flower-primordia) the young growing-point at the base is always 
present. We must allow for the fact, that with those bulbs which 
were treated a year before in 1°/,°, 5°, 9°, and 35° as a rule the 
new growing-point was not formed in those temperatures, but that 
either the old growing-point was retained, (usually in 11/,°, 5° and 
35°, after 12 weeks’ treatment) or a new growing-point was formed. 
later on in lower temperatures (in the rooms in 17° or even after 
planting in the garden in October). As chief result it may be mentioned, 
that in the material of these bulbs grown later under equal circum- 
stances, not any particular deviation occurred in the flower-clusters 
‘(or other organs). Of course there appeared in the heavier more 
compact clusters occasional deviating flowers as may always be found 
under normal treatment on large clusters. The influence of temperatures 
from 13° to. 34° during bud-formation led to no sort of deviation 
in the flower-clusters, which- arose from these growing-points the 
next year. No more in the few specimens which this. new growing- 
point will have formed in 35° or 9°. This however proves by no 
means, that it would be impossible to effect constant lasting bud- 
variations by brief exposures to strong heat or to increase the chance 
of causing them. This chance however does not seem great to me. 

The flowering of this field of Hyacinths, with uniform treatment 
during the last year, but after so dissimilar a treatment in the preceding 
summer, was quite uniform. The size of the clusters diverged greatly, 
but was normally dependent upon the size of the planted bulbs. 
A table of the most diverging groups will suffice. 


TABLE 22. 
is II. Ill. IV. Vie Walle VIL. 
: : Numbers | Number : 
Treatment iy giebt cient Treatment | of flowers | of leaves bee Ls 
summer 1922 Peery ly hae summer 1923 | April 1924] p. 10 bulbs wy Bey 
Ree Bal vipspens Ais ber!Bulb Plan £924) Berihe 
35° 5 weeks| 11.8 grs.| 40.6 grs. 29.2 56 54.0 grs. 
Boos Oa ey f Ley Ones ys 25° 23.4 54 S12. 
254° 8 sy, 114 5, SG, 8 weeks 18.3 49 40.0 , 
eign) sible, jesi8-Se. cl 5. 17° 4.8 40 22,0 4 
GI ITA BEALS; eo 4Y_ weeks| 3.8 39 19.8 , 
11° 12 ” 11.5 ” 8.5 ” 0 33 19.3 ” 
51 
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From this it appears: 1°. When in 1922 no cluster was formed 
(9°—5°—1'/,° 12 weeks), this did not benetit the leaf-formation. 
The number of leaves, assimilating the next year was normally 
small with regard to the circumferences of the bulbs, which also 
remained small (see column VI). 2°. The number of leaves on the 
cluster was the greater according as the bulbs were heavier in the 
beginning of the cultural year (columns III and V1); so that also 
at the end the same order of succession in bulb- weight was maintained 
(column. VII), while those bulbs which had lagged behind, vigorously 
made up for lost time. 3°. The number of flowers (col. V) was 
likewise in accordance with the weight of the bulbs (col. III). The 
bulbs which after a previons treatment in 1'/,° for 12 weeks had 
been reduced from 11.5 to 8.5 grs did not flower, of those from 
5° (reduced to 8.9. grs) 8 of the 18 plants flowered with very poor 
clusters (average 3?/, flowers). This is quite as might be expected 
of a similar bulb-weight (or bulb-cireumference). We are here on 
the limit of flowering-ability, to which subject I shall revert in a 
next paper. Those which had previously been in 9° produced 16 
clusters on 21 plants, with an average of 4°/, flowers. While the 
average bulb-weight in both these groups (see table 21) was 8.9 
grams, it appears that the previous treatment in 5° is still a little 
more unfavourable in its after-effect than 9°. 4°. It is of more 
importance that the bulbs treated a preceding year in 35° for 5 or 
8 weeks had normally full clusters according to their circumferences, 
larger clusters therefore than those which received an optimal flower- 
treatment the year before. It should be borne in mind, as described 
in part [, that the leaf-optimum, i.e. the optimum for circumferential 
bulb-increase, lies much higher than for flower-formation, viz. in a 
temperature very unfavourable to flower-formation. Practically in the 
first years when the clusters are of no consequence, a high tempe- 
-rature might be applied and only later on + 26° might be used 
with a view to flower-formation. But it had not yet been ascertained 
whether bulbs one year treated in 35° and giving no or bad clusters 
and beautiful foliage, could yield optimal clusters in 26° the next 
year. This now appears to be the case. After a treatment in 35° 
for 8 weeks in 1922 there appeared 3 clusters on 30 plants in April 
1923; after optimal flower-treatment in the summer of 1923 all of 
these bulbs produced clusters with an average of 23 flowers in 1924 
(in their 4" year, cireumference 12 to 13 cms). See further table 22. 

On the optimal foliage-treatment various experiments are being 
made, but it is certain, that after optimal foliage-treatment optimal 
Jlower- treatment may be successfully started the neat year. 
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$11. A control of the optimal temperature found for 
one year older bulbs. 


The experiments discussed in part I were made on young newly 
flowering bulbs, for reasons mentioned there. The optimal tempera- 
ture found for the plant in general and particularly for the flower- 
cluster was now checked for a year older bulbs (circumference 
120 to 130 mms at the beginning of July 1923). So these bulbs 
have been judged in the course of their fourth year. As to their 
size trade would class them as miniatures. But while the bulbs of 
the previous experiments were only just capable of flowering, these 
bulbs have passed that limit. For this control-experiment I preferred 
one year older bulbs, because the variation in number of flowers 
on the cluster is not yet so great, because not so many abnormal 
flowers occur as in the more compact clusters and lastly because 
the bulbs of this variety in their fourth year increase in size more 
uniformly than in older years. 

Bulbs were chosen of a circumference (beginning of July) from 
120 to 130 mms. In this experiment only the temperature-optimum 
was checked, not the period during which the temperature influenced. 
Thus 30 bulbs were kept in 17°—20°—23°— 25'/,°—28° and (25 
specimens) in 31° for 8 weeks and next 4'/, weeks in 17°. This 
was to serve as a control for the flower-optimum hitherto approxi- 
mated (25'/,° 8 weeks + 4'/, weeks 17°). On the folvage-optumum 
further details will be given in a later paper. 

After the treatment on planting (4 Oct. 1923) the average weight 
of these six groups (17° to 31°) was 27.3—27.9—27.0—27.8—28.0 
and.28.6 grams resp. I shall presently revert to this, but I mention 
here, that since the summer of 1924 we do not only make an 
accurate selection of the bulbs according to their circumference, but 
we also divide the various groups of each series of experiments 
into equal weights. Consequently the difference between the 
groups to be compared becomes still smaller, the comparison more 
accurate. 

The root-whorl (beginning of Oct.) was least visible after treatment 
in 17°, a little more in 20°, a little farther in 23°, better in 257/,°, 
in 28° and 31° most advanced, fairly uniform, very good, almost 
alarmingly long for planting (beginning of October). 

As to showing above ground (this refers to leaf-length) those from 
251/,°-—28°—31° were most advanced and fairly equal, those from 
23°—20° and 17° were advanced in a lessening degree. 

As to coming into bloom 25°/,° is farthest, 28° about equally far, 

: . 51* 


ee 
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next 93° and 31° much less advanced, 20° behind 31°, but more 
vigorous, 17° less far and less favourable than 20°. 


TABLE 23. Number of clusters (numerator) with respect to the number of plants 
(denominator), and the number of flowers on the succeeded clusters, both of these 
bulbs in their fourth year and of a year younger bulbs. 


1h kes 20° i 23Y 259° 28° 31° 
i ee ae 
Succeeded clusters 30/39 30/39 30/39 29/39 30/39 25/95 


(bulbs 12—13 cms) 


of 8—9 cms 


Idem on bulbs 12/39 8 24/39 28/39 30/39 27/39 27/39 


Average numbers 
of flowers per 13.50 14.47 14.93 16.24 15.30 11.12 
cluster on bulbs |m + 0.48) m + 0.43) m + 0.49) m + 0.38) m + 0.35) m + 0.32 
of 12—13 cms. 


Idem on bulbs 6.07 5.57 6.0 5.57 5.68 3.15 
ot 8—9 cms + 0.23 + 0.14 A Ors + 0.18 + 0.25 + 0.28 


From this it appears that as contrasted with the younger bulbs, 
these older ones without an exception produce a flower-cluster after 


treatment in 17° to 31°. With the younger ones only 12 of the 30 | 


bulbs yielded a flower-cluster after a treatment in 17°. This proves 
that bulbs from 8 to 9 cms are so much closer to the limit of 
flowering-ability, that it requires a so much more delicate treatment 
to make them all produce flowers than larger bulbs. 

As far as the cluster succeeds with the smaller bulbs, the number 
of flowers per cluster is fairly equal after the various temperatures, 
as is already discussed in part. I; only in 31° a smaller number 
was found, which, considering the slight mean error (m), is cer- 
tainly not due to chance. 

With the greater bulbs a slight rise is found from 17° to 25%/,°. 
Though the difference between 2 succeeding temperatures is slight, 
so that the mean error might explain the difference, the fact that 
this rise gradually progresses till 25'/,° and next decreases first 
slowly, in 31° however faster, shows that these differences are 
certainly not due to chance. 

The strong decrease in 31° (5 flowers per cluster or ca */, of the 
number after treatment in 25'/,°) is corroborated on the older bulbs, 
while likewise in this case 25'/,° is most favourable with regard to 
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the number of flowers. It cannot be attributed to an unfavourable 
influence of this temperature, that one cluster is lacking on~30 
plants; with the younger bulbs all bulbs happened to bear a cluster 
after that treatment. 

Lastly it should be mentioned that after treatment in 31° a great 
many abnormal flowers occurred in the clusters, in spite of the 
fact, that the clusters were rather poor in flowers. These abnorma- 
lities caused by abnormal circumstances will be discussed later on 
in counection with the material collected in these years. 

The experiments discussed in this § are only meant as a check: 
on the optimal temperature for flowering in a year older bulbs. 
The result is a corroboration that a treatment in 25°—26° (for 8 
weeks) is most favorable. 

The experiment did not aim at leat-surface and circumferential 
increase of the bulb, which will be discussed later on. In that dis- 
cussion however the data of this experiment may be of use to us; 
hence I will communicate something about them here. 


TABLE 24. Number of assimilating leaves shooted in April 1924 after a 
treatment in 17°—31° July to Aug. 1923. 


17° 20° 230 251/,° 28° | 31° 
ees Ss ; ES ei dia 1X5 
Lean’ ira See Py | 175 24 <6 26 <6 26 X 6 
SEGA PPh ysetsi pelt aae 5 137K 6 27 1X7 3<7 
Average 59.3 59.3 | 60.7 
eres at 43.3 54.3 
eet eh ae 1.3 + 0.9 + 0.8 ee. 65 | + 0.65 


It is again corroborated on these bulbs, that hegh temperatures are 
needed for a subsequent shooting of all young leaflets ready in the 
beginning of July: After 257/,°, 28°, 31° the average 6 leaflets 
formed all get to assimilation later on;. already after 23° not all 
of them unfold, after 20° and 17° a great number of them is 
arrested. Observe the very slight mean error and compare these 
data with the result given in part I § 3 A Tab. 2. In those younger 
‘bulbs of 8 to 9 cms circumference in July there succeeded: 


25 31 35 *) 40 39 41 leaves resp. 


of the ca 40 leaves formed per 10 bulbs after that same treatment. 


1) 45 instead of 85 in part I is due to a printer’s error. 
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TABLE 25. The average leaf-length in mms. (longest leaf, average of 30 bulbs, 


inclusive of the ca. 80 mms. below the surface of the soil) amounted in the 
beginning of June to: 


17° | 20° | 23° 25/9 | 28° | 31° 


343 | 356 | 370 | 373 | 388 | 402 


We notice a slight rise according as the temperature was higher. 
In the younger bulbs we found the foliage-length about equal from 
23° to 31° and only much increased in 35°. The favorable effect 
of a very high temperature on the leaf surface is corroborated here 
at any rate. In connection with this I add the increase in weight. 


TABLE 26. Increase in weight per bulb with initial weight (July 1923) and final 
weight (July 1924) after a treatment in July and Aug. 1923 in: 


ily | 20° | 230 | 251/9° 28° | ole 
34.1 34.9 33.8 34.8 35.0 35.5 
10.6 10.1 \14.2 13.8 is.5 24.2 
44.7 45.0 48.0 48.6 50.5 SR! 


On the whole this increase in weight is not great in comparison 
with the younger bulbs, but a strong imcrease of the assimilation- 
effect is already attained by 31° and consequently corroborated 
for high temperatures. Later on this will be discussed in detail, 
because the relation between bulb-circumference, bulb-weight and 
annual ‘normal’ increase in weight and circumference require a 
separate treatment. The cause of the rather slight increase in the 
moderate temperatures may also be due to the fact that in the 
very late spring of 1924 flowering and assimilation commenced in 
the experimental grounds more than 3 weeks later than in 1923; 
whereas the assimilation after the sunny months of May and June 


1924 was finished earlier than after the wetter early-summer 
of 1923. : 


§ 12. “May the approximated optimum be perceptibly improved 
by exposure to a temperature still higher than 25*/,° 
soon after lifting ? 


Tn the following §§ the question is discussed whether the appro- 
ximated optimal treatment for the flowering plant might be improved. 
This subject will be continued in a subsequent paper. After lifting 
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8 acts in 25'/,°, then till planting-time 4'/, weeks in 17° is be 
optimal combination hitherto approximated. 

May the effect be improved by exposure to a higher temperature 
than 25°/,° in the beginning after lifting for a shorter of longer 
period? As the effect of 28° and 25'/,° was not very different, I 
preferred to use 31° as a higher initial temperature, seeing that 
otherwise no difference worth mentioning might be expected. 

While the control-group remained in 15'/,° for 8 weeks, 5 other 
groups were put in 31° the 1s, the 2™4, the 3r4, the 1st Qnd 
and the 2>¢ + 3'd week resp. and for the rest kept in 257/,° after 
8 weeks in 17°. Hach group also the control-group contained 40 
bulbs of 80 to 90 mms circumference. Moreover each group was 
divided into two in order to find out whether a difference worth 
mentioning was obtained, when the plunting took place after only 
2*/, weeks in 17° or in the beginning of October after 4/, weeks’ 
stay mm 17°. 

So the experiments discussed in this § refer to two different 
questions. The groups planted after 2'/, weeks 17° and after 4'/, 
weeks 17° resp. will be indicated ‘‘earlier” and ‘later’. 

The root-whorl on Oct. 4 is not perceptibly different in the groups 
’later’. 

On showing above ground (leaf-length) March 24, 1924 (very late 
spring after long winter) 18* + 2>¢ week 31° and 2°¢-+ 34 week 
31° are more advanced both in the earlier and in the later groups, 
however but little farther than the control-group; — on the other 
hand 1st, 2°¢, 3'¢ week 31°, both earlier and later planted, are 
somewhat behind the conjrol-group. 

1st + 2d week 31° or 274 + 3r4 week 31° have a slight advantage 
over the control-group as concerns the foliage-length when showing 
above ground. Planted “earlier” however does not mean showing 
above ground “earlier”; “later” on the contrary means a greater 
uniformity. 

Also as to flowering with those planted later the 1st + 24 and 
2rd + 3'¢ week 31° are somewhat more advanced than the control- 
group (with those planted earlier the groups are equal as to rate 
of flowering). *— (It should be borne in mind that in a long winter 
slight differences in the flowering-period are easily effaced). . 

Soon after lifting the leaf-formation ceases and the growing-point 
is raised and is about to form flowers. So the treatment described 
here might easily influence the number of flowers. 

The average number of flowers per cluster amounts to ca 6, and 
corresponds with the findings on equally large bulbs the previous 
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TABLE 27. Number of flowers per cluster, as an average 

of ca. 20 plants. As planting a fortnight earlier or later can 

have no influence on the number of flowers, those results may 
be taken together. 


Control earlier 6.20 m= +0.28 
Control later 6.10 w= +'0.22 
cece pie yh tel Sees a eg peal ph br ep pee 
1st week 31° earlier 5.90 + 0.33 
1st week 31° later 6.16 + 0.31 
2nd week 31° earlier 6.76 + 0.34 
2nd week 31° later 6.05 + 0.20 
3rd week 31° earlier 6.80 + 0.29 
3rd week 31° later 5.80 + 0.29 
Ist + 2nd week 31° earlier 5.95 + 0.26 
1st + 2nd week 31° later 5.95 + 0.20 
2nd + 3rd week 31° earlier 5.94 + 0.20 
2nd + 3rd week 31° later 5.60 + 0.24 


year with the same treatment (see table 19 part I) or may be a 
little more favorable. 

Between the various experiments no difference is to be ascertained 
with certainty: 2:4 week 31° “earlier” (6.76) seems, considering 
the mean error, somewhat higher, but those planted later (6.05) are 
“normal”; likewise 3° week 31° earlier (6.80) is rather high, but 
those planted later (5.80) are again fairly low. As planting on Sept. 
17 or Oct. 2 cannot affect the number of flowers of a cluster each 
two groups may be taken together. 

The conclusion must be that the number of flowers is not altered 
worth mentioning by the treatment described; perhaps it decreases 
slightly in the 294+ 3'¢ week 31°. 

As in 31° the flower-formation is much inhibited the first 3 weeks 
also therefore the 1st-+ 274 week (see fig. 2 part. I), it is a 
remarkable fact, that in spite of this about the same number of 


flowers is attained, and this very group 1st + 24 week 31° (likewise 


and + 3'¢ week 31°) is flowering yet a little earlier in spring. 
The differences however are so slight, that with respect to optimal 
flowering the optimum already found may be maintained ; with respect 


191 


to celerrimal flowering a small advantage in time might be gained 
by beginning the 1st and 24 week (not longer) with e.g. 28° to 30° C. 
in stead of 25° to 26° C. We shall revert to this in a later paper 
on early-flowering; it may be of some interest for early-flowering and 
I will not omit pointing out that as to the first couple of weeks 
we arrive at the same temperature with which practice starts in 
preparing for early-flowering. As I already demonstrated before e.g. 
Innocence does not require lifting earlier than at the normal point 
of time provided a suitable treatment follows. 


The number of leaves shooted normally in all experiments, as 
might be expected on exposure to 25'/,° and 31°. Neither did the 
increase in weight yield special phenomena. It amounted to ca 16 
grams per bulb from July 1923 to July 1924 in most groups. This 
corroborates our supposition with respect to the other bulbs at the 
end of § 11, for the bulbs of these experiments can be directly 
compared as to age and size with the experiments from part I, 
where the wcrease in weight from July 1922 to July 1923 amounted 
to ca 20 grams per bulb after optimal flowering-treatment. (See 
table 8). Meantime these experiments have not been directed at 
optimal increase in weight; as has already been demonstrated a 
greater increase in weight can be attained by an other treatment. 


§ 13. Js it destrable that the transition from a higher (25*/,°) 
to a lower temperature (17°) should take place before 
or after 8 weeks? 


Hitherto as’ an optimal treatment for flowering 8 weeks 25° to 

26°, next 17° till planting-time was found. In these experiments 
however (part 1) long intervals of time were taken, and 3 weeks, 
5 w., 8 w. and 12'/, w. in 251/,° (for the rest 17° or planting at 
once after 12'/, weeks) were compared. 8 weeks proved most successful 
for the plant as a whole and particularly for the flower-cluster. 
The difference between 5 w. and 8 w. was not very great, between 
8 and 12 weeks easily perceptible and showing itself in an injurious 
effect of a prolonged stay in a high temperature. Now it might be 
desirable to make that high temperature last a little shorter or 
longer than 8 weeks before transmitting the bulbs to 17°. 
_ For this purpose 20 bulbs of 80 to 20 mms were kept 6, 7, 8 
and 97/, week resp. in 25° to 26° C. and next transferred to 17° C. 
Can a difference or. advantage worth mentioning be gained upon 
8 weeks 25'/,°? 
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In the root-whorl no difference is visible in the beginning of Oct., 
or may be 6 and 7 weeks a little more advanced. 

On showing above ground all four groups are equal; 8 and 9 
weeks a little more uniform and vigorous. 

As to coming into bloom 6 weeks is most advanced, 7 and 8 
weeks equal, especially 9 weeks perceptibly later. 

This corroborates the celerrimum of flowering (table 18 part 1), 
where 5 weeks 25'/,° were obviously earlier as to flowering than 
8 weeks 257/,°. 

I have availed myself of this experience in my experiments with 
respect to early-flowering (celerrimal flowering) when already after 
5 weeks the high temperature is abandoned. On the correct tempe- 
rature thereafter experiments are being made. 


TABEL 28. Number of flowers, number of leaves, increase in weight after 
6, 7, 8 and 9 weeks 251°. 


gogo | Nema games| Antes >| gta a eas 
6 weeks | 6.50 + 0.23 35 1.3 | 11.5 
7 weeks | 5.95 + 0.22 38 +64 | 10.35 pe 
8 weeks | 7.26 + 0.37 38 + 0.9 | 13.75 Kas 
9 weeks | 6.50 0.27 37 + 0.1 | 12.8 


The number of shooting leaves appears, considering the slight 
mean error, to slightly decrease in 6 weeks (this surely was the 
case in 5 weeks 25'/,° the year before). With this group the increase 
in weight is slight, obviously less than with the experimental plants 
discussed in § 12 which were equally large and grown in the same 
frame with equal groundwater-level. It appears how cautious we 
must be in comparing the increase in weight of various experimental 
series and how necessary it is to place the groups to be compared 
of one experimental series as close together as possible. Comparison 
of the 4 groups one with another (table 28) shows that the increase 
in weight in the 8 weeks’ experiment is the most favourable at any rate. 

As to the number of flowers per cluster, 6, 7 and 9 weeks yield 
the normal average of a little over 6 flowers per cluster, considering 
the mean error. Only 8 weeks (7.26) shows a slightly higher average 
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which can hardly be attributed to chance. On the whole the number 
of flowers in this series is slightly higher than with the equally 
large and equally old bulbs of table 27 and so the result of 8 weeks 
ig somewhat more favorable than with the control-specimens of 
table 27 which were treated in the same way. The question is 
whether any value may be attached to this, but it is certain that 
it appears from this more detailed experiment, that with respect 
to optimal treatment for flower-clusters 8 weeks 251/,° remains to 
be recommended, only after that a cooler temperature. 

Separating into 6, 7, 8, 9 weeks was of so great an interest, 
because it was the way to answer the question, how long a high 
temperature is permitted and necessary with regard to the flower- 
cluster. On regarding the formation even in the' small clusters after 
8 weeks, we notice that in the basal flowers the formation of the 
various organs is nearly always ready (see fig. 2 part I), and the 
basal couple of flowers was always used as a criterion for the stage 
of development. 

The top-flowers also on these poor clusters are not so far advanced 
after 8 weeks, and so the question rose, whether it would he a 
perceptible advantage to the number of flowers, if about that time 
the high temperature was continued longer or shorter than 8 weeks. 
This appears not to be the case. It is of great importance to know 
when that cooler temperature had better begin. We started exposure 
to the high temperature on July 5% to 7%, directly after lifting 
and so got to “8 weeks’, or ca Sept. 1. But the bulbs may be 
lifted later, when the beginning of the summer is wet, or they may 
be lifted earlier and treated differently with a view to early-flowering ; 
moreover with early-flowering varieties as l’Innocence the cluster- 
formation probably will be sooner finished. The expression “Sept. 1” 
or even “after 8 weeks’ does not suffice. More objectively, less 
blindly or at random, it should be mentioned in what condition the 
top-flowers were at the period which appeared to be most favourable 
for a transition from hot to cooler temperature. A more detailed 
discussion of this point will be given in the next paper. From 
observations made by Mr. Wo..aine in our laboratory I can com- 
municate that with this treatment in the greater part of the top- 
flowers at the most favourable time of transmission to 17° the 
primordia of the outer whorl of stamens have been formed, so that 
the top-flower was in stage VII (see part I § 6 A). When the top- 
flower has advanced no farther than this in the formation of the 
flower-parts, a transition to a lower temperature may be effected 
without risk, so that the flower still fully develops and unfolds. 
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A longer stay in that high temperature yields no advantage, @. 9. at 
does not give rise to the formation of more flowers by the vegetation- 
pownt. . 

When we aim at early-flowering (celerrimal flowering) the high 
temperature may be discontinued earlier when a suitable treatment 
till the flowering-period follows. To the question in what stage the 
top-flowers should be for early-flowering before we pass on to a 
lower temperature, we shall revert in a later article. 


§ 14. Is a transition from the higher temperature (23°, 253° 
or 28°) after 8 weeks to a temperature lower than 
17°, e. g. 18°, 9° or 5° desirable? 


In the experiments discussed in part I the bulbs were transferred 
to ca 17° C. from 11 different temperatures after 4 different periods. 
This temperature was originally chosen somewhat at random. After 
the experiences obtained it appeared, e. g. when the bulb was 
treated in 20° for 8 weeks that a transition to 17° was better than 
a continued exposure to 20° for the remaining 44 weeks. From this 


it followed, that with a view to the after-treatment there was little’ 


occasion to expect the approximation of the optimal treatment above 
17°. It being not possible and desirable to make and judge more 
time- and temperature-combinations simultaneously, experiments were 
made in a second year to investigate the possibility of improving 
the initial approximated optimum by passing from the high tempe- 
rature not only to 17°, but also to 13°, 9°, and 5°. Though 25° to 
26° had appeared to be best for the treatment for 8 weeks in the 
higher temperature and an after-treatment in 17°, yet it seemed 
advisable to me to expose to 23° and 28° by the side of 253°, 
because it might be possible, that the combination e.g. of 28° with 
e.g. 13° or 9° might yield a better result than of 254° with 17° or 
lower. 

Thus 12 experiments each with 30 bulbs measuring 80 to 90 mms 
(at the end of their second year) were made, the material of which 
was exposed to 23°, 25'/,°, and 28° for 8 weeks and next 17°, 13°, 
9° and 5° till the beginning of October. Then 10 specimens’ were 
fixed and the remaining 20 planted in conerete frames with a 
60 cms ground-water-level in common mould of our ground, for the 
rest manured and mixed with lime in the same way as trade 
prepares a good Hyacinths plot. ey ‘suey, 

The root-whorl is farthest advanced and in both cases about equal 
after 25'/,°—17° and after 28°—17° in October. Next from 17° to 
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5° the progress of the root-whorl is perceived to diminish. At the 
end of the temperature-treatment, 10 specimens were at once fixed 
in order to ascertain the direct effect of the 12 treatments. 


TABLE 29. Length of the Ist, 2nd and 3rd foliage-leaf and height of the cluster 


on Oct. 5th 1924. 
rr ee 


3rd Leaf 


L th 
1 Soot eo 9° 13° 17° 
‘ 23° 6.0 13.0 (+ 0.15)| 16.9 (+ 0.23) | 19.3 (+ 0.19)| 18.1 (+ 0.43) 
oO 
os 251° 5.9 13:7 17.1 19.5» 19.5 
FONtAge 5.4 9.8 17°33 19.1 19.5 
“= ( 23° = Wet: 15.1 ‘Ie pie 16.2 
vo 
a 251/,° 9.8 15.4 17.2 16.9 
i=] 
N { 28° = 8.6 15.8 17.0 18.2 
23° — 9.5 12.9 15.0 14.5 
sw as 7.3 13.6 15.5 15.1 
28° et Tae 13.8 15.2 15.4 
ee ee 2.5 5.9 (+£0.54) | 9.9 (+ 0.38) } 11.6 (+ 0.46) | 12.1 (+ 0.42) 
o 
B 4 25° 2.6 4.6 9.7 1139 12.3 
O ; 
28° 1.9 4.2 9.0 ioe 12.5 


The lengths of the second and third leaves were also measured 
in order to have a better control on the effect of the young leaflets 
in the slight number of 10 specimens. Only in the case of 23° 1* 
leaf and flower-cluster the mean error was computed and added, in 
order to get an impression of the amount of the mean error in these 
experiments. On the whole it may be observed, that this is slight 
for so small a number of observations (10), that the variation in 
length of these young organs is not great. The length of the 1* leaf 
and of the eluster on Sept. 1, i.e. at the period of transition from 
23°--251/,° and 28° to a cooler temperature has been added as far 
as it was known. 

From this table it may be concluded: 

1. An after-treatment in 9° and 5° yields a distinctly slighter length 
_ of leaflets and flower-cluster than 13° and 17°. 

2. As to 5° it is striking that the inhibition ts less according as the 
preliminary. treatment was less warm. As already on Sept. 1, 23° is 
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more advanced in length than 28°, it might be concluded, that in 
that low temperature 28° had no opportunity of overtaking 23°, as 
has been the case with 13° and 17°. But 257/,° and 23° were 
practically equal on Sept. 1 and yet in 5° after preliminary treatment 
with 23° the length of the organs always surpasses their length 
in 257/,°. 

3. Between 13° and 17° there is no clear difference as far as 
the young leaves are concerned. On the whole it seems that after 
93° a cooler after-treatment with 13° is to be preferred to 17°, and 
that the organs after 25'/,° and 28° and next 13° and 17° are 
longest in the 12 experiments, but that there is not much difference 
between these four kinds. Considering however that on Sept. 1, the 
organs in 28°, both leaflets and cluster lag a little behind in length 
with 25/,° and 23°, we arrive at the conclusion, that 28° and 
next 13°, but especially 17° is most effectual. Here again it is 
proved, how important preliminary treatment in high temperature 
is, so that the organs, initially lagging behind in length in embryonic 
state make up for lost time most satisfactorily. It may be all but 
safely accepted that in those higher temperatures the number of 
embryonic cells is greater and the extension does not progress so 
fast as in the less high temperatures (20°, 23°), so that later on 
there are more cells available for extension. I state this only as a 
supposition. In a later paper its correctness will be probed. 

4. Judging from the cluster-length 17° is a litthe more advanced 
than 13°. Considering the mean error (above 0.40) no value must 
be attached to this in one group, but as it is repeated perfectly 
regularly three times (after 23°, 25'/,°, 28°), we may attach value 
to it im my opinion. 


TABLE 30. Order of succession of coming into bloom, the quickest 
being indicated 1, — etc. On April 19, 1924. 


oY tal | i L ily fe 
—— 
207 | 3 | 3 | Z to 3 | 2 to 3 
oe rettan faE te snt, Cac Reinet ieee tlh Ml liens ht badge 
251/2° | 4 | 3 | 1 | 1 
a er Sn ae eh 
aaa ea a ipa | 12 


Bb)? 8° and 25'/,°—17° are celerrimal as to coming into bloom, 
next 28°; the after-treatment in 9° and 5° causes distinct delay. It 
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strikes us again that the after-treatment of 5° retards the less, 
according as the warm initial temperature was lower. 3 


TABLE 31. Number of assimilating leaves per 10 plants 
SSS 
i} 


5° gc 13° eh 
PRN 37 36 37 37 
25 "5 38 3) 41 39 
28° 40 39 40 40 


It appears that especially the warm initial temperature is decisive, 
with respect to the growing out of all young leaflets, which are 
already there at the beginning of July; upon these the cool after- 
treatment has no perceptible influence, so that after the treatiment 
with 5° the leaves extend as well as after 17°. Though 23° is not 
so very unfavourable, yet it is corroborated again, that already by 
that temperature some leaflets are arrested in growth. To make 
them all unfold it appears again that at least 25° is needed. 

In connection with this we want to draw the attention to the 
increase in weight. We started with 12 groups, the average initial 
weight of which varied in the various groups from 12.1 to 12.8 
grams per bulb in July 1923. 


TABLE 32. Increase in weight per bulb from July 1923 to July 1924. 


g° 


5° 


28° | 

We know already that slight differences of weight cannot be 
attached much value to; but it is evident that in all cases 23° lags 
behind higher temperatures, that after 25'/,° and 28° an after- 
treatment with 13° or 17° gives the greatest increase in weight. 
Conspicuously higher among these four is 25’/,°—13°; whether this 
is of real value, 1 could not conclude from this one figure. I wish 
to pL out that after treatment in 25'/,° and 28°—13° and 17° 
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increases of weight are found, corresponding very well with those 
which were ascertained the year before (see table 8 part 1), which 
are relatively high in comparison with the experiments of §§ 11, 
12 and 13 made in the same year. 

Let us now consider the flower-clusters which were of more 
moment in these experiments than the increase in weight. 


TABLE 33. Number of succeeded clusters on 30 plants. 
2 _ 


28° 


5° | ge 13° 17° 
ee te ee GS ee ee 
23° | 22 | 23 28 | 29 
25420 | 15 | 25 29 | 30 
| 14 | 26 28 | 29 : 


It is obvious that after-treatment with 9° or 5° is injurious, but 
this criterion corroborates anew, that the disadvantage of 5° is the 
smaller according as the preliminary treatment was a little less 
warm (23°). 

Between 13° and 17° there is no certain difference; at any rate 
257/,°—17° and 13° aré among the optimal treatments. . 


TABLE 34. Number of flowers per succeeded cluster. The number from which 
the average is taken, we find in the above table 33. 


52 9° 43° | 1 W foc 

238 7.27 7.09 7.43 6.65 
+ 0.29 = 0229 + 0.34 + 0.26 

2542° 7.47 6.25 6.54 6.41 
+ 0.30 + °O.27 ace Ole eenOn29 

28° 6.00 5.85 ey 5.72 
+ 0.37 0.26 + 0.24 + 0.23 


. It is very probable, that there where many ‘clusters don *t develop 
in consequence of a less satisfactory treatment (5°), the strongest 
clusters with more flowers are most likely retained. Therefore I 
think it better to leave these numbers of flowers out of account. 
If we regard the remaining columns, especially 13° and 17°, it 
appears that with respect to the number of flowers exposure to 23° 
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seems to be more favourable and to 28° certainly is a little more 
unfavourable than 251/,°. As on Sept. 1, when the cooler after- 
treatment begins, the number of flowers has already been fixed 
and consequently 23°—13° and 17° may be added up, it is obvious, 
that the advantage of 23° to 25'/,° with respect to number of 
flowers, if existing, is very slight. As for the rest for celerrimal 
flowering and especially for increase in weight 251/,°—17° and 13° 
are certainly to be preferred, my opinion is that for an optimal 
combination of optima it is safest to abide by 25'/,° (practically 
24'/,° to 26'/,°) 8 weeks and 4'/, weeks in 17° or a little lower 
(practically 14° to 17°). On the influence of the temperatures on 
the extension of the organs after ca. Sept. 1, detailed experiments 
are being made by Miss Luyren and Miss Versuuys. It is desirable 
to await these results. Nor shall I give a summary of the results 
described in these $§, because after some time I shall be able to 
communicate other experiments which will enable us to form a 
final conclusion for the variety Queen of the Blues on the following 
3 points: 4. celerrimal flowering (early-flowering), 2. optimal flo- 
wering or optimal field-culture, in which flowering and increase in 
weight are combined as well as possible, and 3. optimal increase 
in weight, in which the flowering is left out of account. 
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Ohemistry. — ‘‘/n-, mono- and plurivariant equilibria”. XXVIII. 
By F. A. H. ScCHREINEMAKERS. 


(Communicated at the meeting of October 25, 1924). 


Singular equilibria. 

In the previous communication we have seen that the ‘singular 
part” of an equilibrium determines a phases-reaction, in which not 
all phases of the equilibrium are participating; and reversally, that 
a phases-reaction, in which not all phases participate, defines a 
singular part. 

We have called the composants, which participate in the phases- 
reaction, the singular ones and those who do not participate in the 
phases-reaction, the indifferent composants. 

When we divide the equilibria according to the number of phases- 
reactions, which may occur in the equilibrium, then we can summa- 
rise the results of some of the previous communications in the 
following way. 


I. Equilibria with one phases-reaction. 


A. All phases participate in the phases-reaction. 

We then have an equilibrium EH (n.r)(r); it is monovariant; in 
a PT-diagram it is represented by a curve; in each point of this 
curve it is completely defined. 

B. There is a singular part. 

a. Consequently we have an equilibrium E(n.7r)(r’); the number 
of indifferent phases is R= r— 1’ >0. 

When we represent this equilibrium by E(N. R), in which N 
is the number of indifferent composants, then it has W— R-+1 
freedoms; when all singular phases have a constant composition, 
then is VN—R+1=n—r-+2. We may choose 7’ or P as 
independent variables, but not both together. 

It is represented in a PT-diagram by its singular P7- curve; in 
each part of this curve the singular part is completely defined, but 
the indifferent part has still N—R freedoms. 


6. There is an accidentally singular part. 
It is represented in a PT-diagram by the point of contact of its 
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singular PT7-curve with the PT-curve of the equilibrium in-its 
general form. Consequently 7’ and P are completely defined. 


Il. Equilibria with two or more phases-reactions. 


To each phases-reaction belongs, therefore, a singular part. When 
q phases-reactions occur, so that there are also ¢ singular parts, 
then we have represented it by EH(n.r) S;. 

An equilibrium H(n.r)S, is represented in a P7-diagram by 
the point of intersection 7 of its g singular P7-curves. 

When there are more than two singular P7-curves, then the 
directions of those g-curves in point ¢ are corresponding with one 
another’). 

Consequently P and 7’ are completely defined: yet the equilibrium 
may still have freedoms sometimes. 


Now we shall apply those general considerations to some of the 
examples, which have been mentioned in the beginning of the 
previous communication. In the equilibrium a viz. 

Ei(n . 3) (2) = solution + (ice + water vapour) . . (A) 
the singular phases are placed again between parentheses, just as 
previously. The solution contains, besides water, still n—1 other 
substances, which, however, following the supposition, are not 
volatile. 

As only one pliases-reaction is possible, in which not all phases 
participate, it belongs to the group /, B.; as the singular part is 
constant, it has n —3-+ 2—n— 1 freedoms. 

Consequently its singular P7T-curve, by which it is represented 
‘in a PT-diagram is the sublimation-curve of the ice; viz. the curve, 
on which the inversion ice 2 water-vapour takes place. In each 
point of this curve the solution has still »— 2 freedoms. 

The pressure P, belonging to a temperature 7’, of the equilibrium 
(1) is found therefore, from the known sublimation-curve of the 
ice; consequently this pressure P, is the same for all equilibria (1), 
no matter how many and which substances the solution contains. 

We may express this also in the following way: all equilibria 
(1) are represented in a P7-diagram by the same curve, how many 
and which substances the solution contains. 

Wien we cool this system, then P and 7 change along the 
sublimation-curve of the ice. When anywhere on this curve a solid 


1) Compare: F. A. H. ScuremnemMakers; these Proceedings 18, ae 
wee 5 
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substance A is separated, then (1) passes into: 


E(n.4)(2) = A + solution + (ice + watervapour) . . (2) 


When at further cooling still a second substance is separated, 


then (2) passes into: 

E(n.5)(2)= A+ B- solution + (ice + watervapour) . cr 
etc. The same as above is valid for all those equilibria; consequently 
they are all represented by the sublimation-curve of the ice; each 
separation of a new phase diminishes however the number of 
freedoms with one. 

When we cool the system so far that in a point 2 the number 
of the phases becomes n+ 2, then arises an equilibrium: 


B(n.n+2)8,=(A+B....+ solution + ice + watervapour)) (4) 
wherein the double parentheses indicate, that more phases-reactions 


are possible between the phases, or in other words, that those phases 
form more singular parts. In this case there are three viz. : 

(A+ B...+ solution + ice), (A+ B...+ solution + watervapour) 
and (ice + watervapour) 

Consequently the equilibrium belongs to group II and it is invariant ; 
it is represented in the P7-diagram by the point of intersection 7 
of: the melting-curve of A+ 8B... + ice, the evaporation-curve 
of A+ B...-+ solution and the sublimation-curve of the ice. 

When we cool the equilibrium (1), so that it passes at last into 
an equilibrium (4), then it proceeds the same P7-curve, therefore; 


consequently the formation of new phases causes no change of 
direction of its P7-curve. . 


When the equilibrium (J) passes into equilibrium (2) in a point 
r by cooling, then it is possible that the substance A gets accidentally 
such a composition that it becomes an equilibrium: 


E(n. 4) S, = ((A + solution + ice + watervapour) ) 
with the three singular parts: 

(A + solution + ice), (A + solution + watervapour) 
and (ice + watervapour). 


The point r then is the point of intersection of the three singular 
PT-curves. T’ and P are completely defined then. 
Similar considerations are valid also for equilibria as : 


E(n . 3) (2) = solution +- (solid: benzene + vapour benzene) . . (5) 
En . 3) (2) = solution +- (solid naphtalene +- vapour naphtalene) (6) 
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ete.; their singular P7-curves are the sublimation-curves of benzene, 
naphtalene etc. 


An example of the equilibria, mentioned sub (h) we have f.i. 
E'(n.4) (38) = solution +(Na,SO,.10 H,0+ Na,SO + watervapour) (7) 


In a PT-diagram it is represented by the dehydratation-curve of 
the Na,SO,.10H,O, viz. by the PZ-curve on which takes place 
the inversion: . 


Na,SO,.10 H,0 2 Na,SO, + watervapour. 


In each point of this curve the solution still has n—3 freedoms. 

The vapour-tension P,, belonging to a temperature 7’, is found, 
therefore, from the known dehydratation-curve of the Na,SO,.10H,O; 
this pressure P, is the same for all equilibria (7) how many and 
which substances the solution contains. 

When, at decrease of temperature, still other phases are separated, 
then similar considerations as above are valid. 


In the equilibrium : 
Ei (n. 3) (2) = solution + (Fat Fs) . . . . (8) 


Ff, and Fg are two modifications of a solid substance F. It is repre- 
sented in the P7-diagram by the curve, on which the inversion 
Ff, Fa takes place; we call this the modification-curve of f, + Fe. 
This equilibrium has n—1 freedoms; consequently the solution has 
still n—2 freedoms in each point of its P7-curve. 

When we take f.i. two modifications of NH,NO, then they can 
be in equilibrium with their aqueous solution at temperatures and 
under pressures, which belong to the modification-curve of those 
two nitrates. As n= 2, at each temperature the composition of 
the solution is defined also. 

When we add still a third substance, f.i. alcohol, aceton or 
NaCl, etc. then the solution has still one freedom in each point of 
the PT-curve; zs a concentration-diagram it is represented then by 
a curve 

fisspendent on the number and the character of the substances, 
which occur in the solution, consequently to each temperature 7, 
belongs a definite pressure ?, which is defined by the modification- 
curve of Mz+ Fs. 

When we take f.i. a-rhomboic and Sienieic NH,NO, then is, 
in accordance with Tammann f.i. for 7 = 32°, 40° and 50° the 
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pressure P, = 1,252 and 550 atmospheres; its termination point 
towards higher pressures is situated at 7’= 64°,2 and P= 930 


atmospheres. 


Of course similar considerations are valid also for the equilibrium 


E(n. 8) (2) = vapour + (F.+ Fs). . - + + (9) 

Above we have said that an equilibrium is represented by its 
singular PT-curve; this does not involve that, reversally, each point 
of this curve represents a stable condition of this equilibrium. We 
have viz. seen already that the equilibrium (1) may be converted 
by cooling successively into (2), (3) ete. We shall discuss this more 
in detail with a definite example. For this we take the equilibrium 
(9) and we shall firstly suppose that it contains two components only 
(f.i. water and NH,NO,; of this salt we take again the two modi- 
fications, like above); consequently we have: 

E(2.3)(2)= vapour + (F,+ Fe) . . -. . (40) 

The lowest pressure, under which this equilibrium may exist, is 
the pressure of the common sublimation-point of F,-++ Fs. This 
lowest finishing-point of the modification-curve of F, + F, we calls. 
The pressure P, shall differ practically extremely little from zero; 
the temperature 7’, is very little lower than 32°. 

We now press together the equilibrium (10), so that it proceeds 
along the modification-curve from s towards higher: pressures; then 
in each point of this curve the composition of the vapour is comple- 
tely defined. In a definite point 7 now as new phase a liquid is 
formed, so that occurs the equilibrium : 


E(2. 4) S, = (solution + vapour + F.+ Fe). . . (44) 
with the three singular parts: 
(solution + vapour + F,) , (solution + vapour + Fe) and (F, + Fs). 


This equilibrium is invariant; the point 7 is the point of inter- 
section of three singular P7-curves. 7; is somewhat lower than 
_ 32°; P; is smaller than 35 mM. Hg: the vapour-pressure of pure 
water. ; 

By compressing further (11) is converted at 7; and under P; 
into: 


E (2.3) (2) = solution + (F. + bP Vit Pathe. (42) 


which remains at further increase of pressure, till anywhere in a 
point a of the modification-curve something else takes place. 

The equilibria (10) and (12) are represented, therefore, both by 
the same curve; (10) is however stable only on the part si and (12) 
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on the part za. They meet in the point 7, where (11) occurs. 

The phenomena become otherwise when the system contains more 
than two components (besides NH,NO, and water f.i. yet alcohol, 
aceton etc.). Instead of (10) and (12) we then have: 


E(n.3) (2) = vapour +(F.+ Fs. . . . . (48) 
E(n . 3) (2) = solution + (F,+ Fs). . . . . (Ad) 
which have n—1 freedoms; vapour and liquid may have, therefore, 
still an infinite number of compositions. 
_ We now take an equilibrium (13) of definite composition. When 
this equilibrium proceeds, starting from s the P7-curve, then in a 
point 2 again liquid is formed and consequently arises an equilibrium 
E(n. 4) (2) = solution + vapour + (F.+ Fs) . . (45) 
which is not invariant, but has still n—2 freedoms. Equilibrium 
(15) shall proceed now at further increase of pressure along the 
singular curve till in a point 7 the vapour disappears and an equi- 
librium (14) is formed. This remains at further increase of 
pressure till anywhere in a point a@ something else occurs. 

Consequently equilibrium (13) exists on part sz, (15) on part ir 
and (14) on part ra of its singular P7-curve. 

We have started from an equilibrium (13) which had a definite 
composition ; when we change this, then the points 2 and r fall 
also on another place of the curve. As (13) may have infinitely 
many compositions, there is, therefore, also an infinite number of 
points 2 and r. 

These points 2 and r may also coincide to a single point q; this 
is the case when (15) becomes accidentally an equilibrium 

E(n. 4) S, = ((solution + vapour + fF, + Fs)) . . (16) 

Then the point qg is the point of intersection of the modification- 
curve with the P7-curves of the two other singular parts : 

EH (n . 3) (3) = solution + vapour + Fe . . . (47) 
E(n.3)(3) = solution + vapour + fF, . . . (18) 

When F, en Fs contain several components, then the P7-curves 
of (17) and (18) have generally a maximum of temperature; then 
they intersect the modification-curve in general in 2 points q °). 

It appears, therefore, from those considerations that the area’s of 


the equilibria (13), (14) and (15) shall partly cover one another on 
the singular P7Z-curve. This is also clear in the following way. 


1) For ternary systems compare: F. A. H. SCHREINEMAKERS, these Proceedings 
"16, 1148 etc. (1914). 
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When we take away the solution from (15), then one of the equi- 
libria (13) arises; when we take away the vapour, then one of the 
equilibria (14) arises. In connection with our considerations in the 
previous communication, that, which is said above, follows at once 
berefrom. 


We may assume also that an equilibrium (15) proceeding along 
its singular PT7-curve passes into an equilibrium: 
E(n.4) S, = (solution + vapour) + (F. + Fs) . (19) 
Of course this is possible only then, when the solid modifications 
are sufficiently volatile. As now two phases-reactions may occur, 
(19) belongs to group II. Consequently the equilibrium is represented 
by the point of intersection g of the modification-curve with the 
PT-curve of the equilibrium : 
E(n.2) (2) = solution + vapour . . . . (20) 
Consequently 7, and P, are completely defined. 


We take again the equilibrium (14). When it proceeds along its — 


PT-curve towards higher pressures, then in a point qg of this curve 
_ the equilibrium: 

E(n.4)S, = solution + (F. + Fs+F)) . . ~ (21) 
may be formed. Herein the three singular phases represent modi- 
fications of the same substance /’. We now have the three phases- 
reactions f, 2 fs, Ff. Ff, La F,; the point gq is, therefore, 
the point of intersection of the three modification-curves. 

Although J, and P, are completely defined, therefore, the solu- 
tion has yet still m—2 freedoms. When it isa binary solution, then 
it is completely detined; when it contains more than two components, 
then it may have an infinite number of compositions. 

Further it is apparent that 7, en P, are defined only by the 
substance #' and that they are dependent on the number and the 
art of the other substances, which occur in the solution. 

A similar equilibrium might be realisable when one of the com- 
ponents is f.i. NH, NO,. In accordance with TamMann at a tempera- 
ture of 64°,2 and under a pressure of 930 atmospheres the three 
modifications: «-rhomboic, B-rhomboic and rhomboédric of NH, NO, 
exist next to one another. Consequently the equilibrium (21) will 
be able to exist at 7,—=64°,2 and P,—930 atmospheres, how 
many and which other substances the solution contains. 

Similar considerations are valid when in (21) besides the solution 
still other indifferent phases are occurring. 
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We now take the ternary equilibria: 


E (8.3) (2) = liquid + (solid substance + liquid). . . (22) 
E (8.3) (2) = liquid + (mixed-crystal + liquid) . . . (23) 
E (3.8) (2) = liquid + (solid substance + vapour) . . (24) 
E (8.3) (2) = hquid + (mixed-crystal + vapour). . . (25) 


We here mean with ,,solid” substance a solid substance with 
constant composition. We now distinguish three cases. 

a. The singular part contains also the three components. 

This is always the case in the equilibria (22) and (23), wherein 
one of the singular phases is a liquid; in the equilibria (24) and 
(25) this can be the case only, when the three substances are volatile. 

These equilibria belong to group /B; consequently they have 
N—R-+1 freedoms. As there is no indifferent component, V=0,; 
as there is one indifferent phase, 4 = 1. Consequently the equilibria 
are invariant; temperature, pressure and composition of the phases 
are, therefore, completely defined. 

In a PT-diagram they are represented by a definite point g of 
their singular P7Z-curve. In (22) this is the melting-curve, in (24) 
the sublimation-curve of the solid substance; in (23) it is the curve 
on which the conversion: mixed-crystal = liquid takes place; in 
(25) it is the curve on which the conversion: mixed-crystal = 
vapour takes place. 

The point q is defined on the singular P7-curve by the fact that 
those equilibria belong to group 786; consequently the point q is 
the point of contact of their singular P7-curve with the P7-curve 
of the annexed equilibrium in its general form. This is for the 
equilibrium (22): 

E(3 .3) (3) = liquid + sohd + liquid. . . . (26) 
consequently the ternary equilibrium of three phases, which have 
such composition, that one of them may proceed from the two 
other ones. 

b. the singular part contains two components only. 

Of course this may occur only in the equilibria (24) and (25); 
for this it is necessary that the component, which occurs only in 
the liquid, is not volatile. As N=1 and R=1, those equilibria 
now have one freedom. Consequently they are represented in a 
PT-diagram by its singular P7Z-curve; in each point of this curve 
the composition of the phases is completely defined, therefore. 

c. the singular part contains one component only. 

This may occur only in the equilibrium (24). As N=2 and k = 1, 
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this equilibrium has 2 freedoms. We now may, however, represent 
the number of freedoms also by »—r-+2, as the two singular phases 
are constant; it then has 3—3-+-2—2 freedoms which is in accord- 
ance with N—R&-+1. 

Consequently the equilibrium is represented in a PT-diagram by 
the sublimation-curve of its solid substance, in each point of this 
curve the liquid has still one freedom. 


We assume that in the equilibrium: 


E(n.3) = liquid + solid substance + vapour . . . (27) 
all phases contain the m components. The equilibrium 
E(n. 8) (3) = liquid + solid substance + vapour . . (28) 


in which the three phases have such composition, that one of them 

can be composed from the two other ones, is, therefore, monovariant. 

Consequently it is represented in the P7-diagram by a curve. 
Kquilibrium (27) also may pass into one of the equilibria: 


E(n. 8) (2) = (liquid + solid substance) + vapour . . (29) 
E(n. 3) (2) = liquid + (solid substance +vapour) . . (80) 
E(n. 3) (2) = solid substance + (liquid + vapour) . . (31) 


Each of those equilibria has M—R-+1 freedoms. Each is 
represented, therefore, by a definite point of its singular P7-curve. 
Consequently equilibrium (29) is situated in a point q of the melting- 
curve of the solid substance, equilibrium (80) in a point r of the 
sublimation-curve of the solid substance and equilibrium (31) in a 
point s of the P7-curve, on which the conversion: liquid 2 vapour 
takes place. 

Each of those three equilibria belongs to group J.Bé; to each 
belongs viz. a definite equilibrium in its general form. In this 
definite case this equilibrium in its general form is the same for 
the three equilibria, viz. equilibrium (28). 

The points gr and s are situated, therefore, on the P7™-curve of 
equilibrium (28) and they are the points of contact of this curve 
with the singular P7-curves of the equilibria (29), (30) and (81). 

Leiden, Lab. of Inorg. Chem. — 


To be continued. — 


Mathematics. — ‘Ueber die Wahrscheinlichkeit dass zwei natiir- 
liche Zahlen relativ prim sind.’ Von Prof. R. Waitzenpock. 


(Communicated at the meeting of November 29, 1924). 


Ks seien M, A< M und B< WM natirliche Zahlen >1. A ond 
B sind dann und nur dann nicht relativ prim: (A,B) #41, wenn 
A und & durch wenigstens eine Primzahl p< M teilbar sind. Wir 
nennen 6(/M/) die Anzahl der Paare A,8& mit (A, B) #1. 

Diese Anzahl berechnen wir folgendermassen. Sei # fest und 
seien p,,),,-.- die unter einander verschiedenen Primfactoren von 
B. Dann ist die Anzahl der Zahlen A, 1< A< M, die durch p; 


M 
_teilbar sind, gegeben durch |=}: also ist die Anzahl der Zahlen A, 
Pi 


hy iM 
woftir (A, B)= einem p;' (hj = 1), ist: S =| Daher die Anzahl 
p, LPi 


z 


; hi ; ly Beh 
der Zahlen A, wofiir (A,B) = einem p; oder = einem p; . pe (0 F 4) 


, Pi Pi Pk 


bl P; <P 
Rie 


Durch Induktion findet man auf diese Weise die Anzahl »(B) 
der Zahlen 4 < M mit (A, B) #1 ausgedriickt durch °*): 


M Stepealt x M 
=e. _ eee a 


PIS PR Fe od ee id) 


Da nun 
B=M 
anes (Ss -1 (By a) ee 8) 
B=2 


ist, finden wir 


vn O(E[A)-E (ED ° 


iS PE 


1) Verg. E. Lanpavu, Handbuch.... Primzahlen, |, S. 67. Leipzig (1909). 
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Ordnen wir hier in jeder Doppelsumme die Glieder nach den 
verschiedenen Primzahlen p,q,-.--, die < M sind und nennen B,A 
nicht verschieden von A, B (denn (A, B)=1 und (B, A)=1 
driicken dasselbe aus), so bekommen wir: 


<M 
Hieraus finden wir die Anzahl t(J/) von Zahlenparen A, B, A < M, 
B<M, wofir (A, B) =1 ist: 


eS PE) ¥ [Co 


+ (M) => M(M 41) — 6(M) f NAD VOCS 


Daher ist die Walhrscheinlichkeit, dass unter diesen Bedingungen 
(Ay B)= 1 wird: 


vin — aes ELF Eel) 
a ee 


Nun nehmen wir oo und zeigen, dass w(oo) existiert und 
= 0/607 2) ist: 
Hiezu beweisen wir erstens, dass die Reihe 


o=6,+6,+46,+. ena ss 


der positiven Zahlen 


a3 1 
peak LS Rehm 
Sa (P,P, +. Pa)" ®) 
2<P<--- <P, 


konvergiert. Dabei sind p,,p,,--., Pn m verschiedene Primzahlen. 
Wenn wir in der absolut und deshalb auch unbedingt konvergen- 


ten Reihe (8) nacheinander die Faktoren = or = ... absondern, 
erhalten wir: 
1 ] 1 — 1 
06, =-— . + r So Fe 
4 > (P. Ps sass Pn—1)* 9 — (pp. oe yee hs ‘J 
3<PIS <P, 5< <<, y 


1 1 1 1 
<(gtetat): , 
al (p, Ps: ~ Pn—1)* 
BPS 


<a e =) Ona (x =) * Ona = (5(2) —1). On, 
p=2 


n=2 


oon 


811 
also 


oy nae (2) 1 = 06449. <1 258) 
Daher ist die Reihe (7) konvergent. 
Nun betrachten wir die fiir jedes e>2 und n=1,2,... definierte 
Funktion 


12 


A aA)! mo Peale fa | oe 


2<n <p, 
Pu P2P,<e 


Fn (x) ist fiir alle 2 beschrankt, denn wir haben: 


BOE Sree Yee eg ee a 
— w&(@+1) Pi Po-+ Pu Py Pa +++ Pn 
2M <p, : 


PPPs ~PyS% 


1 


way a “a @ 
<<. ——. : — 
aw (#1) » a Pi Pa-+-Pnu Py Pa-+- Pn 
: 2p <p, 
| Fae Pye pear 
Jn (®) 2 Oy 


(') 


Nach dem sogenannten Kriterium’ von Werisrstrass') ist daher 


Ff, (@) +f, (#) +... und daher umsomehr auch /, (7) — /f,(z) +... 


fiir alle «22 gleichmassig konvergent und wir kénnen in (6) glied- 
weise zur Grenze M/— o iibergehen. Wegen 


i 1 i ee ee) 
Shima alka ies lee 


erhalten wir:. 


1 1 1 
somit ; 


w = 0,607... 12) 


1) Vgl. z.B. K. Knopp, Theorie und Anwendung der unendlichen Reihen, Springer 
(1922), S. 332. ; 


Histology. — “Tactile corpuscles and protopathic sensibility of the 
skin in a case of nerve-regeneration”. By Prof. J. Borke and 
Dr. G. C. Herinea. 


(Communicated at the meeting of September 27, 1924), 


Next to our higher sense-organs it is especially the skin, which 
by its complex sensibility brings us into continual contact with the 
world around us. The most different kinds of stimuli, differences in 
temperature, heat and cold, light touch and acute pain will be 
percepted by the skin with a startling discriminating power, provided 
only that the stimuli reach the different kinds of tactile corpuscles 
or sensory nerve-endings, distributed throughout the skin and the 
underlying tissues. And since the discoveries by Herzen and Bux, 
we not only know, that these. different stimuli represent independent 
units, which give rise to entirely independent sensations, that even 
the perception of heat and cold are of a different nature and may 
be destroyed independently of each other, but we know too, that 
these different sensations are not appreciated by the skin diffusely, 
but that the different forms of sensation possessed by the skin are 
due to the existence of small areas (‘spots’) of specific sensibility. 
By suitable methods spots can be demonstrated in the normal skin 
where cold alone can be appreciated (cold spots, Brix 1882). Analogous 
spots, more sparsely scattered, can be shown to be devoted entirely 
to sensations of heat. There are spots peculiarly sensitive to the 
prick of a sharp needle. Between these spots the skin is not sensitive 


to the same stimuli, which gave a distinct sensation when applied. 


to the spots, provided only we take care to apply a stimulus weak 
enough not to cause radiation of the stimulus to adjacent sensitive 
spots, or to stimulate the deeper lying tissues. 

The. distribution of these different spots in a given piece of skin 
is of a constant nature. A “cold spot” in a normal piece of skin 
remains a cold spot indefinitely, but in different persons they are 


not always found in exactly the same places, although their general 


distribution, their density in a given area of the skin, their general 
arrangement is the same, when studied in different persons of normal 
health. . 
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As is well known, anatomical investigation has revealed in the 
skin and the underlying tissues (subcutaneous tissue, fasciae, tendons, — 
joints) quite a number of different sense-organs, varying in form, 
arrangement and distribution in the various parts of the body. When 
we confine ourselves to the common normal skin, and do not take 
into consideration those parts of the skin peculiarly adapted to the 
perception of special sensations (point of the tongue, organ of Ermer, 
cornea of conjunctiva bulbi, glans penis, clitoris, nipple, ete.), we 
may distinguish the following forms of afferent nerve-endings in the 
skin and the underlying tissues: 

a. epidermis : 

1. free-ending terminal ramifications of the afferent nerves running 
between the cells’) of the epithelium. 

2. tactile discs of Ranvinr and intraepithelial expansions of DoE. 
(paniers intraépithéliaux, expansions hédériformes), flattened disc- or 
leaflike enlargements of the nerve-fibres, lying between cells of the 
deeper layers of the epithelium and in close connection‘) with 
special enlarged epithelium cells. 

3. small arborisations of terminal nerve-fibres lying close against 
the basal side of the epithelium (‘‘terminaisons arboriformes’ of 
Doaiet). . 

6. cortum. 
4. different forms of tactile corpuscles of CYRIL in the 
papillae of the corium. 

5. free-ending terminal arborisations (touffes papillaires, floccull, 
pelotons libres), in the connective tissue of the papillae. 

6. corpuscles of Gornei-Mazzoni, strongly branched and eerved 
terminal arborisations, the ends often appearing as flattened expan- 
sions, often concatenated, and lying in a core, surrounded by a 
lamellated connective-tissue capsule, in the corium and the adjacent 
layers of the subcutaneous tissue. 

7. corpuscles of Rurrini, terminal arborisations, lying in the 
interstices of small interwoven bundles of connective tissue, some- 
times closely built, sometimes larger; they are mostly found in the 
subcutaneous tissue, ad are not enclosed by acapsule. In the corium 
they are rare. 

c. subcutaneous tissue. 

8. intermediate forms between the corpuscles of Gorer-Mazzont 
and the following. 

9. corpuscles of Varsr-Picint. Tactile bodies of an oval shape and 

1) See J. Borxe. Brain, Vol. 44. Page 21. 1921 and Zetischr. f. mikr. Anatom. 
Forschung, Bd. 2. 1925. 
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a large size, and containing a core, in the middle of which runs 
the central nerve-fibre, and which is surrounded by numerous con- 
centric membranous tunics, encasing each other like the coats of 
an onion. 

When we add to these terminal corpuscles the delicate nerveplexus 
in the corium, described especially by Rurrini, consisting of fine 
non-medullated fibres, the plexus of very fine amedullated nerve 
fibrils surrounding the different terminal corpuscles (“‘appareil de 
Timoreerr, bouquets de Doerr”), and the number of different forms 
presented for example by the corpuscles of Meissner, it is quite 
evident that the skin is endowed with such a variety of sensitive 
endorgans of different forms and aspects, that they may be held 
responsible for every kind of sensory perception of a particular 
quality, distinguishable by physiological investigation. 

So it is quite natural, that again and again histologists have tried 
to establish a relation between the perception of different sensations 
and the stimulating of different kinds of sensory nerve-endings. 
But generally these essays have not met with a definite success, 
and at present we do not know, whether or not the different kinds 
of sensory nerve-endings react each of them on a particular kind 
of sensitive stimulus. 

It is true, that the different kinds of sensory endorgans are found 
in larger numbers and more densily distributed there where the 
skin presents a higher developed sensitiveness and the cold spots, 
the heat spots, the pain spots, are more crowded, that for example 
especially the finger-tops are provided with a number of Pacinian 
and MriIssner corpuscles, but even there where the different sensory 
spots are found lying close together, there is no distinct relation 
between the distribution of those spots and that of the different forms 
of sensory nerve endorgans, so that a particular kind of nerve-ending 
could be held responsible for a particular sensation. 

The only way, in which this relation can be investigated, is the 
anatomical study of the nerve endorgans in cases of nerve regene- 
ration, viz. in cases, where only one particular form of sensation is 
restablished after the cutting of the nerve and the degeneration of 
all the different forms of sensory nerve-endings. 

This not being done yet, it is quite natural, that physiologists 
and neurologists on the whole have left the relation between the 
anatomical endorgans and the different kinds of sensory perceptions 
for what it was, and have restricted themselves to the study of the 
physiological side of the question only. 

A consequence of this way of studying these questions is the 
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sensory theory of H. Heap, ,,the afferent nervous system from a 
new aspect”’. *). nie 

It being known, as was mentioned above, that during regenera- 
tion of the sensory nerves after section of the afferent nerves the 
perception of the different qualities of sensation does not return at 
the same time and in the same strength, it is obvious, that this 
provides us with a way to study the relations between the anatom- 
ical recovery of the nerves and nerve-endings during the regene- 
ration of the nerve and the different qualities of returning sensation, 
provided only that the patient is a trained observer and the injury 
is determined beforehand. To fulfil those demands one of the 
cutaneous nerves of the left arm of Hxap himself was divided in 
the neighbourhood of his elbow, the ends were united again with 
silk sutures. Before this operation the sensory condition of the arm 
and back of the hand had been minutely examined, and the same 
was done during the regeneration process as accurately as possible. 

The mode of recovery of sensation after this injury brought Heap 
to the conclusion, that there are different forms of sensibility depend- 
ing upon separate systems of nerves and nerve-endings in the _ 
peripheral nerves, viz. 1°. the protopathic nerves, sympathetic nerve- 
fibres, providing us with that curious dumb, undetermined, not 
exactly localised sensibility, which returns during the first phases 
of recovery after the cutting of the nerve, 2°. those nerves, which 
are more directly associated with motor impulses and pressure, and 
govern the deep sensibility, and 3°. those nerve-fibres, which end 
only in the superficial tissues, which are connected with the different 
forms of endorgans described above, and which give us the sharply 
defined, exactly localised sensibility to light tonch, temperature and 
pain, the epicritic nerves. According to Heap, these regenerate more 
slowly than the protopathic nerve fibres. 

This theory may be characterized by the following quotations nom) 
the publications of Heap and his collaborators: 

“The whole body within and without is supplied by the pro- 
topathic system. The fibres of this system in the skin may be spoken 
of as somatic, those to the internal organs as visceral protopathic 
fibres. Thus we shall no longer speak of the afferent sympathetic 
system, but of the protopathic supply of the internal organs. 

Another set of afferent fibres peculiarly associated with impulse 
of movement and pressure exists in connection with the Pacinian 


4) HH. Huap, W. H. R. RIVERS nee J. SaeRREN, The afferent nervous system 


from a new aspect. Brain. Vol. 28. 1905. 
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organs. In the body and limbs an analogous system is found pecu- 
liarly susceptible to pressure, to the localisation of movement, and 
to the, appreciation of position. The fibres of this system run in 
conjunction with the motor nerves. : 

In addition to these two systems, which are distributed to all 
parts of the body within and without, the surface of the body only 
is supplied by a third system, which we have called epicritic. This 
endows the skin with sensibility to light touch. To the impulses 
conducted by this system we owe the power of localizing the position 
of cutaneous stimuli, of discerning ‘the doubleness of two points, 
and of discriminating between minor degrees of heat and cold, and 
other ‘special attributes of sensation. The fibres of this system are 
more easily injured, and regenerate more slowly than those of the 
protopathic system. They are evidently more highly developed, and 
approach. more nearly, to the motor fibres that supply voluntary 
muscle, in the time required for their regeneration.” (Brain, Vol. 
28, page 114). . 

In the following quotations too this view is sharply formulated: 

“The afferent fibres in the peripheral nerves can be divided into 
three systems. 1. Those which subserve deep sensibility and conduct 
the impulse produced by pressure. The fibres of this system run 
mainly with the motor nerves, and are not destroyed by division 
of all the sensory nerves to the skin. 

2. Those which subserve protopathie sensibility. This system of 
fibres and endorgans responds to painful cutaneous stimuli, and to 
the extremes of heat and cold. It also endows the hairs with the 
power of reacting to painful stimulation. These fibres regenerate 
rapidly after the ends of the nerve have been reunited; if the 
operation has been successfully performed, sensation begins to return 
within from seven to ten weeks. In any peripheral nerve the 
distribution of the protopathic fibres usually overlaps greatly the, 
area supplied bythe fibres of the adjacent nerves. 

3. Those which subserve epicritic sensibility. The nerve fibres and 
endorgans of this system endow the part with the power of res- 
ponding to light touch with a well-localised sensation. The existence 
of this system enables us to discriminate two points and to appre- 
ciate the finer grades of temperature called cool and warm. These 
fibres regenerate more slowly than those which subserve protopathic 
sensibility after reunion of a divided nerve, and sensation does not 
usually begin to return in less than six months under the most 
favourable conditions. The distribution of these“fibres in the larger. 
peripheral nerves, such as the median and ulnar, overlaps little 


, 
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compared with the great overlapping of the protopathic supply”. 
(Brain, Vol. 28, pag. 298). “What we have called “protopathic” 
and “‘epicritic’” sensibility depend on two anatomically separate 
systems of fibres and endorgans”. (Brain, Vol. 28, pag. 291). 

In the entire litterature on the sensibility of the skin and its 
recovery after section of the nerve following on these publications 
we find this theory in discussion, either accepted or rejected.') In 
recent years clinical neurologists do not seem to be inclined favourably 
towards it. 

An anatomical investigation however of the regenerating endorgans 
themselves and a study of their histological features during the 
recovery of sensibility has not followed on the publication of the 
physiological basis of: the theory. And after all that is what we 
need, for without a solid anatomical basis the physiological theory 
must needs remain a castle floating in the air. 


This gap we will try to fill up. In March 1923 one of us (Dr. H.) 
slipped, fell into a window pane and cut his right wrist so, that the 
entire nervus ulnaris, the ulnar artery and the tendons of the ulnar 
muscles of the hand were severed below the wrist. Within an hour 
after the injury the tendons and the nerve were Bure gs and the 
wound healed by first intention. 

Both the ramus volaris superficialis and profundus and the ramus 
dorsalis of the ulnar nerve were entirely severed. Investigation 
showed that after the injury the entire area innervated by the 
ulnar nerve was absolutely insensitive to light touch, pain and 
temperature, and the muscles of the ulnar side of the hand including 
the m. adductor pollicis were paralysed (investigated by Dr. Stunvers). 

When after a lapse of several months sensation began to return 
(see the following pages), Dr. Stenvers, neurologist, bad the kindness 


to investigate with the utmost care the sensibility of the affected 
area and to map out the results carefully. After that just in the 


centre of the affected area, on the borderline between the palm and 
the hair-covered back of the hand, (fig..1) a piece of the skin and 
underlying tissues was cut out (December 1923), fixed in neutralised 
solution of formaline, and afterwards *) stained after the Biziscnowsky- 
method and cut into serial sections of 15—20 yw thickness. The 


1) It was rejected for ex. in recent years by J. D. Borine (1916), Lewis L. 
Pottock (1920), Frasier and Siuperr (1920). 

2) The results of impregnation being better after a prolonged sojourn of the 
tissues in neutralised formaline, the piece was impregnated and cut into sections 
in June 1924, after they had been in the formol-solution for about 6 months. 
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impregnation was perfect, and so a thorough histological examination 
of the sensitive endorgans and their behaviour during regeneration 


was possible. 


4 
q 


Pig? 1. 
Hand with paralysis of the ulnar nerve. Piece of skin cut out surrounded by a line. _ ef 


The study of the sensibility of the injured area by: Dr. Srenvers 
showed, that there was to be found a typical protopathic sensibility. 
Light touch (cotton-wool) was barely appreciated or not at all, — 
stroking the hairs was appreciated very faintly, a light prick of a | 
pin was entirely unappreciated, a strong prick often was only dis- 
criminated after a prolonged latent period (1 minute) and then gave 
rise to radiating paraesthesies, followed slowly by a somewhat better 
localised sensation of pain. Often, and more specially in the area, 
where afterwards the piece of skin was excised, a strong prick with 
a pin was not appreciated as pain, but only as touch, so that the 
patient thought that the knob of the pin was used, and not the 
sharp point. Localisation was very weak, and the distance at which 
two points ‘of the compass could be discriminated was about 6 ¢.m., 
against about 5 m.m. in the identical spots on the normal hand. 
A renewed investigation some weeks ago (+ 8 months after the 
excision of the piece of skin) showed, that in the normal hand this a 
distance had remained as it was (5 m.m.), but that on the skin 
surrounding the cicatrice the distance at which two points of the 
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compass could be discriminated now had shortened to = 13 mm. 
As to the sensibility to changes of temperature, according to the q 
protocols of Dr. Srenvers, minor degrees of temperature produced 4 
no effect upon consciousness. lee and warm water were appreciated, ’ 
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the limits between which “hot” and “cold” were appreciated, were 
somewhat narrower than those given by Heap for the ty pical 
protopathic sensibility. Minor differences of temperature (cool and: 
warm) were not discriminated (Dec. 1923 and January 1924); in 
the area, from where the piece of skin was taken, water'below 21° 
usually gave the sensation of ‘cold’, water above 38° C. of “warm”. 


_- Qn the spot, where the piece of skin was excised afterwards, water 


of 18°C. was appreciated either as “cold” or as “warm” with a 
latent period of about 4 seconds. When temperatures of 5° C. and 
of 24°C. were used as contrast, 24°C. was felt as “warm”. A 
sensation of ‘cool’ could not be produced, as it was possible in 
the normal hand. 

Characteristic for the protopathic sensibility was the curious 
phenomenon, that a prick of a pin was not felt, but when such a 
prick all at once produced a sensation, it gave rise to an extremily 
unpleasant sensation, radiating widely over the affected area, and 


‘causing the patient to suddenly witdraw his hand. This corresponds 
exactly with the description of Heap ‘closer examination of parts 


in this condition (viz. protopathic sensibility) shows that, although 


the hand has become sensitive to pain and to temperature, this 


sensibility is strangely altered. A prick is appreciated, but produces 
a sensation that radiates widely over the affected area. It causes 
unnatural discomfort, and the patient has an uncontrollable desire 
to withdraw his hand’. (Heap |. c¢. p. 101). 


The Azstological investigation of the sections of the excised piece 
of skin gave the following results: 

Regeneration of the nerves appeared to be in full swing. Nearly 
all the branches of the cutaneous nerves, visible in the sections, 
were filled with regenerating nerve fibres, not only the larger 


‘branches in the deeper layers of the connective tissue, but even 


the smaller and smallest branches in the superficial layers of the 
corium. As far as it could be determined, all these nerve fibres 
presented the typical regeneration phase of the protoplasmic bands 
of Binener, filled with a number of delicate neurofibrillar strands. 
Myelinsheaths did not seem to be developed yet. 
Sympathetic nerve fibres too were present again. Every where along- 
side the bloodvessels delicate nerve fibres were to be found, and 
even around the walls of the sweat-glands and their ducts delicate 
nerve fibrillae could be seen, which here and there eastind to be 


in connection with the gland-cells. 
But not only were the regenerating nerve fibres visible in the 
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branches of the cutaneous and subcutaneous nerve plexus, so that 
even the finest subepithelial nerve threads showed the regenerating 
neurofibrillae. The sensitive endorgans themselves were in full process 
of regeneration. Everywhere the delicate blackstained neurofibrillar 
strands could be seen entering the different endorgans, branching 
and dividing, forming small networks and loops (fig. 2, 3) and 
running in different directions through the conductive tissue of the 
sensitive corpuscles. 


. Fig. 2. 
Papilla of the corium with a corpuscle of Meissner (m) with regenerating 
nerve fibres. bJ = bloodvessels of papilla. 


It is here not the right place, to describe this regeneration process 
in full detail. The general result of the histological examination of 


the sections was, that everywhere in the different endorgans rege- 


nerating nerve-fibres were to be found. But not in all. Among the 
tactile corpuscles of Meissner, which were found occurring in greater 
abundancy than is generally recorded for this part of the skin, 
some were still entirely devoid of regenerating nerve-fibres, others 
were already provided with new regenerated nerve-fibres (fig. 2). 
The endorgans of Rurrini and of Gonei-Mazzoni, which could be 
recognized as such in the sections, were all found provided with 
regenerating neurofibrillar strands. In fig. 3 is drawn a cross section 
through a corpuscle of Rurrini, lying close to the corium in the 


_ subeutis, in full regeneration, which affords a striking example of 


the mode of regeneration of these endorgans. 
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Inside the epithelium itself regenerating nerve-fibres could only be 
traced in a few places. Whether there were more present, than 
those impregnated in the preparations, we should be inclined 
to doubt after what other preparations showed us. And whether 

this rare occurrence of intraepi- 

thelial nerve-fibres is accounted 
for by their not yet being 
regenerated, even this seems to 
us to be doubtful. For outside 
the classical areas of the skin, 
where the intraepithelial nerve- 
_ fibres are investigated by prefer- 
ence (finger-tips, snout of the 
pig or of the cow, organ of 
Eimer in the mole, taste-buds and 
their surroundings on the tongue, 
etc.), free-ending nerve-fibres in 
the epidermis seem to be very 
rare even in normal tissues. But — 
as we are not yet able to compare 
our sections with normal material, 
taken from exactly the same spot 
on the normal Jeft hand’), this 
must remain only a supposition, 
based however on the examination us a large number of sections 
of different parts of the skin. 

Beside that of the tactile organs, the innervation of the hairs is 
coming back too. But here too the regenerating nerve-fibres present 
the same aspect as in the other sensitive endorgans, viz. an irregular 
plexiform arrangement of the neurofibrillar strands (fig. 4) in the 
root-sheath, entirely unlike the rather regular arrangement of 
the terminal arborisations of the nerve-fibres of the normal hair. 


Fig. 3. 
Cross section of a corpuscle of Rurrini 
in ae uOn. k = capsule. 


Only in a few cases the regenerated nerve-fibres already. presented 


a more regular arrangement, similar to that of normal _hair- 
follicles. 

In fig. 4 is drawn a longitudinal section through the outer part 
of the root-sheath of one of the bairs, that gives a clear picture of 
the irregular plexiform arrangement of the regenerating nerve-fibres. 


1) A piece \of normal skin, excised in the analogous spot from the normal left 
hand of Dr. H., was not yet ready for examination. In a second paper we hope 
to be able to be more exact. 
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In short, we find everywhere the nerve-fibres of the yong part . 


of the skin in full process of regeneration. 

This result is not favourable for the theory of Heap. 

For when we examine accurately the regenerating nerve-fibres.in 
the different sensitive endorgans, their appearance, their ramifications, 
endloops and numerous flattened expansions, consisting of a fine 


i _ Longitudinal section through the outer part of the root-sheath of a hair 
with regenerating nerve-fibres. (a = sebaceous gland. 


network of neurofibrillae, showing here and there a distinet con- 


nection with the protoplasm of the surrounding tactile cells (peri- 
-. terminal network), we can hardly doubt that a distinct sensory 


i function, be it not yet’a complete one, is exerted already by these 
x, endorgans. 
_——s And =sthen, this being the case, it seems to be much more in 


harmony with what we know about the clinical and physiological 
features of regeneration to hold these regenerating sensory end- 
organs responsible for the curious dumb, diffused, , widespread 
radiating sensation, unaccompanied by any. definite appreciation of 
the locality of the spot stimulated, the protopathic sensibility of 
te Heap, then the sympathetic protopathic nerves of Heap, of which 
| the existence and the connection with the sensory end-organs has 
) not been demonstrated anatomically and is based only on physio- 
logical considerations. : 
s So to our opinion protopathic sensibility is due to the stimulation 
of sensory endorgans and corpuscles, which are still in process of 
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regeneration, the identical endorgans producing epicritic sensibility 
when they are completely restored to their normal conditions: 

The curious radiating widespread unlocalised sensation may 
perhaps be due to the. fact, that during this stage of regeneration 
no isolating myelin-sheaths are developed yet. All the regenerating 
nerve-fibres were still running inside the protoplasmic bands of 
Binengr. As a rule myelin-sheaths, especially in the neighbourhood 
of the terminal organs, make their appearance only in the last 
Stage of the regeneration-process. 

In connection with these statements we should like to call the 
attention to what is known about the regeneration of motor nerve- 
endings’). Here too we see that the first connection of the regenerating 
nerve-fibres with the muscle-fibres is formed by endorgans of the 
most bizarre and complicated structure, different from the normal — 
motor-endings of which they are the substitutes. 

In this stage of recovery motility is restored, but only in a weak 
und uncoordinated form. When .we keep the animal alive some 
months after this functional activity is restored, we find the 
regenerating motor-endings again changing their form and we see 
everywhere reappear the normal form of the nerve-endings, character- 
istic for the species studied. Only then the normal motility is 
established again. 

As there was no absolute absence of perception of sensations of 
a particular quality present, which corresponds with the fact, that 
in all sorts of endorgans ‘regenerating nerve-fibres could be found, 
we were not able to establish the relation between the different 
forms of endorgans and the different sensations. This will only be 
possible after a careful Aistological investigation of a number of 
regeneration-cases, in which only the perception of a particular 
sensation is restored. 


: Utrecht, September 1924. 


1 J. Borke. “Studien zur Nervenregeneration J, Il. Verhandelingen der Kon. 
Akademie v. Wetensch. Deel XVIII 1916, 1947. 
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Anatomy. — ‘“Regardiug the Influence of Domestication on the 
Structure of the Brain.’ By Dr. H. A. Vermeuien. (Com- 
municated by Prof. C. WinkLEr.) : 


(Communicated at the meeting of October 25, 1924). 


In an article in the Bibliotheca genetica of 1921, entitled ‘Studien 
zum Domestikationsproblem. Untersuchungen am Hirn’, Krarr has 
recorded the results of his comparative study of a large variety of 
brains from dogs, wolves, and jackals. The selection of such 


material for comparison should be made with due caution. In domestic — 
dogs the racial characteristics have considerable influence upon the 


shape, the volume, and the extent of the skull, consequently also 


on its contents: on the shape, and above all on the weight of the 


brain. The brain of an adult watchdog reaches about half the weight 
of the brain of a St. Bernard-dog of five months, if the body weight of the 
two animals is about the same. Age, nutritious conditions and sex 
should also be taken into account. At an advanced age the weight of the 
brain diminishes: a condition of excessive nutrition, so characteristic 
of the domestic dog, does not exist in his undomesticated ancestors; 
ceteris paribus the brain of female individuals weigh less than those 
of males. So for his research Kuarr had to select dogs, which in 
all these relations came as near as possible to the wolf or the 
jackal. The fluid used as a fixing agent is also of great importance. 
Experience has taught us that formalin increases the weight of the 
brain. The more dilute the solution, the greater will be the increase, 


For this fact no interpretation has been offered as yet. In 1 °/, 


formol the increase of the weight may be 23°/,; in 5°/, formol 
9—10°/,; and in 10°/, formol 2—3°/,. Strong alcohol diminishes 
the weight through dehydration. After all these circumstances have 
been duly regarded, there still remains full play for inevitable errors. 
This, however does not derogate from the important ultimate con- 


clusion, viz. that the weight of the brain of wild canides is con-_ 


siderably below that of domestic dogs. This difference. had already 
been demonstrated before Kiarr, e.g. by Darwin as early as 1878. 
Kiattr has reconfirmed it, and mentions a difference of 20°/,. His 
comparative study of the brain-surfaces has shown that the lobi 
frontales of the house-dog are larger than those of the wolf and of 
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the jackal. Kuarr fixes upon the fissura cruciata as the hind-border. 
This is not correct from a comparative anatomical point of view, 
because the sulcus centralis Rolandi, which constitutes in man the 
hind-border of the frontal lobe, cannot be put on a par with the 
fissura cruciata of canides. Nonetheless this border-line served the 
purpose in a practical way, firstly because it exists in all dogs; 
secondly and chiefly because it contains the very important anterior 
association centrum. K1arr states that the weight of the frontal-brain of 
the dog averages about 16°/, of the total brain-weight, of the wolf 
14.5 °/, and of the jackal 15 °/,. Also the lobi parietales are in the 
dog heavier than in the undomesticated cognates. On the other hand 
the lobi olfactorii with the lobi pyriformes and the lobi occipitales 
are more strongly developed in wild canides than in house-dogs. 

The entire postero-inferior border of the hemisphere is more arched 
in the wolf and the jackal than in the dog; the distance from the 
splenium corporis callosi to the posterior hemisphere-pole is greater. 
in the first-named animals than in the dog. This warrants the 
conclusion that in wild specimens the olfactory sense-organ (lobus 
olfactorius and lobus pyriformis), and the visual sense-organ (area 
optica in the lobus occipitalis) are more strongly developed than in 
house-dogs, but that on the contrary important associative centra 
are most vigorous in the house-dog. This need not surprise us, if 
we reflect that the mental life of the dog is considerably modified 
through domestication. Faithfulness, attachment and all that is 
connected with these qualities, are characteristics of our house-dog, 
but not of his undomesticated cognates. 

Kuart has also pointed out distinct differences in the brain-grooves. 
We shall not enter into the many details he published. Suffice it to 
say, that the brain surface of wild forms is simpler, displays fewer 
grooves or less developed corresponding grooves. It is worth noticing 
that in wild canides the two hemispheres are, almost without 
exception perfectly similar. This similarity is never met with in the 
domestic dog. There are intermediate forms. The dogs of negroes 


and papuans are neglected and maltreated ; they remain shy and 


false; the brains of these dogs have smaller weight and the upper 
surface of their brains is simpler than e.g. that of Eskimo-dogs, 
which from their puppy hood upwards live with the family. Thus 
far Katt. 

Other differences are to be observed when examining under the 
microscope that portion of the medulla oblongata in which the 
nucleus hypoglossi and the oliva inferior are situated. For purposes 
of comparison we selected the oblongatae of domestic animals and 
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closely. related wild animals. In serial sections of from 15—18 p the 
extension has been established of the nucleus XII and of the oliva 
inferior; for fixed point we took the section in which the canalis 
centralis of the spinal cord breaks into the fourth ventricle (calamus 
scriptorius), so that the extension of the nucleus hypoglossi and of 
the oliva inferior could be told off from the calamus in both direc- 
tions, toward the spine and toward the cerebrum. 

First of all we have to answer the question; is it right to select 
the calamus for a ‘point fixe’? Thereby the research stands or 
falls. I feel confident in answering the question in the affirmative. 
The nervus hypoglossus is from its origin built up of cervical nerves, 
of which the sensible roots have got lost. In birds the nucleus 
hypoglossi still forms one whole with the motor gray-substance of 
the medulla cervicalis. Such is also the case in the primitive aquatic 


mammals. Now, when by dint of investigation it has been proved 


that the nucleus XII of wild animals extends more towards the 
spine than that of domestic animals, this may be induced by a 
displacement of the calamus toward 
the cerebrum. However, if the position 
of the calamus is unaltered, it must 
be induced by the fact, that this nucleus 
has not been so far shifted from its 
original place in wild animals as in 
domestic animals. That this is indeed 
the- case may be readily proved. In 
wild animals the first cells of the 
‘ nucleus XII appear in an area, where 
remains of the cornu anterius are ‘still 
clearly noticeable; in domestic animals 
they appear in an area where these 
remains have long since disappeared (Fig. 1). 

We examined: horse-zebra; cow-anoa; sheep-moultlon ; dog-wolf- 
jackal-fox; cat-puma (felis concolor); tame rabbit-wild rabbit. 

The first two series are of 18, the others of 15; cellstaining 
with toluidin blue or cresil violet. 


spinal <— Nucleus XII — cerebral of the calamus * Ratio 
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This table goes to show that in the horse the cerebral part of 
the nucleus hypoglossi is as large again as the spinal portion. In- 
the zebra the two parts are equal. 


a eee 


spinal <— Nucleus XII — cerebral of the calamus | Ratio 


Sk Ee ER 
| 119 128 | eae 


anoa | 108 68 | 1: 4/3— 


In the cow the cerebral and the spinal parts of the nucleus 
hypoglossi are of equal size; in the anoa depressicornis, the very 
primitive wild cow of Celehes, the spinal part exceeds the cerebral 
by nearly one third. 


spinal <— Nucleus XII — cerebral of the calamus Ratio 
sheep | 78 116 1:1, —. 
moufflion 64 66 jee be pe 


It is obvious that in the sheep a larger part of the nucleus hypo- 
glossi is situated cerebrad than in the moufflon, the wild sheep of 


Sardinia. 
spinal <— Nucleus XI] ~ cerebral of the calamus Ratio 
_ tame rabbit 52 26 . 1: 1% 
wild rabbit 44 12 1:%, +> 


In the tame and the wild rabbit we find very large differences. 


spinal <— Nucleus XII — cerebral of the calamus Ratio 
cat — ea 40 88 1:2+ 
puma 84 110 Ld) 


Likewise in the cat and the puma. 
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spinal <— Nucleus XII —> cerebral of the calamus Ratio 


Ee eee 


dog 68 130 1:2 — 

fox, 42 50 ee 

jackal | i 79 1 AYs 

wolf 96 i ey 

Abyssinian 70 96 1: 1'/3 
dog 


From this table it appears that among the canides the wolf 
reveals very primitive relations, the major portion of the nucleus 
hypoglossi lying spinal to the calamus; then follows among the 
wild forms the fox, while the jackal is very much like the house- 
dog. It is also remarkable that a halfwild Abyssinian dog appeared 
to possess a rather primitive nucleus hypoglossi. 

According to Kapprrs’ law of neurobiotaxis the nucleus hy poglossi 
‘has broken away from the motor cervical gray matter in order to 
extend cerebrad in the direction of the gustatory nucleus, situated 
in the oblongata. We may, therefore, be allowed to assume that 
the further the nucleus hypoglossi has shifted cerebrad, the more 
delicate will be gustatory sense-organ, the more the primitive 
relation to the spinal cord has been preserved, the coarser the sense- 
organ must be. The gustatory sense-organ, therefore, appears to be 
less developed in wild forms than in domestic animals. 


Also the oliva inferior in wild animals displays remarkable dif- 
ferences as compared with that of domestic animals. Irrespective of 
a few exceptions we see that in tame animals this complex of 
nuclei extends further cerebrad than in wild animals. 

This is illustrated in the following table: (See page 829). 

The moufflon and the jackal form the exceptions. In the moufflon 
the ratio is just the other way, the inferior olive extends considerably 
further towards the cerebrum than in the sheep. This may perhaps 
be accounted for, if we bear in mind that the moufflon is a moun- 
tain-animal, so that a greater strain is put upon his cerebellar systems, 


so also upon his tractus olivo-cerebellares, than upon those of our — 


tranquilly-living sheep. As to the jackal, also his nucleus hypoglossi 
bears a greater resemblance to the dog-type than that of other wild 


canides. Considering the fact that his associative brain-centra are 
more strongly developed than those of the wolf, we are justified in| 
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spinal <— Oliva inferior —> cerebral of the calamus Ratio 
a a ce 
horse 58 375 1: 644 — 
zebra 116 268 1:23 — 
cow 78 190 de 24/5 hae 
anoa 108 146 1: 1/3 + 
sheep 113 oe 194 15°12, 4 
moufflon 54 116 ; Le 2.4- 
tame rabbit 44 » 42 Tess 
wild rabbit 54 > 2 almost entirely 

spinal 

cat 40 ; 108 1: 22/5 + 
puma 106 ee 1: 12/3 — 
dog 82 168 a ine. 
fox 70 56 12 3, 
jackal 61 136 1: 244,°— 
wolf 132 107 1: 3/, + 
Saleen "86 122 Pe rete ee 


concluding that the jackal is more akin to the dog than the wolf is. 

Also in respect of subordinate parts of the oliva complex, wild 
forms display primitive differences. Descriptive anatomy distinguishes 
principal-, and accessory olivary bodies. This differentiation is abso- 
lutely erroneous, for those so-called accessory olivary bodies are 
not additional, still less accessory; for phylogenetically they are 
oldest. The medial accessory oliva occurs already in fishes, the dorsal 
accessory Oliva appears already in reptiles, while the so-called 
principal oliva is characteristic of mammalia. In all mammalia the 
medial-, and the dorsal-accessory oliva extends further spinally than 


the ventro-lateral principal oliva. We see then, that the spinal exten- 


sion of the phylogenetically oldest parts of the oliva-complex, is 
much more marked in wild forms than in domestic animals. In 
Ungulates the principal oliva lies exclusively frontal to the calamus, 
in the horse and the cow, however, it is situated more frontal than 
in the zebra and the anoa. In the wild rabbit the principal oliva 
lies spinal to the calamus, in a tame rabbit almost quite cerebrad 
of it. This is clearly illustrated in the subjoined schemata: 
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When examining the oblongatae of domestic animals in one or 
more stages of development we shall see that the nugleus hy poglossi 
and the oliva inferior of tbese animals ontogenetically pass stages, 
which persist in wild animals. 

I have been in a position to perform the above researches. also 
on material from man and a couple of man-apes. The oliva inferior 
in primates extends into the pons-area. In these cases not only the 
oblongatae, but also the pontes have been incised serially. We 
examined man (West-European), Hottentot, child of 1'/, years, 
foetus of 4'/, months, orang-utan, und chimpanzee. 


It is evident from the data that the nucleus hypoglossi of the 


Hottentot compared with that of the West-European, is indeed of 
a primitive character. The data also show that, in respect of the 
Nucleus XI! and the oliva inferior, the chimpanzee stands nearer 
to man than the orang-utan, to which’ fact anthropologists have 
long since called attention. The differences between the extension 
towards the cerebrum of the olivae inferiores in the West-European 
man and in the chimpanzee are not so large as to be of great 
_ physiological importance. | 

It strikes us that also here the chimpanzee appears to be more 


human than the orang-utan. It may be worth while to ascertain. 


whether the observed differences in the extension of the oliva 
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inferior correspond with possible differences on the respective 


_ Cerebella. In this case we might also establish in this way the 


| Nucleus XII | Oliva inferior 
sitet cerebr. o. t. Rati asinal cerebr. o. t. Rave 
" calamus Pr calamus ; 
Horse 132 267 1:2+ 58 375 1: 644— 
id. foetus 5 m. 63 79 (eo Ae 4 57 110 1: 14/.+ 
id.? foetus 10 m. 88 118 il goles 44 220 Vi eh 
id. foetus 12 m. 133 116 Te Be 42 260 1: Ofg+ 
Cow 119 128) jt: 14 78 190 |: 22%), 
id. foetus 41/y m. | 110 i ON Pes ar ‘Ey Quni Mere ae 
id. neonatus 164 118 1:3, — 94 196 1:2+ 
- Sheep 78 116 te 14/5 113 194 1: 12/34 
id. neonatus 88 60 1: 2/3 107 96% ig ete 
Dog 68 130 1 e203 82 168 1:2 — 
Ai pepaatin Ear 34 48 1:14 40 58 1: 144— 
| Nucleus XII | Oliva inferior 
ete cerebr. o. t. Rago es son cerebr. Ot | Ratio 
spinal calamus —> ae spina" | calamus > 
“Man (W. Eur.) 20 190 1: 914 02 = 311 sas 3's. 
Hottentot 45 202 «(|1: 4% | 106 33G.i° li: 3: He 
a g 4 . : 
Chimpanzee yee 108 bis8ocr 44 il Sebel? <4 
Orang-utan Fy 61 cL See 2 1: U/yg+ 85 135 1: 144+ 
Man by 20 190 1: 9% 92 311 1 : 34%3-++ 
Child 14 year 42 62 1: 1%—-}. 56 82 , 1:1%- 
Foetus 414m. | 44 64 1: 1%e—| 60. || 96-1 15/5 


relations of the fetal and the dorsal olivae to the palaeo-cerebellum, 
and those of the principal oliva to the neo- -cerebellum. 
From the Anatomical Laboratory of the. Ee ny 
~ University of Utrecht. | 
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Biochemistry. — “Determination of Carbon-monoayde in blood.” 
By Dr. D. @. Conen Tervarrt. (Communicated by Prof. ©: 


EYKMAN). 
(Communicated at the meeting of October 25, 1924). 


Gréuant') has probably been the first to estimate carbon- 
monoxide in blood that has for a smaller or greater part been 
saturated with this gas. He liberated the gas with a simple mercury- 
pump and determined the content of CO in his “grisoumetre”, a 
sort of combustion-pipette. 

Nictoux?) a pupil of Grixant’s determined in the gas liberated 
with the use of the mereury-pump, the content of CO by leading 
‘this gas over Iodine-pentoxide heated at 150°. The Iodine liberated 
was estimated colorimetrically, being absorbed in chloroform. 
Haupane’*) determined the CO-content of blood by comparing its 
violet tint with solutions of earmine. Piescu*‘) and after him Gap- 
ANpRESEN') liberated the CO together wit oxygen from the blood 
by the use of potassium-ferricyanide as indicated by HaLpanr’) in 
the apparatus resp. of Barcrorr and Krocu. The CO was estimated 
by combustion using a platinum wire which was fitted unto these 
apparatus. 

Hartripek’) made an ingenious instrument on the principle of 
the difference in place of the absorption-bands in the spectra of 
CO- and oxyhaemoglobin, with the nse of which be measured the 
relative quantities of CO-haemoglobin. When however less than one 
tenth of the haemoglobin is saturated with CO, all these methods 
are lacking in accuracy, except probably the method of Nic.ovx’s, 
about which no control-experiments are to be found. 

In the following way 1 succeeded in making: these determinations 
with sufficient accuracy. 


A wide-mouth flask of 1 Liter capacity is used for extracting the ; 


) 1894 N. Greant, Les gaz du sang, G. NE Gee et fils (PARIS). 
*) 1898 Archives de physiologie normale et pathologique, 5th series, vol. X, 377, 
5) 1895 The journal of physiology, 18, 463. 

*) 1914 Berliner klinische Wochenschrift, 1957. 

5) 1916 Biochemische Zeitschrift, 74, 357. 

6) 1897 The journal of physiology, 22, 298. 

7) 1912 Ibidem, 44, 1. 
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CO from the blood with the use ce en NRA ferri-cyanide. The 
flask is closed by a rubber stopper through which pass 3 glass-tubes, 

all closed with a rubber tube and a screw clamp. Before the blood 
is introduced the flask is evacuated with the use of a suction-pump. 
The blood (about 10 c.c.) is then introduced by placing a funnel 
on one of the tubes and pipetting the blood into it. When the screw- 
clamp is opened, the blood is sucked into the flask. After the blood 

1.5 its volume of water is introduced, mixed and after it 4 c.c. of 
saturated potassium-ferricyanide. The flask is shaken and placed at 
40° (C.) during half an hour, being shaken at intervals. After that 
time the flask is taken out of the bath and outdoor air is let inby — 
opening one of: the clamps and mixed with the contents of the 
flask. The gas-mixture is now led over Iodine-pentoxide heated at 
150° in an oil-bath passing first over concentrated NaOH and then 
over strong sulfuric-acid before it reaches the I,O,. The Iodine } 
liberated is retained in K.J. and titrated with Thiosulfate. 1 c.c. 
N/10 Thiosulfate — 5.6 ¢.c. CO. 

In this way I got the following results: 


c.c. CO in 10 c.c. Blood. 


Calculated ') Found 
0.046 0.058 
0.077 0.095 
0.115 0.112 
0.122 0.122 
0.126 0.126 

0.180 0.200 

0.195 0.215 

0.605 0.614 

0.647 0.685 

0.658 0.602 
1.294 1.225, 

1.294 1.289 

1.324 1.316 


1) Starting from blood of a known CO-content and mixing it with blood of 


~ another or no OO-content. fn 
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Palaeo- botany. — “Some remarks concerning the classification and 
the nomenclature of the Inversicatenales’’. By O. PostHuMus. 
(Communicated by Prof. J. C. Scnovure). 


(Communicated at the meeting of November 29, 1924). 


When reading the litterature in drawing up an index’) of the 
group of fern-like palaeozoic plants, referred to by different authors 
as Botry opteridaceae, Coenopterideae and other names, my attention 
was drawn, in the sometimes rather complicated nomenclature, to 
‘a few points which led me to make the following remarks. — 

1. In the title I have indicated this group as the Inversjcatenales. 
This name was given in 1904 by C. Ee. Berrranp and F. CornaiLin’) 


to a group of palaeozoic plants which had been named Botryopte- | 


_ridaceae by Renaurt, after the genus Botryopteris, which was the 
genus best known to him. Renavi.t*) grouped in this family also 
some stems, which he considered to belong to the genus Zygopteris 
Corda. In a later publication he also brought into this group 
-Grammatopteris, from which the stem and the surrounding leaf- 
bases were known, and Dineuron and Pines, a only known 
by their petioles‘). 


This classification has been adopted by Scorr’), Tansiry*’) and — 


others, but they subdivided this order or family into the sub-groups 
Zygopterideae and Botryopterideae. None of the authors doubted the 
fern-nature of these fossil plants. | 

In 1904 ©. Ee. Bertrranp and F. Cornariie suggested the name 
Inversicatenales for this group of plants. When investigating the 
leaf-trace in the living ferns, they came to the conclusion’), that 
the units, of which the leaf-trace is built up, are in the petiole 


") To be published as a part of ,Fossilium Catalogus” (W. Junx, Berlin). 
*) Compt. Rend. Acad. des Sciences., Paris, CX XXIX, p. 347. 

‘) Cours de botanique fossile Ill, 1883, p. 100. 

*) Bassin houiller et permien d’Autun et d’Epinac, IV, 1896. 

5) Studies in fossil botany, ed. I, 1900, ed. II, 1909. 

*) New Phytologist, VI, 1907, p. 53. 

7) Mém. et Trav. de "Univ. de Lille, X, mém. 23, 1902: 
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arranged in an arc. This are has, in the living ferns, its concavity 
directed towards the stem. In the group of plants, mentioned above, 
the concavity is either directed away from the stem, or the different — 
forms may be derived from such a plant. The name Inversicatenales 
has not been adopted generally; this is perhaps also due to the 
complicated way, in which the authors expressed their conclusions. 
The Inversicatenales are identical with the Botryopteridaceae of 
RENavir. 

In 1906*) Arber discussed the phylogeny of the ferns; for the 
palaeozoic representatives of this group, from which the recent 


- ferns must have sprung, he proposed the name Primofilices. Though 


this name may be very useful, this group is not clearly defined by 
the author. 

In 1910 Sewarp’) did not adopt this name, and taking the general- 
ised character of many of these forms into account, he suggested 
the name Coenopterideae.- 

None of these authors has grouped the Psaronieae and the permian 


Osmundaceae with the forms mentioned. If it be wished to place 


the’ fern-like palaeozoic plants, excepting the Psaronieae and the 
Osmundaceae, into one group, one has to choose between the names 
Inversicatenales, Primofilices and Coenopterideae, for the name 
Botryopteridaceae should be restricted to Botryopteris and allied 
forms. To all these names the objection can be made, that they 


_ have been chosen from one certain point of view. Therefore none 


of them is better than the other. On grounds of priority, however, 
Inversicatenales may be preferred, but one should always bear in 
mind that it is a collective group only, in which a number of 
families is grouped together, the affinities of which are rather dis- 
tant, and may, for instance, be compared with those of the recent 
Osmundaceae and the Gleicheniaceae. 

2. This group was early subdivided into two groups, the Botryo- 
pterideae and the Zygopterideae, after the only two then known 
genera. To the first group belong Botryopteris, Grammatopteris, 
Tubicaulis and Anachoropteris. P. Bertranp *) separated the latter 
genus into a distinct family, the Anachoropteridaceae, which he 
considered to be distinct from the family Botryopteridaceae, to which 
belong the genera Botryopteris, Grammatopteris and Tubicaulis. He 


looked upon the Zygopterideae as a distinct family. Except the genus 


1) Ann. of Botany, KS p. 218. 
2) Fossil Plants, Il, p. 432, 1910. 
3) Etude sur la fronde des Zygopteridées, These, Lille, 1909, p.-199. 
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Zygopteris, restricted by him to Z.primaria, he brought into this 
family a number of genera. These, however, may be conveniently 
divided into two groups, which have the pinnae on the rachis in 


2 or 4 rows respectively. With this morphological character certain 


anatomical features are correlated. 

In the forms with 4 rows of pinnae the peripheral loop, the 
downwards prolongation of the pinna-bar, has always an interruption 
above the insertion of the pinna-traces or of the pinna-bar. In the 
other forms this is never the case. This distinction, which is also 
found in the grouping of these forms by Kiston and Gwynne- 


VaveHan*) and in P. Bertranp’s schemes’), caused Saunt*) to - 
distinguish two sub-groups, the Dineuroideae and the Clepsydroideae 


respectively. These differences seemed to me*) to be great enough 
to raise these groups of plants to the rank of families, the Dineu- 
roidaceae and the Clepsydropsidaceae. 

The genus Stauropteris however, is distinct from both groups, 
as to its mode of ramification ®) and by its anatomical structure. 
It is perhaps best to consider these plants as representatives of a 
distinct family, the Stauropteridaceae. 
| All together one may distinguish 5 different families, which are 
rather independent of each other. Silesiopteris n. gen. (Gyropteris 
Goeppert non Corda) and Mesoneuron Unger, of which relatively 
little is known, can not be included in this classification. 

3. If we accept the rules of priority, there appears to be reason, 
based upon recognised identifications, for new conbinations of names, 
as follows: ; 

a. In 1885‘) Fenix mentioned the occurrence of a petiole in the 
Carboniferous of Westphalia, which he described and figured in 
1886’) as Rhachiopteris tridentata. In 1889 Wr.tiamson °) described 
as Rachiopteris hirsuta sections of a rhizome and of roots, which 
Scort*) proved to belong to the genus Botryopteris Renault. Rhachi- 
opteris tridentata appeared to be the petiole, '*) belonging to the 
rhizome. But as the specific name tridentata had been given in 


') Fossil Osmundaceae IV, Trans. Roy. Soc. Edinburgh, XLVII, 1910, p. 471. 
4) Progressus rei Bot. II, 1912, p. 224, tabl. Il. 

8) Ann. of Bot. XXII, p. 378. 

*) Rec. trav. bot. néerl. XXI, 1924, p. 182. 

5) Lignier, Bull. soc. bot. de France, LIX, 1912, mém. 24, p86 

6) Ber. naturf. Ges. Leipzig, p. 10. | 

1) Abh. zur geol. Spezialkarte Preuszens, VIII, 3, p. 12, f. 1, 2. 

8) Phil. Trans. Roy. Soc. B, CIXXX, p. 101, f. 9—12. 

*) Ann. Report Brit. Assoc. meeting Bristol, p. 1050. 

') Seward, Fossil Plants Il, 1910, p. 438. 
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1885 1886) and hirsuta in 1889, this species should be mentioned 
henceforth as Botryopteris tridentata. 

6. In 1856 Unerr') described a hollow cortical tube without 
vascular bundle as Aphyllum paradoxum. Im 1896 Count Soums- 
LauBacn*) proved, after having studied the original specimen, that 
the vascular bundle was present, although in another part of it. — 
Its structure was much alike that of Rachiopteris duplex of Wi.uiAM- 
son *) (Zygopteris duplex of Tansley ‘). Therefore P. Brrtranp *) 
made a new genus, Metaclepsydropsis, for both forms. This seemed 
to be necessary because Rachiopteris was a collective genus for 
petiolar remains, and Zygopteris was restricted by him to one 
species only, Z. primaria. He*) did not accept the generic name 
Aphyllum, because, based upon a hollow cortical tube, it lacked 
any definition. P. Bertrand apparently had overlooked that, in 1872, 
Wituiamson ’) had defined the genus Arpexylon, in which he included 
two species: A duplex *) and A simplex *). The former he after- 
wards named Rachiopteris duplex, the latter he proved in 1874 *°) 
to be a secundary rachis of the former species. These forms have 
also been mentioned, not only as Rachiopteris, Zygopteris and Meta- 
clepsydropsis, but also as Aphyllum and Arpexylon. Now one may, 


as is the opinion of P. Brrrrann, neglect the name Aphyllum, because 


it conveys nothing, but this does not apply to the name Arpexylon. 
In this genus, which corresponds with Metaclepsydropsis Brertranp, 


two species, Arpexylon duplex and Arpexylon paradoxum may be 


distinguished. 7 

c. In 1845 Corpa™!) gave the name Gyropteris crassa to some 
fossil rests, which were, according to P. Berrranp**), fragments of 
petioles from Psaronieae. In 1852 Goxrppurt’’) described and figured 
a petiole from the Lower Carboniferous from FaLkensere (Silesia), 
which he considered also’ to belong to the genus Gyropteris Corda. 


1) Denkschr. kais. Akad. der Wiss. Wien Math. naturw. KI. XI, p. 175, t. 11, f. 1—4 
1) Abh. kén. Preusz. Geol. Landesanstalt, N. F. XXIII, p. 30, t. 2, f. 1. 

8) Phil Trans. Roy. Soc. London CLXIV, 1874, p. 688, f. 29—40. 

4) New Phytologist, VI, 1907, p. 61, f. 12, 13. 

5) Gomp. Rend. Acad. des Sc., Paris, CXLV, p. 775. 

6) Mém. Soc. d’hist. nat. d’Autun, XXV, 1911, p. 19. 

1) Proc. Roy. Soc. London, XX (136), p. 438. 

8) Le., p. 438, f, 1. 

9) Le., p. 438, f. 2. 

10) Phil. Trans. Roy. Soc. London, CXLIV, p. 690. 

11) Flora der Vorwelt, p. 86, t. 54, f. 1—6. 

12) Etude sur la fronde des Zygopt., p. 181. 276. . 
18) Nov. Act. Acad. Gaes. Leop. Car. XXII Suppl., p. 138, t. lil. f. 4—6, 
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Physics. — “The structure of solid nitrous oxide and carbon di- 
, oxide.” By J. pp Suepr and W. H. Kzrsom.: Communication 
N°. 13 from the Laboratory of Physies and.Physical Chemistry 
of the Veterinary College at Utrecht. (Communicated by Prof. 
H. KaMerttnGH ONNEs). 
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(Communicated at the meeting of March 29, 1924) *). 


1. The structure of solid nitrous owide*). 


§ 1. In connection with our investigations’) on the diffraction of 
X-rays in liquefied gases, we have worked out 
a method to get Rdntgenograms of solidified 
gases*) at low temperatures. Our first experiments 
were made with N,O- and CO,, because these 
gases are already solid at the temperature of 
liquid air. Moreover they show this particularity 
that the molecule N,O possesses the same num- 
ber of electrons as the molecule CO,. Hence it 
may be interesting to be able to compare the 
structures of these substances. 
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§ 2. The apparatus. The vacuum glass with 
fixed to it the camera is only little different from 
that which has served to the X-ray-diagrams of 
liquefied gases‘). The glass tube ¢ (wall thinner 
than 0.01 mm.) had a diameter of 1 mm. The 
glass was silvered, excepted the tube ¢ and a 
vertical slit, through which the surface of the 
liquid could be observed. 

The brass tube, which holds the diaphragm of 
tin (length 4 cm., diameter of the opening 2 mm.) is continued to the 
inside. It is closed by a small screen with an opening £, chosen in such 
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Figs I. 


1) In this translation the results of our second communication on this subject 
have been taken up. 

2) Comm: N°. 10 and N®. 12, these Proc. 25, 1922, p. 118, and 26, 1928, p. 112. 

8)’ As a subject of research already mentioned in Comm. N® 1, these Proceedings 
21, 1918, p. 405. Cf. Comm. N°. 10, At the same time F. Simon and CLaRa von 
Sruson independently worked out such a method, Zs. f. Phys. 21, 168, 1924. 

4) Comm. N°. 10, these Proceedings 25, 1922, p. 118. 

*) Published in these Proceedings, meeling of June 28, 1924. — 
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a manner that the Réntgen beam, which is limited by the dinpheages 
passes without striking the metal, whereas the rays, which are 
reflected by the tin crystals at the utmost brim of the diaphragm, 
are intercepted. 


To the opening O of the camera is fixed a glass tube, which is | 


closed at the end by a small window F of mirror glass. 

Of the two side-tubes, one, V, leads to the vacuum pump, the 
other, G, to the container in which the gas to be investigated is 
stored. 3 


§ 3. Depositing the crystals. When a sufficiently high vacuum has 
been formed in the apparatus, the vacuum glass is filled with liquid 
air. By closing the tap in V, the connection with the pump is 


broken, after which the gaseous N,O is admitted through G. It— 


condenses as a micro-crystalline powder on the narrow tube ?. This 
condensation could be watched through the window F' by means of 
a telescope, the crystals being illuminated by the aid of a mirror 
which was placed under the glass closing-plate P. 

In order to prevent that during the depositing of the nitrous 
oxide the liquid in the tube ¢ boils away, during this manipulation 
a wire of well conducting metal was let in from above. 

Depositing was stopped when the crystal layer had obtained a 
thickness of 0.4 mm. 


§ 4. The film, which was obtained with an exposition of 2*/, hours 
(30 m. A, 25 KV.) with A-rays of copper, showed very sharp lines 
and so proved that the micro-erystals had had the right dimensions. 
This film was made without a Ni-filter. We owe to Dr. N. H. 
Ko.kmuiEr a second film, with Ni-filter. : 

The films show no trace of a diffraction ring that could be due 
to the liquid air in the tube ¢. 


In the calculation it appeared however that there are parasitic — 


lines on both the films. The rings namely, due to the crystal planes 
with the smallest indices appeared to be double. This can be ex- 


plained by the fact, that the crystal powder was irradiated as a 


relative wide cylinder mantle, which surrounds the tube with liquid 


air, and not as a thin bar, as is ordinarily the case with the method 


of Desise and Scarrenr. . 

In Fig. 2 the hatched ring represents a section through the bie 
der mantle, formed by the crystal powder. AB be the incident 
beam. If we consider the diffracted rays a,b, which make a small 


angle with the direction of incidence, we see that the rays which 


{ 


—. 


{ 
4 
; 
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are diffracted by the outer surface of the cylinder, have to pass 


through a much thinner layer of absorbing substance than those — 


rays which pass through the centre. So the beam that is diffracted 
_A_ in the direction gm, is divided into two 
smaller ones. Of these the beam, originating 
from 6, will have the greatest intensity. 
As @ is larger, the rays from a must pass 
B through a thicker layer, and so they will 
finally give no more a visible impression 

on the film. 
Fig. 2 As was made first for CO, (cf. § 6), 
afterwards also for N,O expositions were made with half of the 
incident Réntgen beam being screened off, in order to identify these 


parasitic lines indubitably °*). 


§ 5. Results. Table | contains the experimental results, derived 
from the film (Ka-rays of Cu). 

The first. column gives’ the observed intensities. see the second 
column the radii of the interference rings are inserted, viz. half the 
distances, measured on the film, of the two interference lines on 
both sides of the centre. The radius of the film is 27,3 mm. The 

q 
third column gives He the correction for the thickness of the 
irradiated preparation having been applied. This correction is put equal 
to rcoss. to be subtracted from the radius of the interference ring, 


r being the radius of the outer circumference of the preparation *). 
The fourth column is relative to the deriving of a common divisor 


of the values of sin’ & The common divisor 0.0181 gives quotients, 


which oscillate about whole ‘au dibers’ excepted however the numbers 
placed between [ |. These are relative to parasitic lines as mentioned 


in § 4. The relative values of the intensities agree with the sup- 


position about their origin made in § 4. The quotients of the fourth 


column show still a weak tendency to enlarge with encreasing g. 


We ascribe it to the circumstance, that somewhat too large eiges 


are given to above-said correction terms. 


From table I we conclude, that nitrous oxide erystallises cubically 


1) These expositions were made in the. Physical Laboratory at Leiden. Our thanks 


-are due to Mr. V. Essacu, assistant of this laboratory, for his help in making 


these. expositions. 
3) Comp. W. GERLACH und O. Pauus, Zs. f. Phys. 7, 116, 1921. 
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TABLE I. 
Intensity ') cae iy 103. sin? - 3) sin? 30.0181 3) h. ke. 
in '/j9 mm. ?) ; 
f 102 29 [1.60] 
m 145 37 [2.06] 4) 
nf , 1235 44 [2.58] 
; _ vs 7 136 54 2.97 111 
vf ; 145 615 [3.40] 
m5) 154 70 3.85 200 
ty 161 76 [4.20] 
= se iz3 88 4.88 © 210 
s 191 108 5.95 © 211 
m 221 145 8.02 mapa 
f ; 273 IO nee: 12.10 age 
m 283 234 12.94 320 
m 296 * | a 14.08 321. 
vf 316 287 15.83 400 
vf 329 310 . 17.12 322410. 
s 349 344 19.05 331 
ve 359 361 19.95 ee 
f bg) a _ 380 21.95 421 | 
f 380 399 22.05 _ 332 
vf 399 434 24.00 422  —— 
vf . 420 N79 ee 26.04 510—431 | 
m 448 525 29.00. 520—432 
vf 459° 545 ° 30.05 | ° Sai 
s 479 582 32.15 440 | 
8 509 6355 35.10 531 | 
f 519 - 654 36.10 600— 442 : 
m 540 691 gee 611—532 ” 


et et th es | 
') vf = very feeble, f = feeble, m = moderate, s = strong, vs = very strong. 
2) To the numbers given in the report about the work of the Ist International Com- | 
mission of the Institut International du Froid, presented to the 4th International Congress 
of Refrigeration in London, the corrections for the thickness of the preparation had 
already been applied. Lee, 
3) These numbers are something different from those, given in the report mentioned in 
note 2, on account of another calculation of the corrections for thickness of the preparation. 
4) That this line is a parasitic one was shown by the film made with half of the 
incident Réntgen beam being screened off. 


5) That this line has a mean intensity was taken from the film mentioned in footnote 4). 
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with a side of the unit cube 5,72 A *). In order to calculate the 
number of the molecules in a unit cube the density of solid nitrous — 
oxide is not available. If we suppose 4 molecules in the unit cube 
the calculated density is 1,55), whereas, at the melting-point, 
— 90,5°, the liquid has a density 1,299. 

In Fig. 3 we have drawn the structure which for the calculated 
intensities has given values which agree with the observed ones. 
On each of the four not intersecting diagonals of the cube, forming 
the ternary axes, we find a molecule N,O, viz. an atom OQ in the 
middle of it, on both sides at the same distance flanked by an atom JN. 


@0 


ON 


. Fig. 8. 
have taken into consideration: 1°. the structure factor, 2°. the factor on 
account of the number of the planes that contribute to the diffraction, 


3°. the Lorentz-factor, 4°. the factor 


As a parameter we chose: the 
projection q of the distance between the 
atoms O and WN, on the side of the 
unit cube. 

The places of the other atoms follow 
then from the ternary symmetry of 
the axis AO. The parameter is ex- 
pressed in 360‘ parts of the side of the 
elementary cube. The best agreement of 
calculated intensities with the observed 
ones (see table II) has been obtained 
with g = 42. In these calculations we 


proposed by Brsvorr?). 
cos — | 


2 


i 


The coordinates of the 4 atoms O are thus: '/,a, */,a, ‘/,@; 
*/ 44s */, 4, */ 45 */, a, /4 as Hades Heme Eas af, &s 


eames Wi BY A. The distance between two neighbouring atoms WV and 


Sis ABCA, 


Il. The structure of solid carbon dioxide. 


§ 6. The expositions for solid carbon dioxide have been made 
in the same way as those for nitrous oxide (cf. §§ 2—4). 


Also an exposition has 


been made at which half of the 


incident Roéntgen beam was screened off by means of a small screen 


1) Owing to a repeated calculation these numbers are somewhat different from 


those which are given in the report mentioned, p. 842, note 2. 


4) J. M. Brsvort, Thesis, Amsterdam 1923. 
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‘that was placed at a short distance before the preparation, in such 
‘a manner that only the right half or the left half of the preparation 
was irradiated. So a complete interference . figure without the 


‘ 


TABLE II. 
Intensity 
hk. a 
observed calculated 
100 = 0 
110 — 0 


parasitic lines mentioned in § 4 has been obtained on one side of 
the film. On the other side only the parasitic lines appeared. So 


we get in the first place an affirmation of the supposition mentioned . 


there, relative to the origin of the parasitic lines. The parasitic lines 
could further be identified now indubitably for carbon dioxide. 


Table Ill contains these experimental results. The columns have the - 


same meaning as in table I. The parasitic lines have been omitted. 
In the fifth column two planes (311 and 420) have been inserted. 


a 


4 
“, ‘“! 
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They appeared on another film than the one for which these caleu- 


lations were made. 


From the fact that the quotients in the 4» column oscillate about 


TABLE III. 


i 


Radius of the 


Intensity interference ring 
in !/,9 mm. 
A , 140 
f—m 160 
Cee aye 177 
8 196 
f—m 3 228 
vf 240 
vf 
vf | 281 
m 291 
m 302 
vf 349 
m—f 358 
vi : 
vi—f 376 
ave 387 
m 458 
vf 469 
m 487 
vf . 519 


103. sin? nce 
2 


sin? a : 0.0187 


56 

74 

91 
1125 
HSS) 
168 


229 
2455 


my 
342 


358 


391 
4115 
541 
563 
595 
651 


200 
201 
211 
220 

221—300 
311!) 
222 

~ 320 
321 


330—411 
331 
420') 
421 
332 

520—432 
521 
440 
531 


whole numbers, we conclude that carbon dioxide (just as nitrous 
oxide) crystallises in the cubic system. The side of the unit cube 
is 5,63 A. If we admit the number of the molecules in an elementary 
cube to be 4, we obtain for the density 1,63, in agreement with 
the value, which Dewar?) obtained at the temperature of liquid air. 


1) From another film. 


2) J_igg0 = 1.63, Chem. News 85, 277, 1902; d_1g9e = 1.627, Chem. News 91,7 


216, 1905. 


cu 
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Hence the structure of carbon dioxide is given by Fig. 3, just as 
that of nitrous oxide, if O has been replaced by C and N by 0. 
The parameter g was chosen in the same way as for nitrous 


TABLE IV. 
Pete ; 
- Intensity 
h. hel. 
observed calculated 
111 vs 6420 
200 - fom 1735 
201. s 3070 
211 ; eating 
220 f—m 940 
221—300 eh eed 148 
310 = eee 
311 vf 102 
222 vf 370 : 
320 7 m 2700 
321 m 3400 
400 . a 430 
322—410 +. 365 a 
330-411 ||. wf S 218 | 


331 


420 


oxide. As. the line 110 is absent it follows that the atom C lies in 
the middle of the diagonal. The best agreement between calculated 
and observed intensities was obtained for g = 39 (see table IV). 
So the coordinates of the C-atoms are 149 “/ea, “Yea; */, a; 
b PP ee na (Cy ete Oe ee T, ay */,a, @ being 5,63 A. 
The O-atoms are at the same jhatatieges on both sides of a C-atom. 
That distance CO is 1.05° A. 


It is an agreeable duty to us to thank Miss Irm. Desmet, who 
has made most of the intensity calculations. 
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Physios. — “The Crystal Structure of Mercuric Sulphide”? Il. By 
Dr. N. H. Kornkmerser, Dr. J. M. Brvonr and Dr. A. KarsseEn. 
Communication N*. 15 from the Laboratory of Physics and 
Physical Chemistry of the Veterinary College at Utrecht. 
(Communicated by Prof. W. H. Kxgsom). 


(Communicated at the meeting of October 25, 1924.) 


§ 1. By the Depye-Scuerrer method black ,,amorphous’ HgS 
was found to have ZnS-structure, with lattice parameter, 5.85 A. ); 


§ 2. By the Brage method the structure of the trigonal cinnaber 


. was determined by Maveuin’?): The dimensions of the cell are 


az=b6=415 A, Ci Od A; with only slight deviations the parti- 
cles are arranged on a rhomboedric lattice. Desyz-Scuerrer photo- 
grams of cinnaber made by us confirm completely the structure 
given by Maveun. 


§ 3. There appeared to be a striking agreement between the 
Drsye films of the black and the red modifications (see the first 
photogram on the plate and columns 3 and 8 of the table). The 
lines of black HgS are found on the film of the red agreeing in 
place and-for the greater part in intensity ratio, the total number 
of lines for the latter being larger. One would rather think the 
red to contain the black. This, however, is excluded by the fact 
that in the Brace method the measurements were made on asingle 
homogeneous crystal. (In the powder method a transformation might 
occur,by pulverising the sample’). The agreement is caused by the 
complete equality of the dimensions in the octahedral- and basis plane 
of the regular resp. trigonal modification. In these alternating Hg- 
and S-planes the particles are arranged in centered regular hexagons 


1 
with sides > V2 adyack = G4 Ko ea cs. 


1) N. H. Korxmener, J. M. Bisvozr and A. Karssen. These Proceedings 27, p. 390 
1924 Rec. trav. chim, 43, 677, 1924. ‘ 
_*) Cx, Maveuin, Compt. rend. 176, 1483, 1923. 

8) L. Veaarp. Z. Physik 6, 393, 1921. 
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Black HgS By reducing Red HgS 


in the direc- 


Se 
103 sin? — | 


op = 
10° sin? — | Intensi- : Intensi- | 10°sin? — 
te splitted up | (calculated) aS 2 


(observed) into | (observed) 


tion of c 


Nr. | Indices 


N. H. KOLKMEIJER, J. M. BISVOET and A. KARSSEN: “The Crystal Structure of 
Mercuric Sulphide’’. II. 


Cinnabar 


sAmorphous” HgS 


Cinnabar 


50% cinnabar 
50%. ,,amorphous” 


Cinnabar 


| “4 2B’ HgS 


Proceedings Royal Acad. Amsterdam. Vol. XXVII. 
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ew, agit 
For the face-centered cubie modification the expression for sin? 


reads after transformation to trigonal axes: =a (At bh thi hy + 
1 
3 Ah,?: for the black HgS A=17.35,') hence 
Doki is . 
sun? — == 46.27 (h,? + A? +A, h,) + 5.784%... (A) 
black 


Now we assume A,,-q to be exactly equal to the corresponding 
value of the black modification (for justification see below), the first 


constant in the expression sin’ ~ thus obtaining the same value 46.27. 


red 
Then the value 6.62 for the second constant gives the diffraction 
angles of column 6, c-value = 9.46 A, and density 8,24; these» 
values closely correspond with the observed diffraction angles of 
column 8, Mavueuin’s c-value 9.51 A and the values of the density 
given in the literature (about 8,1 *). Hence: 


sim += 46.27 (2th +h, h,) +6624. . . (2) 
According to equations (1) and (2) the shortening of the trigonal 
axis will give a clear difference in diffraction angle only for the 
planes 4, > 2, as appears from column 3 and 6. Column 5 gives 
the planes in which those of column 2 are split up by the trigonal 
transformation. 
To decide to which degree the dimensions in basis or octahedral 
plane are equal, we compared as exactly as possible the diffraction 
angles of the planes for which the trigonal axis is zone-axis. Mea- 
suring separate films of both modifications the exactness is diminished 
by differences in thickness and excentricity of the rod and in the 
change of length of the films by their treatment. This was avoided 
by exposing a mixture of 50°/, black und 50°/, red; no widening 
of the lines was observed for the mentioned zone (see second photo- 
gram of the plate: the planes’ of this ‘zone are marked on the 
first photogram. So the angles of these reflections appear to differ 
less than some tenth m.m. for both modifications, the dimensions 
in the basis plane thus agreeing within some tenth percents. 


HON. H, KoLKMEUER, J. M. Brsvonr and A. KarssEn l.c. - 
8) Lanpo.t-Bornstein, Physik. Chem. Tabelle. 4e Aufl. p. 182. 
S5* 
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§ 4. Comparison of the Structure of the Trigonal and Cubic 
Modifications. 

We found the same arrangement and exactly the same dimension 
in octahedra or basis plane. Thus the difference beween the regular 
and hexagonal modifications consists only in the manner in which 
these planes are piled up, at least as regards the arrangement of 


the centres of the particles. A similar behaviour is found, inter 
alia, in some allotropic forms which crystallize cubically and hexa-— 
gonally close packed (Co, Ce), and in the enbic zincblende and 


hexagonal Wurtzite. But in these cases in both modifications the 
relative position of neighbour planes is the same, the tetrahedral 
grouping of the particles being preserved. In the case of HgS on 
the contrary in the trigonal modification, the piling up of the basis 
planes differs much more and the tetrahedral arrangement is lost 
(the distance of the basis planes too being changed). So in this case 
the equality of the dimensions in the octahedral or basis plane is 
still more remarkable. 


§ 5. By X-ray analysis none of the different HgS modifications 
described by ALLEN and Crenshaw were found to contain erystals 


different from those of the ordinary black and red forms. The 


third diagram of the plate gives the comparison of the films of 
red and ~’-HgS, the latter being mentioned by these investigators 
as a doubtless new modification. 


§ 6. We intend to examine whether the natural black HgS — the 
regular metacinnaberiet — is identical in crystalstructure with black 
,amorphous” HgS, as soon as this material will be at our disposal. 


§ 7. Summary. The cubical (black) and trigonal (red) mercury- 
sulphide have exactly the same dimensions in the octahedral or 
basis plane. This explains the striking agreement between their 
Desyk-ScHERRER photograms. 


p’-HgS nor any other of the modifications mentioned by ALLEN and — 


CRENSHAW form a new modification. 


t.™ 


For the preparation of the several HgS forms we wish to express | 


here our hearty thanks to Mr. J. Rinsg, chem. docts. Aimsterdam, 
who is occupied with a thermodynamical study of the system HgS. 


Utrecht, 


2 hi 
Amsterdam, 7 Octabey 1924. 
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Zoology. — “On the development of the larva of the fourth stage 
of Strongylus edentatus (Looss)’. By Prof. J. EK. W. lave 
and Dr. G. J. van Oorpr. (Communicated by Prof. C. Pa. 
SLUITER.) . 


(Communicated at the meeting of November 29, 1924). 


In connection with our former publication (1924, p. 194) on the 
development of the 4* larval stage of Strongylus (Delafondia) vulgaris, 
we now have investigated the development of this stage in Stron- 
gylus (Strongylus’)) edentatus. 

The larva of this species lives by preference in the subserosa of the 
peritoneum parietale of the horse and has been studied especially by 
O. Martin (1910). The larva living under the peritoneum undoubtedly 
belongs to the fourth stage and is also considered to belong to 
this stage by Rai.urer (1923, p. 383). It passes over into the young 
animal (5% stage) by a moult. This moult takes place during the 


_ stay of the larva under the peritoneum parietale, where the young 


animals are also to be found, consequently. 
According to Martin (1910, p. 126) the “young” ee (i.e. the 


‘larvae of the 4*" stage) moult at least twice under the peritoneum 


parietale. This investigator holds that no changes take place during 
the first moult; by a second moult the larva passes over into the 
young animal. We do not understand what Martin means by this 
first moult; we were unable to find any trace of it. 

The larva of the third stage is not yet known, nor the one of 
Strongylus vulgaris. Neither do we know, where the ecdysis takes 
place, by which the 3°¢ stage passes over into the 4™ stage. 

Our material is not very extensive and has been collected by the 
Commission appointed to inquire into the Sclerostomiasis in Holland 
and in the Pathological Institute of the School of Veterinary Medecine. 
at Utrecht. 

The youngest larvae, found in this material and of which we 
assume that they belong to S.. edentatus, were met with in the liver 


-of a young horse, dissected in the Pathological Institute of this 


i: 1) Recently one of us (Inte, 1924) attempted to show that it is not desirable 


to create a separate subgenus (Alfortia Railliet, 1923) for S. edentatus but that 
9. edentatus and S. equinus must be united in the subgenus Strongylus Railliet. 
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School. The dissection protocol mentions: “lying without reaction in 
the liver-parenchym.” . 

The presence of such larvae in the liver supports the opinion 
that they are transported by the bloodcirculation. However, there 
are two possibilities: either after the infection of the horse the 
larvae have pierced the gut-wall and are carried by the vena portae 
to the liver, where they have stayed abnormally, or the larvae have 
passed through the liver normally and have come through the heart 
and lungs into the aorta and are transported accidentally from this 
artery to the liver instead of to the peritoneum parietale. Young 
specimens of S. edentatus were also found by Martin (1910, p. 136) 
in the liver; they belonged, however, to the 5% stage (the worm 

not yetmature). GiacE (1906), 


i 


il 


(1923) are also of opinion 


Et 


peritoneum parietale normally — 
through liver, heart, lungs and 
aoa-=n=- “r=. arteries. 
The (6) larvae from the 
liver, investigated by us and 
belonging in all probability 
to the 4th stage, have a length - 


Th 
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l 
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mum thickness of 325—360 
u. A short, funnelshaped 
mouth-cavity, the wall of 
which passes over into 
the lining of the oeso- 
phagus leads directly into 
the oesophagus. In a few 
Specimens the mouth-opening 
mes.ig at the bottom of a shallow, 
funnelshaped pit, covered by 
the cuticle of the body. This 
pit is probably formed during 
fixation, The slender oesopha-— 
gus has a length of 460— 
560 «, with a maximum thickness of 85. The anterior ‘part: 
of the mesenteron is much broader than the oesophagus. The 
cells of the mesenteron possess a striated lining being very high, 


LC 


ll 


Fig. 1. Anterior extremity of a young larva 
of S. edentatus (long 5 mm.) from the 
liver. (< 135). 


especially in the beginning of the mesenteron. The rectum is — 


that the larvae reach the — 


of 3,8—5 mm. and a maxi- | 


Martin (1910) and Ranier 
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short; in the largest specimen the anus is situated only 45 from 
the posterior extremity (measured along the body-axis). The material. 
is not extensive enough for us to state whether or not this extremity 
shows sexual differences. These larvae must be considered to belong 
to S. edentatus because they possess two large excretory cells 
(cervical glands), situated subventrally and being very conspicuous. 
The anterior extremity of these cells is situated close to the mouth- 
opening (in the largest specimen at a distance of 85 ,), the posterior 
extremity far backward (in the largest specimen 1370 « from the 
posterior extremity). Both anterior extremities of these excretory 
cells are situated at the same distance from the mouth ; the posterior 
extremity of one of these cells can reach much further backward 
than that of the other (in one of our specimens this difference 
was 300 uw). 

The older larvae, investigated by us, are found under the peri- 


~toneum (especially under the peritoneum parietale). The smallest of 


~ 


these specimens has a length of 4.3 mm. and a maximum thickness 
of 325; the largest, female larvae have a length of 17 mm. and 
a maximum thickness of 950u. The larvae of S. edentatus are 
relatively thicker than the larvae of S. vulgaris. Martin (1910, p. 
123) found larvae without sexual characteristics of 4—7 mm., male 
larvae of 6—15 and female larvae of 7—18 mm. in length. Here 
we intend to give a description of the larvae, situated under the 
peritoneum and belonging to the fourth stage. 

The anterior extremity is provided with a plate (figs. 2—4), which | 
can be compared to the mouth-rosette of S. vu/garis and which is 
described by. Manrtin (1910, p. 124) under that name. According 
to the description of that author, the rosette consists of an internal, 
strongly refractive ring around the mouthopening and of an external 
zone of the same breadth. We also observed a strongly refractive 
internal ring, which is much narrower than the external zone, . 
however. This internal ring is the optical section of the wall of the 
funnelshaped mouth-cavity. According to Marvin the rosette mostly 
possesses four lobes, separated from each other by incisions of the 
external margin. The two largest lobes are divided into two parts, 
separated by small incisions. Consequently the whole rosette possesses, | 
more or less distinctly, 6 lobes. According to Martin the rosette 
can also have a totally smooth margin. In our preparations, rendered 
transparent in creosote and in which the anterior part of the body 
was cut off, the margin of the mouth-plate (rosette) was indistinctly 
visible. In a few cases we observed a six-lobed plate, in pther Cases 


the latter had a smooth margin. 


854 


We do not understand Martin’s communication : “Die Lappen (of 


the mouth-plate) “tragen an ihrem dausseren Rande lange Wimpern, 
die in der Mitte des Randes am langsten sind und nach den Enden 


ie: 
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Fig. 2. Anterior extremity of a slightly older larva of S. edentatus, 
long 8 mm. (X 150). 


zu kirzer werden’. Ramxiret (1923, p. 383) using Marrin’s descrip- 
tion, speaks of ‘quatre lobes, bordés en dehors de trés fines lamelles’’. 
It is impossible that hairs (““Wimpern’”’) occur at the margin of the 
mouth-plate. Martin’s ‘““‘Wimpern” are possibly muscle-fibres, as the 
somatic musculature extends forward as far as the mouth-plate. 
The mouth leads into a funnelshaped mouth-cavity, which passes 
over into the lumen of the oesophagus. A separate mouth-vesicle, men- 
tioned by M. Scuiecer (1907, p. 54) and by Martin (1910, p. 124) 
does not occur in the larva of S. edentatus, nor in the larva of 
S. vulgaris (lune & van Oorpt, 1924, p. 252). The anterior part of 
the mouth-funnel is, surrounded by the mouth-plate, which moreover 
shows a circular thickening around this funnel. The following part 
of the mouth-funnel is surrounded by a peculiar tissue, which we 
call mouth-funnel-collar (figs. 2—4) and which will be described more 
in detail lower down. Finally the posterior part of the funnel is 
surrounded by a tissue, which may entirely be compared to the 
oesophagus-collar of the larva of S. vulgaris (Inte & van Oorpr, 
1924, p. 253). This collar surrounds the anterior part of the oeso- 
phagus; however, it is not so well set off backwards as in S. vulgaris. 
Just as in young larvae of JS. vulgaris of the fourth stage (lHLE 
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& van’ Oorpr, 1924, p. 254) the formation of the definitive mouthi- 
capsule-cavity is preceded by the formation of an “anterior cavity” (figs. 
3 and 4). This cavity is limited in front by the mouth-plate, in young 
Stages posteriorly by the mouth-funnel-collar, mentioned above. The 
latter consists of delicate lamellae, piled on each other. In the larva 
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Fig. 3. Anterior extremity of an older larva of S. edentatus, 
long 14.5 mm. (X 93). 


of S. vulgaris this collar is replaced by a fine, granular substance 
(Inne & van Oorpt, 1924, p. 253), situated in front of the oesophagus 
collar. In older stages of the larva of S. edentatus this anterior cavity 
extends peripherally, so that the mouth-funnel-collar finally forms 
a part of the interior lining of this cavity. Behind the anterior 
eavity the definitive mouth-capsule-cavity arises; just as in the 
larva of .S. edentatus both cavities are separated by a septum. The 
interior margin of this septum passes over into the mouth-funnel- 
collar, while at the peripheral margin of the septum the definitive 
mouth collar will develop after the formation of the wall of the 
definitive mouth-capsule. 

An older larva with large anterior cavity and mouth-capsule 
cavity, of which the wall has been entirely formed, must be men- 
tioned separately (fig. 4). In this specimen the definitive mouth collar 
is already present but the external leafcrown is not yet visible. 
The oesophagus-collar has loosened from the oesophagus. We cannot 
decide whether this took place during fixation or whether it is the | 
beginning of a moult. We may assume, however that this loosening 
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also takes place, when the worm is’moulting, in fhe same way * 
we have described in S. vulgaris (InLE & VAN Oorpt, 1924, p. 256). 

We could not find a septum in a few specimens, which are dis- 
tinguished by a slenderer shape. In these specimens the anterior 
cavity and the mouth-capsule-cavity are united. We cannot make 


Fig. 4. Anterior extremity of a larva of S. edentatus, 
long 13,7 mm., in which the definite mouth-capsule is formed for 
the greater part (X 112). 


out whether this is a deviation from the normal development or 
whether we have to do with a different species in this case. It is 
not in favour of the last hypothesis that these larvae were found 
under the peritoneum  parietale. ) : 

The oesophagus of the larva of the fourth stage is slender, just 
as in the young larva (fig. 1), described above. The maximum length, 
observed by us, is 1.2 mm. The oesophagus thickens somewhat 


backwards. The beginning of the mesenteron is broad, the lumen — 


wide. The rectum is short and ends almost terminally. The posterior 


end of the body is blunt and shows distinct sexual differences (tig. 5). 


In male as well as in female larvae it is much more obtuse than 
in the larvae of S. vulgaris (cf. Inun & van Oorpt, 1924, fig. 1). 


In all larvae both enormous excretory cells (cervical glands) are — 
distinctly perceptible. Martin (1910, p. 124, fig. | & 1) also points 
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to this fact. The anterior extremity of these cells is situated in front 
of the middle of the oesophagus, the posterior extremity can extend 
into the second half of the body. After the moult the excretory cells 
are still distinctly visible in the young animal; in adult specimens 
(living in the large intestine) they are much less distinct (ImMink, 
1921, p. 9, pl. I, fig. 1). In larvae of S. vulgaris, rendered trans- 
parent in creosote, they are not visible. 

We have made only a few observations about the development 
of the gonads. Martin (p. 125) communicates that in female larvae 
of 7 mm. length the gonads are distinctly perceptible. In a female — 
larve of 12 mm. length we have found a well-developed vagina 
and uteri. However, the vulva is still closed by the larval cuticle. 
In a male specimen of 12.5 mm. length we also observed the anlage 
of the ribs of the bursa copulatrix: small nodules, observed also by 
_ Martin (1910, p. 125). 


g 


Fig. 5. Posterior extremities of a male larva (long 12,5 mm.) 
and a female larva (long 11.25 mm.) of S. edentatus. (X 85). 


According to Martin the young animals migrate, after having moulted, 
from the subserosa of the peritoneum parietale to the radix mesenterii, 
from wich place they creep between the plates of the mesenterium 
to the large intestine of the horse. It is generally accepted that they 
form a nodule, while staying in the submucosa. From this nodule 
they pierce into the gut-cavity. However, we doubt whether the 
stay in the gut-wall lasts a long time, because we only found 
young specimens of §. vulgaris and never of 8S. edentatus in the 
numerous nodules investigated. 
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ABBREVIATIONS. 
a. = anus. 
a.c. = anterior cavity. 


ex. c. = excretory cell. 
m.c. = mouth-capsule. 

m.c.c. = mouth-capsule-cavity. 

m.co. = mouth-collar. 

m.f.c. = mouth-funnel-collar. 
0.c. = oesophagus-collar. 
oes. = oesophagus. - 

p- = mouth-plate. 
8. = septum. 


Zoological Laboratory of 
Utrecht, November 1924. the School of Veterinary Medecine. 
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Chemistry. — “The Molecular Heat of Combustion of Successive 
Terms of Homologous Series’. By Prof. P. E. VerKapn, H. 
Hartman, and J. Coops Jr. (Communicated by Prof. J. BORSEKEN). 


(Communicated at the meeting of October 25, 1924). 


_ The researches published of late on various sides on the alternation 
of certain physical and physico-chemical constants of the successive 
terms of different homologous series of organic compounds render 
it desirable to. make a concise communication here on the 
results of our determinations of the heat of combustion of a number 
of dibasic acids of the oxalic acid series. Besides we will set 
forth our working-programme on the subject of heat of combustion 
of the normal terms of homologous series, hoping that this sphere 
of action may be left reserved for us. . 

This communication is, therefore, intended to give only an 
indication of the main lines along which our work in this field 
will be conducted in the future. A fuller discussion of the points 
mentioned here will be found elsewhere. 


t 


Already many years ago the first 9 terms (C, to C,, inclusive) 
of the oxalic acid series were burned with comparatively great 
accuracy by StoHmann and his collaborators’). They found that — as 
ig the case in several homologous series — the first and second term 
(oxalic acid and malonic acid) occupy a particular place, in so far 
as the heat of combustion of both is very high compared with 
that of the other terms of the same series. They further found that 
the molecular heat of combustion of the higher terms (from succinic 
acid) did not increase by an almost constant amount of 156 to 157 

Cal. for every added CH,-group — as these investigators had 
found for some other homologous series, or as they have at least 
believed they had proved; it was necessary*) to distinguish in the 
series of normal saturated dibasic acids two thermal homologous 
series, one of which comprises the acids with an even number of 


1) SroumanN, KLeBER and Lanesein: Journ. f. prakt. Chem. (2) 40. 202 (1889); 
Sroumann and Kuper: ibid. (2) 45. 475 (1892). 

2) Cf. Sroumann, KunBer, Lanapein and Orrennavuer: Verhandl. seule Akad. 
.d, Wiss. 45. 605 (1893). 
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‘carbon atoms, the other the acids with an odd number of carbon 
atoms. : 

To indicate the place of a compound in a homologous series we 
shall henceforth introduce the term of “term number’, analogous 
to the term of “atomic number’ introduced elsewhere. An even 
term is a term with an even term number. It should be borne in 
mind that such a term contains an odd number of carbon atoms in 


the series of the dibasic acids considered here, but on the other 


hand an even number of carbon atoms in the series of the fatty acids. 

We have first determined anew the heat of combustion of the acids 
examined already by SToHMANN c.s., and we have then continued the 
series to the C,,-acid inclusive, in order to bring out the phenomenon 
still more clearly. The description of the method of preparation of the 
acids, of the difficulties met with in the combustion of some of these 
acids, and of the way in which these difficulties were overcome 
etc. will be given elsewhere. It may only be mentioned here that 
it is obvious that of every acid at least two preparations had tobe 
burned, the heats of combustion being based on that of benzoic 


acid of 6324 cal,,o per gram (air) *) assumed by international 


agreement. 
The following table gives the results obtained by us; the heats 


Term- ' |Mol. H. of C. ee 
- number in Cal);° Avia els 
1 C2 ' oxalic acid 1 602 ) 
2) -1-Cs""t analonie acid re ieh beh 
150.6 
3 Cy | succinic acid - ERY E ES | 
| 157.8 
4 Cs -| glutaric acid 514.9 a 156.02 
iF was) OY 
5 | Cg | adipic acid 669.0 ne 156.4<2 
6) te dipimelieracid 827.7 157.22 ) 
7s) ioctl abate atid 93.4 |). 15 
is f 7.02 
8 Cy | azelaic acid 1141.7 i ee ( 157.02 
CLP Te Miehacie ‘ded 1297.3 Hl 157.02 
10 | Cir |nonenedicarboxylicacid | 1455.6 | } es ; 156.7><2 ) 
11 Cj2 | decane dicarboxylic acid 1610.7 ra 156.32 _ 
CP, VT Cis’ \ bhasylic acid 1768:6. |< _ - ) 


1!) Verkapr: Chem. Weekblad 19. 389 (1922). , 
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of combustion given apply to an isothermal reaction at a tempera- 
ture of about 19°.5. 

The conclusions at which StoHMANN c.s. had arrived, are confirmed _ 
in an indeed striking way by our measurements, which . were 
executed with scrupulous care. Oxalic acid and malonic acid 
actually occupy an exceptional place: the difference in molecular ~ 
heat of combustion between these two acids and between this latter 
acid and succinic acid is considerably smaller than that found between 
any Other two successive terms; this fact need not occupy us now 


any longer, however. We further see that starting with succinic acid, 


a great and a small combustion heat increment A regularly alter- 
nate; the mean values of these two increments — to which, for 
the rest, we do not wish to assign any significance (see below) — 
are resp. 158.2 and 155.1 Caliso. If however, we, regard the even 
and the odd terms as separate series, we find in the two series but 
little fluctuating combustion heat increments, the means of which 
amount resp. to 2>< 156.7 and to 2 >< 156.7 Calise. Hence here — 
two thermal homologous series may be spoken of, that of the 
acids with even term-number, and with odd term-number. One series 
is shifted about 1.5 Caljs0 with respect to the other. 

We wish explicitly to state here that these mean values of the 
combustion heat increments are given by us merely to elucidate 
the phenomenon in question, and by no means because we would 
consider the heat of combustion as an additive quantity, hence the 
fluctuations in the combustion heat increments as exclusively due 
to errors of observation. Though in many cases an exceedingly 
remarkable regularity is observed in the value of the heats of 
combustion of organic compounds, it zs self-evident that the heat of 
combustion is without any doubt no additive quantity. 


As yet the series of the ‘normal saturated dibasic acids is the 
only one in which this phenomenon of the alternation of the com- 
‘bustion heat increments has been observed with certainty. A 
careful critical examination of the numeric material available in 
literature has led us to the strong suspicion that a similar alter- 
nation of the combustion heat increments is also found at least in 
the series of mono-alkylsubstituted malonic acids, and that this 
alternation is about of the same order of magnitude. The small 
number of normal terms, however, of which the heat of combustion 
has been determined in this case, renders the drawing of a definite 
conclusion impossible for the present; we intend to undertake the 
study of this series of acids before long. . 
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Recently Garner and Ranpatt') determined the heat of solidific- 
ation (heat of crystallisation) with great accuracy for a number of 
normal terms of the fatty-acid series. Their results are recorded in 
the subjoined table, which besides gives the most reliable data about 
the heat of solidification found in the literature for three other 


4 
acids of the same series (marked *). 


Mall heat of ae Hea Mol. heat of solidifi- 
solidification | a—> 8 cation of the ?-form 
C; | formic acid * 2.52 Cal. 
Cz | acetic acid * 2.77 
Cg | octylie acid Seb 
Cg | nonylic acid 4.85 1.33 Cal. 6.17 Cal. 
Cig | decylic acid 6.69 
Cy; | undecylic acid 6.00 1.84 7.84 
Cj9 | lauric acid 8.76 
C;4 | myristic acid * 10.84 . eS 


Plotting the molecular heats of solidification in a graphical represent- 
ation against the term-number (i.e. against the number of carbon 
atoms of the chain), it appears 
‘ that two continuous curves can | 
be drawn through the points 
obtained: on one are situated | 
all the terms with even term- | 
numbers, on the other all the 
terms with odd term-numbers(see 
fig. 1). Hence the heat of solidi- yop 
fication of these acids appears 
to show, n a very typical way, 
an alternation in the successive- 
terms of the homologous series: 
Garner and Ranpawt succeeded 
in showing in an ingenious way ~ 
4| 6 6 10, 12 that this alternation is caused — 
—> number of C-atoms. by differences in the erystal — 
Figure 1. structure of the even and odd 


1) Journ. chem. Soc. 125; 881 (1924). We shall discuss this investigation more : 
at length on a later occasion. ig tlie a tant Ye eo oe thee 


=— > mol. heat of solidification in Cal. 
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terms: for they could prove the existence of two enantiotropic forms 
of the odd terms in two cases (i.e. for nonylic acid and undecylic_ 
acid)') and besides establish that the sum of the heats of trans- 
ition i.e. the heat liberated in the transition from the @- into 
the 8-form, and the heat of solidification of the a-form is about 
equal to the heat of solidification of the @-form. In the figure the 
8-forms of the odd series lie pretty well on the line connecting the 
even terms of the series; they are marked with © in the figure. 

The considerations on the way of arrangement of the molecules 
in the crystals of the even and of the a- and 8-odd forms given by 
Garner and RanpaLt in connection with their results, may be left 
undiscussed here, as not bearing directly on the end we have in 
view. 


‘Now the question arises whether the oscillation of the combustion 
heat increments found by us in the crystalline normal saturated 
dibasic acids at 19°.5 must be partially or entirely attributed to 
a different crystal structure of the even and odd terms. 

_In order to decide this we should have to compare the molecular 
heats of combustion found for the crystalline acids with those 
of the supercooled, liquid acids at the same temperature (19°.5). 
The difference in molecular heat of combustion between a crystalline 


acid and the same acid in liquid supercooled condition, both heats of 


reaction measured for an isothermal reaction at the just-mentioned 
temperature, is not only determined by the molecular heat of solidi- 
fication (s), but also by the difference in specific heat of the acid 
in the solid and in the supercooled liquid condition (v)’) and by 
the position of the melting-point sul For an acid of molecular weight 
M this difference is: 


Vas4 Moa—195) 


in ahichs it may still only be pointed out here that v can be both 
positive and negative. If in the case of normal saturated dibasic acids 
in the liquid state the regular oscillations of the combustion heat 
increments are to disappear entirely, the general condition is that both 


in the series of the even terms and in that of the odd ones the 
difference V shall increase from term to term by a constant amount 


equal for the two series. 
Let us first consider the following special case. In many homolo- 


1) Cf. Tammann: Zeitschr. f. anorg. Chem. 109. 921 (1923). 
-’) For simplicity a possible variation of the spate heat with the sii gotetla2 
has been left out of account here. 
56 
- Proceedings Royal Acad. Amsterdam. Vol. XXVII. 
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gous series — also in the series in question — the melting-pomts 
of the successive terms show likewise a typical oscillation. Besides 
they present the peculiarity that when we get higher in the series 
the melting-points approach each other more and more. We may 
now imagine the theoretical case that a number of successive high 
terms of a homologous series have all almost the same melting-point; 
we then consider the isothermal heat of combustion of the solid state 
and of the liquid state at the temperature of the melting-point. The 
difference between these two molecular heats of combustion for each 
term then amounts to: 


ie — ie 3 


If further we suppose the molecular combustion heat imcrements 
for the crystalline substances between an odd term and the next 
even term to be always 158.2 Cal., and between the latter and the 
next odd term to be always 155.1 Cal. — i.e. if for -a moment 
we suppose a pure additivity of the heat of combustion, the following 
interesting relations may, be derived. 

A general condition for the 
m>158.2 
lations in the liquid state is that 
both in the series of the even terms 
7echs and in that of the odd terms 

xisees the molecular heat of solidifica- 
tion increases from term to term 
by a constant amount equal for 
the two series. When the mole- 
cular heats of solidification and 

the ¢erm-numobers are joined in a 

graphical representation, we get 

B a 3 7 s:«~Cti«w;”:é WO Straight, parallel lines. 

—> termnumber There is now a close relation 

Biguyp..2: between the angle of inclination 
of these solidification-heat lines, their mutual position, and the value 
of the combustion heat increment of the substances in the liquid state. 
A full discussion of this relation will be given elsewhere. Here we will 
only point out the following conclusions, which can be easily derived 
by the aid of fig. 2, in which line I diagrammatically represents 
the course of the heat of combustion of the crystalline substances. 

1. If the increment of heat of combustion for the liquid substances 
is exactly 158.2 Cal. (line II), the heat of solidification of every even 
term is equal to that of the preceding odd term. . 


58,2 
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2. If this increment is greater than 158.2 Cal. (line ITI), the 
heat of solidification of an even term is greater than that of the 
preceding odd term; if it is smaller than 158.2 Cal., the heat of 
solidification of the even terms is always smaller than that of the 
preceding odd term (line IV). | 

3. If this increment is 156.65 Cal., i.e. exactly the mean of the 
values of 158.2 and 155.1 Cal., the heat of solidification is constant 
for all the even and for all the odd terms (line V). 

4. A still smaller increment of the heat of combustion for the liquid 
substances than 156.65 Cal. leads from any term of the homologous 
series to negative heats of solidification; hence it is impossible. 


Let us now for a moment return to the general case. Here the 
same relations are valid, provided the differences V be substituted 
for the heats of sulidification. This case, too, will be diseussed more 

at length elsewhere. 

The slight fluctuations which each of the two series of combustion. 
heat increments of the crystalline acids presents in our case, bring 
no change at all in the general aspect of these relations, Which 
of the possibilities 1—3 will occur here, cannot be said with 
certainty a priori; on the ground of the increment for the CH,- 
group found in other series of liquid compounds it seems probable 
that here the combustion heat increment of this group will appear 
to lie below about 158.2 and above about 156.7 Cal. 

The same considerations are valid for the mono-alkylmalonic 
acids discussed above, if actually the same phenomenon of oscillation 
should be found to exist in these crystalline acids as in the acids 
of the oxalic acid series. 


Without any doubt the heat of solidification and also the specific 
heat of the melted (resp. supercooled) acid cannot be determined 
for most of the dibasic acids of the. two series discussed, among 
others on account of anhydrisation, resp. splitting off of carbonic 
acid during the heating. In the first place we therefore set ourselves 
the task to determine, by way of expedient, the heat of combustion of 
series of liquid derivatives of these acids, e.g. of ethylesters, and 
especially of methylesters, in order to decide whether, and if so 
in how far, there still exists an alternation of the com- 
bustion heat increments. In some cases the heats of combustion of the 
solid and the liquid state of the methylesters can be both determined 
directly by working in an adiabatic calorimetric system at different 
temperatures, the heats of solidification and the specific ene 
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also measurable here. Hence we can form a complete idea of the 
state of things at least in these few cases. If these liquid derivatives 
should show an almost constant combustion heat increment, it would 
have been rendered probable, at least to some extent, by an indirect 
way that the periodicity of these increments in the crystalline acids 


is due to differences in the crystalline structure of the even and the 


odd terms. 


It is still quite an open question whether perhaps all homologous 


series of crystalline compounds show periodicity of the combustion heat 


increments in a more or less pronounced degree. It is of course by 


no means a priori necessary then that in all cases — as this is the case 
with the acids of the oxalic acid series — two unequal, but both almost 
constant combustion heat increments, regularly alternate. This problem 
will be investigated by measurements on different series of homologues 
(preferably such for which also a measurement of the heats of soli- 
dification and of the specific heats of the solid and the liquid state 
is possible) for the particular purpose of ascertaining the constitutive 
influences, which either oh aah or strengthen, resp. weaken these 
oscillations. 


s 


The material of facts concerning the heats of combustion of the 


normal saturated dibasic acids used in this communication has been 
collected by the second of us (H.). 


Laboratory of the Dutch Commercial High School. 
Rotterdam, Oct. 24, 1924, : i 


Histology. — ‘Reversible Gelation as a test for Differences m 
Permeability of Living Cells.” By Miss Dr. M.A. van Herwerpen. 
(Communicated by Prof. J. Borks). 


(Communicated at the meeting of September 27, 1924). 


Microscopical examination enables us to recognize in the tail of 
the living” tadpole, thanks to the transparency of the skin, a vivid 
image of the mesenchyma with bloodvessels and nerve-plexus. When 
focussing for the epithelial cells we may sometimes distinguish the 
periphery of the cells, if intercellular spaces and bridges are present *), 
the nucle: of these cells, however, cannot be made out. Now, when 
placing tbe larva in a dilute solution of acetic acid of a concentration 
that does no immediate harm to the animal, we shall see sooner 
or later a well-defined image of all the epithelial nuclei of the tail. 
The nucleus is no longer invisible, its contents are granular: a 
membrane, highly refringent particles and often a less refractive 
nucleolus are distinguishable. If the karyokinetic process happens to 
be going on, even chromosomes or a spirema may be observed. 
The cytoplasm, which at first was transparent, now becomes granular, 
while sometimes with oil-immersion chondriosomes are observable. 
The phenomenon begins at the border of the tail, then spreads 
over the whole tail. 

When returning the tadpole to the water, the nuclei will again 
become invisible, without any injury being done to the animal. The 
only consequence is an augmented escape of leukocytes from the 
vessels. This treatment may even be repeated after some hours 
without endangering the life of the animal. If, however, itis repeated 
often, at short intervals, this will tell on the cells in the distal 
‘portion of the tail, while there is a tendency to extravasation. At 
long intervals, e.g. half a day, a treatment with dilute acetic acid 
(0.05—0.075 °/,) is tolerated unimpairedly. In this simple way 
structures may be observed in the epithelial cells, which are generally 
seen only in fixed cells. 

This fact, which, in principle, was known already to the early 
histologists, as Ranvier, would not in itself be worth mentioning, 
if the process did not take place in the living animal and were not 
reversible. 7 


- 1) These need not be artefacts, as they appear occasionally in the normal, 
living tadpole. 
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That weak acids can indeed penetrate into living animal cells has 


been demonstrated in 1915, by Newron Harvey by a change of 
colour of the natural pigment of the Holothuria Stichopus ananas’). 

In another. publication I have set forth that in the tadpole the 
dilute acetic acid presumably causes a reversible gelation *). There 
can hardly be question of a precipitation of nucleoproteins through 
this acetic acid, as is seen in vitro, it being difficult to imagine that 
these proteins should detach themselves completely for some time 
from the protoplasm, and directly after the removal of the acid 
should find their way into it again *). Reversible local changes in 
hydration of the different protoplasma colloids will probably be 
responsible for the changes in refraction, which enable us to see 
cell structures that were invisible before the treatment. 

When this modification of the epithelium is again reverted by 


placing the tadpole in water, and the experiment is repeated soon 


after, say within an hour, the nuclei will become visible mostly 
after a much shorter interval than in the first experiment. If, how- 
ever, the experiment is repeated after several hours only, the tissues 
will most likely have reverted to their normal state, in consequence 
of which the time needed for the appearance of the nuclei will be 
about equal to that of the first experiment. Methylene green added 
to the acetic acid in a weak concentration, say 0.001 °/,, only 
causes a coloration of the nucleus, when the reversibility has been 
abolished through long-continued acid-treatment. A nucleus occasion- 
ally staining within the limits of the reversible reaction, always 
appears to belong to injured or dead cells. When the larva is 
returned to the water again, the reversibility of such a nucleus will 
be observed to have gone. 


These experiments confirm in the living animal M. Resp Newton’s 


recent experience with tissue-cultures of the chicken-embryo outside 
the organism. Also in her experiments the nucleus was temporarily 
‘made visible by weak acids, and after brisk rinsing the tissue could 
grow further again ‘). 
The mere fact that we are enabled to study parts of one and 
the same cell of the living animal in different phases is not to be 


rt Int. Zeitschr. phys. chem. Biologie. Bd. I. 1915, p. 463 (vide HozBer, Physikal. 
Chemie der Zellen und Gewebe. 5 Auflage 1924). _ 

*) Biol. Centralbl. 1924, vol. 44, p. 579. Zeitschr. f. exp. Zellforschung Bd. I 
1925 (in press). 


’) TSCHERMAK. Allgemeine Physiologie 1. 1916, p. 152: exposition of the 


difference between gelation and precipitation through acids. 
*) Jouns Hopkins Bull. 1923. Vol. 34, p. 373. 
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overlooked. As to the cytological significance it should be borne in 
mind that only a limited space of time is available for observation, 
if the reversibility is to be maintained. My first experiments were 
made on non-narcotized tadpoles, in order to preclude any. other 
abnormal condition. However, I experienced later on that the addi- 
tion of a small quantity of water saturated with chloretone to the 
dilute acetic acid, say 6 drops to 10 cc. of acetic acid, did no harm, 
and gave scope for quiet observation. Nevertheless also the non- 
narcotized tadpole can be kept quiet on an object glass for a few 
minutes by taking away the superfluous water. 

This method may be of some significance for the study of the 
mitosis and the chromosomes in the living animal. Mrs. Lewis e.g. 
has thrice observed a karyokinetic spindle to appear and to disappear 
again in the explantation of a chicken-embryo. 


In addition to the theoretical significance of the possibility to 
excite artificially reversible changes in the behaviour of the cell 
colloids of the living animal without destroying the vital function 
of the elements concerned, this observation may, | think, oo be 
utilized for the study of permeability. 

Some time elapses before the acetic acid can penetrate through 
the peripherical layer of the protoplasma and render the nuclei — 
visible. This time depends on the concentration of the acid and on 
the temperature. It may easily be imagined that both influences 
are distinetly perceptible. So in a solution of 0.075 °/, acetic acid 
the reaction occurs sooner than in one of 0.05 °/,. Likewise while 
at room-temperature the change in the epithelium appears only after 
half an hour, at a temperature of 30° it will come forth already 
within a few minutes (also reversible, provided the tadpole be soon 
taken out of the solution). In tadpoles from the same aquarium and 
in about the same stage of development the permeability to acetic 
acid is about equal for the same temperature. 

I expected that the appearance of the nuclei in the epithelium 
might serve as a test for differences in the permeability evoked by 
outward circumstances. | tried in this way to investigate whether 
the exposure of the living tadpole to radium rays modifies the 
interval before the epithelial nuclei become visible under the microscope. 

To my knowledge Cu. Packarp:is the only investigator who has 
demonstrated for living animals (in casu Infusoria) a modification 
in the permeability after radiation '). 


yy Biol. Bull. 46. 1924, p. 165, 
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PackarD availed himself of the change of colour given by neutral 
red when passing from an acid to an alkaline-reaction, and thus 
found that the permeability for ammonia increased with the time 
of radiation. For the study of permeability to acids neutral red 
yields no reliable results. 


In order to solve the problem whether after radiation it is easier — 


for the acids to penetrate through the peripherical layer of the plasma 
1 exposed tadpoles to radium rays *). 
The larva was placed in a small dish with a volume of 1,5 c.c. 
filled with water and covered by the mica film of the radium pre- 
paration (3.1 mgrs of radium-bromide). In long-continued experiments 
the water. was every hour renewed. The control larva was also 
placed in an equal quantity of water under a single mica plate. 
When inspecting the tadpole after a radiation of from 1 to 2 hours 
I observed that the tail proved to have lost its tonus; the circu- 
lation was normal or slightly slackened; sometimes there appeared 
small extravasations in the tail while many leukocytes had left the 
capillaries (as has also been recorded by Grasnick)'). We verified 
the invisibility of the epithelial nuclei. Subsequently the two tadpoles 
were placed in one and the same dish containing 20 c.c. 0,05 or 
0,075.°/, acetic acid. Whereas in the non-radiated larva the acetic 
acid permeates the epithelial cells and renders the nuclei visible 


only after about half an hour, resp. after 20 minutes — in the 
tadpole treated with radium-rays these nuclei manifest themselves 


over the whole surface already after a few minutes stay of the 
tadpole in the same dish. 


_. This simple experiment, which, when repeated, always yielded 


the same results, proves that radium-radiation promotes the permea- 
bility to acetic acid. Also in the radiated tadpole the local gelation 
is reversible so that the experiment may be repeated with the same 
animal. The tail, however, has become much more sensible to 
injury than that of the control-larva, and, unless the larva is imme- 
diately immersed in a large quantity of water again, after the 
appearance of the nuclei, there is every chance that the reversibility 
has come to an end. The tendency to extravasation increases, the 
flaccid tail has a tendency to shrink into folds. The next day the 


radiated tadpole may still be distinguished from the normal control 


larva. In young animals complete recovery sets in later on, which 


‘) In 1917 W. Grasnick (Archiv f. mier. Anatomie Bd. 90. 1917, p. 1) has 
radiated the tail of Axolotl and Rana fusca, but only for the study of histological 


details. 


—- 


eS ee 


eal 871 


recovery is sometimes attended with a morbid growth of epithelium 
at the border of the tail. 

According to Packarp it is the slow B-rays, not the quick B-rays 
or the y-rays that promote in Paramaecium the permeability to 
alkali. In Packarp’s experiments the action of the radium failed 
to appear on filtration of the radium-rays Eppoteh a lead-filter of 
2 mm. thickness. 

In order to ascertain whether by covering the radium preparation 
by means of such a lead-filter the larva kept an unchanged permea- 
bility to acetic acid, — I put the tadpole in a small dish filled with 
water under a thin mica film, which was covered by a leaden 
platelet of 2 mm. diameter, on which the radium preparation was 
laid. In these cases the radiation was continued for 2 or 3 hours, 
and every hour the water was renewed. The mica film served to 
protect the tadpole against the lead. The tail of all the tadpoles 
' treated in this way displayed properties similar to those of the 
tadpoles radiated without a lead filter. So I can’t hold the B-rays 
responsible for the augmented permeability to acetic acid. Of course 
‘the a-rays cannot be held responsible either, as we know that they 
are already held back by the mica window of the radium-mantle. 

Concerning the permeability of the epithelium of the larval tail : 
to alkali I have made, with neutral red as-a reagent, a series of 
comparative experiments with radiated and with non-radiated tadpoles, 
to investigate whether the so easily demonstrable increase of permea- 
bility to acids also holds with regard to alkali. The secretion-granules 
in the glandular cells of the skin (Leypic’s cells) are rapidly stained’ 
in a solution of 0,005°/, neutral red. After some time also the 
mesenchyme is seen to contain pinkish granules, at first in the cells 
lining the lymphatics, afterwards also in the other mesenchymal 
cells. When two larvae, of which the one has been radiated for 
one hour in the manner described (without a lead-filter), and the 
other serves for a control-experiment, are both transferred from the 
neutral red into a faintly alkaline medium, which e.g. contains one 
drop of ammonia liquida to 100 c.c. of water, we shall, after a 
short time observe here and there red granules in the mesenchyme 
giving place to light yellow ones through a change of the reaction, 
caused by the penetration of the alkali into the undamaged tail.\ 
However, this change of reaction in the mesenchyme does not at 
all occur everywhere at the same time, which probably depends on 
the local reaction of the tissue but which renders it very difficult 
to form a proper estimate. Neither did | succeed, therefore, with 
weaker concentrations of the ammonia solution to demonstrate a_ 


ieviy. 


distinet difference in permeability between radiated, and non- -radiated 
tadpoles. In contradistinction to the change of colour in the mesen- 
chyme it will be seen that with the above concentration Lwypie’s 
cells firmly retain the red stain in non-radiated as well as in radiated 
larvae. In two experiments a concentration of 4 drops of ammonia 
to 100 cc. of water was needed to ensure a change from red to 
yellow in these latter cells. This no doubt implies that these glandular 
cells have their own acid reaction. 

~ After long-continued rinsing in a large quantity of water the same 
radiated, and non-radiated tadpoles, used for the above alkali 
experiments, are now placed in a dish with 0,075 °/, acetic acid. It 
then appears that there is a considerable difference in the permeability 
to acetic acid, while with alkali there was only very little and hardly 
demonstrable difference. Just as in the experiments, already described, 
the epithelial nuclei (not visible before) make their appearance in the 
radium-larva almost immediately, while on the other hand in the 
control-larva they appear 15 minutes later. 

Every one who carries out these experiments will experience 
that the acetic acid test yields in the tadpole a more decisive proof 
of the: increased permeability after the radium treatment than the 
neutral red-alkali test. 

As to the permeability of the epithelium to different dyes no 
difference could be made out between radiated, and non-radiated 


larvae (neutral red, methylene blue, and Nile blue sulphate) the ~ 


time of radiation being the same that has proved distinctly to 
increase the permeability to acetic acid. 

Judging from the recent bibliographic manual of TscHERMAK*) on 
general physiology little is known about the effect of radium-rays 
on the permeability in the living cell. The increased permeability 
to acetic acid caused by radiation now appears to be readily 


demonstrable through local reversible gelation, which may be evoked 


in the epithelium of the living tadpoles. Presumably the peripheral 


layer of the ‘plasma has been modified by the radium rays, in 


consequence of which the H-ions are sooner admitted to the interior 
of the cell. The reversibility of the reaction proves at the same time 
that the increased permeability is in this case not to be attributed 
to the death of the cell. 


Through lack of the living material in the latter part of the 
summer, I am not in a position to test this phenomenon for other — 


acids. ; 


. 


y Allgemeine Physiologie. Bd. 1. 1916. and Bd. 2. 1924. Springer Berlin. 


Chemistry. — “The Relation between Velocity of Diffusion, Viscos-— 
ity, and external Pressure’. By Prof. Ernst Conun and 
Dr. H. R. Bruins. 


(Communicated at the meeting of September 27, 1924). 
Introduction. 


‘The answer to the question, as to what relation there is 
between the viscosity of the medium, in which diffusion proceeds, 
and the velocity with which it takes place, is of great importance 
for our conceptions about the mechanism of the friction which the 
molecules of a liquid experience during their movement. 

In a former paper’*) we have summarized the older investigations 
on this subject. How the velocity of diffusion depends on the viscosity 
can be investigated by determining the changes which the two 
values undergo during a change of temperature. It was found that 
the velocity of diffusion is inversely proportional to the viscosity, 
not only when molecules with great diameter diffuse (this result 
was .to be expected as a consequence of Sroxers’s law) but also — 
with relatively small discrepancies — when the molecules of the 
diffusing’ substance and the diffusion medium are of the same size. 

Now the question arises: does this relation hold, if another variable 
of state is taken as independent variable? As, according to our 
investigations, it was possible to measure velocities of diffusion 
accurately, also at high pressure, we may take now external 
pressure as independent variable.’ 

So we had to determine the influence of pressure on the viscosity 
of the medium used, in a case where the influence of pressure on 
the velocity of diffusion is known. 

As in our investigation*) described recently we had studied the 
influence of pressure in the interval 1—1500 atm. on the velocity 
of diffusion of cadmium in mercury (at 20°.0 C.), we have now 
investigated the influence of pressure on the viscosity of mercury, 
at the same temperature. This paper gives a description of this in- 
vestigation and of the results obtained. 


1) Zeitschr. f. physik. Chemie 108, 404 (1923). 
3) These Proc. 27, p. 555 (1924); Zeitschr. f. physik. Chemie 109, 422 (1924). 
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Principle of the method. 


1. The viscosity (at 1 and at 1500 Atm.) was measured with a 
viscosimeter of the type Ostwatp. The difficulty of such measure- 
ments under pressure lies in the fact that the liquid must not flow 
through the capillary until the apparatus in the pressure bomb has 
had ample time to assume the desired temperature and pressure. 


Moreover it must be possible to determine, outside the bomb, the 


time necessary for the flowing of a definite quantity of liquid. 


2. We have been able to carry this out by the following device : 


The two “bulbs” B and C of the viscosimeter, (see Fig. 1), were — 
as much as possible identical as regards form and capacity. In order | 


to prevent the mercury, immediately after filling, to flow through 
the capillary (before the apparatus in the bomb had assumed the 
correct temperature and pressure) the upper “bulb” A was her- 
metically closed with the lid A. The mercury could not begin to 
_ flow before this lid had been opened mechanically. This was brought 


about by melting, with an electric current, a very thin iron wire ~ 


which pressed the lid tightly down on the opening at the top of 
the upper “bulb” A. Then a spring opened this lid automatically. 
The moments’ when the mercury began to enter the lower “bulb” C, 
and when it was completely filled with mercury, were determined 
by means of platinum contacts. These contacts were in a circuit, 
in which (outside the bomb) a storage cell, a resistance, and a 
Sensitive galvanometer had been connected. 4 


» ' 


The Apparatus used. 


3. The viscosimeter (Fig. 1) is in a glass vessel 2 which during © 
the experiments was completely filled with water; the viscosimeter — 


itself, in so far as it is not filled with mercury, also contains water. 
In our figure the condition is represented when the apparatus is 
ready for an experiment, so when it is going to be put in the 


ee 
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pressure bomb, B and C are the two “bulbs”, mentioned already in 


_ par. 2, which are as much as possible identical as regards volume 
and shape. The lid A (brass) is closed; it is kept pressed down by. 
means of the very thin iron wire J, which at its upper end is 
wound round the button MW of the lid, and which carries a hollow 
metal cylinder E at its lower end. In this cylinder is a spiral, 
which keeps J stretched, because it presses against a plate fixed 


to the lower end of /. This plate just fits in the metal cylinder. _ 
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The upper part A of the viscosimeter is firmly enclosed (clamped 
with screws) by an ebonite cylinder ( (in Fig. 1 this cylinder is 
drawn separately on the right hand) which fits exactly into the — 
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Fig. 1. 


glass cylinder R, and which for this reason keeps the viscosimeter 
in that cylinder (and consequently also in the pressure bomb) always 
in the same position. The external diameter of the cylinder which 
fitted precisely in the cavity of the bomb, was 3,9 cm. 

In the ebonite cylinder, along the side, is a groove P, through 
which runs the wire J. The bottom of the lid K is covered with 
a layer of very elastic indiarubber, thus ensuring hermetic closing ; 

the whole lid can turn on the hinge /. The edge of the tube A at 
the top is ground smooth. 

The spiral G, which rests in a cylindrical cavity of O, forces open 
the lid as soon as it is no longer kept down by the iron wire J. 

This is brought about by melting the wire, in a way which will 


be described later on. | at ; | 
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The spiral G is much weaker than the spiral Z. 
The hooks H and ZL, fastened to the ebonite block, carry the 


whole apparatus, which can be hung up at the steel lid of the — 


pressure bomb, before being let down into the cavity of the bomb. 
The glass vessel R then rests on the conical walls of the bomb, so 
that the whole apparatus is firmly fixed. 

The platinum wires 1, 2 and 3 (0,3 mm. thick) have been melted 
into the wall of the viscosimeter with enamel glass, Wire 2 is in 
electrical contact with the lid K. The wires marked + and —, 
enable us to send a strong current (220 Volt) through the wire, in 
order to melt it. 


The following are the dimensions of the apparatus: Diameter of 


the ‘bulbs’ B and C' 2 cm. Capacity of B and C' about 4 cm’. 
Diameter of the capillary 0,2 mm. Length of the capillary 7,5 cm. 

Fig. 2 shows diagrammatically the electrical connections of the 
whole apparatus. 
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Fig. 2. 


R: is a resistance box, S a switch, M.A. is a milliammeter, 7 
a lamp resistance, U is a high current key. ° 


Measurements. 


4. Before every measurement of the time of flow of the mercury | 


- 


through the capillary, the apparatus was cleaned anew, first with 


fuming nitric acid, to remove drops of mercury that had eventually 


remained behind, then with twice distilled water, alcohol and »ben- 


877 


zene. “This last named substance was removed by evaporation, 
while air was being sucked through during mild heating. Now a 
certain definite quantity of mercury (the same in all the experiments, es 
also in those under high pressure) is weighed (65.921 grs) and 
put into the viscosimeter, so that B, and part of A are filled with 
it. By applying a small pressure mercury is allowed to flow into 
the capillary, until the little bulb D is filled. When this is done, 
water (boiled and cooled in vacuo) is put into the bulb €' by means 
of a pipette. The mercury is sucked back by a Bunsen filter pump, 
until it has the position as indicated in the diagram, so that D is 
now filled with water. The smooth glass edge of A is greased with 
vaseline, and likewise but very thinly the bottom of the indiarubber, 
covering the ‘lid. Then the bulb A is filled up with water. 
Now the whole viscosimeter is submerged in distilled water, and 
then the lid K is firmly pressed down with a finger. Subsequently 
the apparatus is taken out of the water. The iron wire J must 
now be adjusted. This iron wire has already been fitted to the 
metal plate above mentioned, and to the metal cylinder with 
spiral. The wire is shoved through a, narrow slit in the plate JN, 
tightly drawn upward, so that the spiral is stretched, and the end 
is tightly wound a few turns round the knob M. Then the finger 
is carefully taken off the lid. The viscosimeter is now hung at the 
lid of the pressure bomb, the ends of the conducting wires 1, 2, 3, 
and — are soldered to the four wires which run through the stopper 
of the bomb (Fig. 1), the bulb C is completely filled witb boiled 
water by means of a thin pipette, and the slit Pis filled with vaseline 
(the reason for this is given below). Finally the vessel & is completely 
filled up with boiled water, #& is placed round the viscosimeter, 
and the whole apparatus is let down into the pressure bomb (which — 
has been filled with oil beforehand), and the bomb is closed. 

5. The temperature and pressure regulations, as well as the 
calibration . of the manometer, were arranged in the same way as 
was described in our paper on the influence of pressure on the 
velocity of diffusion of metals in mercury ’). All measurements were 

carried out at 20°.0 C. At 1-atm. as well as at 1500 atm. pressure 
: they were begun only when the whole apparatus (under pressure 
after the exchange of the heat of compression) had been kept during 
four hours or longer at the desired temperature and pressure. 

6. The procedure was as follows: Points 2 and 4 of the switch 
SS are connected. When JU is pressed down the strong current is 


1) These Proceedings 27, p. 555 (1924); Zeitsch. f. physik. Chemie 109, 422 (1924). 
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sent through the iron wire J, and melts it. The lid K opens and 
the mercury begins to flow through the capillary to the “bulb” C. 
Meanwhile the connection 2—4 is switched off, and 1 is connected 
with 3. In the resistance box A the connections are such, that only 
a small part (fi. */,,) of the E.M.F. of the accumulator is used as 
source of current, to cause a deflection of the milliammeter. As soon 


as the flowing mercury reaches the contact 3 (then the circuit | 


~ Ace.—R—MA—3—1—S— R—Ace., is closed) the needle of the M.A. 
deflects. This moment is noted down. Then in the switch S the 
connection 1—3 is broken and 2 is connected up with 3. As soon 


as the “bulb” C is completely filled with mercury, the circuit 


Acc.—R—MA—3—2—S—R— Acc. is connected up by the mercury 
in the viscosimeter, and the needle is seen to deflect again. This 
moment is again noted down. The difference between the two 
moments noted down is the time of flow wanted. Now the viscosi- 
meter is taken out of the bomb, and has got ready for another 
experiment. 


Remarks. 


a. The two “bulbs” B and C were as closely as possible similar 
‘in shape and capacity, in order to eliminate as much as possible 
the influence of pressure on the surface tension of the mercury, and 
consequently on the form of the menisci, and so on the mean 
effective pressure during the flow of the mercury. 

b. The cylindrical “bulbs” B and C’ were rounded off at the top, 
so as to prevent water bubbles to attach to the wall (this happene 
at first when the form was cylindrical), which apparently reduced 
the time of flow of the mercury to a great extent. The shape was 
not quite spherical in order to obviate the difticulties which would 


ensue by’ the spherical form, in fixing the platinum contacts (obliquely). — 


c. The current used for melting the iron wire / (diam. 0.15 mm.) 
was 10 Amp. It was impossible to melt the wire when it was 
surrounded by water, not even when a stronger current was used. 
It became possible when it was surrounded by less conductive 
substances, f.i. oil. Therefore the slit P was filled with vaseline. 
d. Originally we had melted wire 7 into the bulb D. Then a 


crack was caused in D, whenever the pressure was applied, probably _ 
in consequence of tension in the strongly bent glass. When we had — 


put / in B the difficulty was overcome. ’ 
ée. The platinum contacts are fixed in C and not in B, because 

making contact between mercury and platinum is much more nicely 

reproduced than ‘breaking it. . | ‘ae 
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J. All the liquids used for washing were twice filtered in order 
to prevent suspended particles getting into the capillary. Benzene 
was used instead of ether to avoid precipitation of moisture when 
evaporation was too rapid. 

g. The water with which the viscosimeter and the vessel 2 were 
filled, had previously been boiled, and cooled in vacuo, because it 
was seen that, when the apparatus had been in the bomb fora long 
time at 20° C. and at 1 aim. air bubbles had formed in C, which 
clung to the wall at the top and apparently reduced the time of flow. 

h. The dimensions of the apparatus were purposely chosen to 
render the time of flow very Jong, viz. about 50 min. This was. 
the reason that errors in the measurement of time (for which an 
accurate, controlled stopwatch, with Buperan up to */, second, was 
used) were reduced to a minimum. 

t. The column of water in A, over the mercury, was so high, 
that even during the highest pressure, the oil of the bomb, which 
surrounded the whole apparatus, could not enter into the ‘bulb’ A. 

j. The diameter and length of the capillary, as well as the 
(average) height of the mercury, were chosen in such a manner (in 
connection with the dimensions of the pressure bomb) that the flow 
in the capillary satisfied Porsruintn’s law, if, at least, we may” 
assume that the equation given for water by GrinuisEn, also holds 
for other liquids, even for mercury with its great density. In this 
case we may write‘): 


; y l 2.08 
. 0.001 = 6.6 D4 10-6 i (5 4.5 ° 


As d=0.019 cm. (determined by weighing with mercury) and 
= 7.6 cm. while = 1.5 and s = 13.55 


cm, 
0.001 = 5-1 mh 


: eis the actual velocity at flow, calculated according to the formula 


of POISEUILLE is: 
V cm 
o= == 4.3 —. 


ort t — \ sec 


Calculation of the measurements. 


In order to determine, how the relative viscosity can be calculated 
from the times of flow measured, we shall consider which values 


1) See Conen and Bruins, Zeitschr. f. physik. Chemie 103, 404 (1924); specially 


42-—49. 
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& Proceedings Royal Acad, Amsterdam. Vol. XXVII. 
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in the formula of Poiseui.i1n undergo a modification n, 
external pressure is ‘modified. 
This formula is: | 
M, y ; n rt a 
j eA 
i Here 7 is the absolute viscosity ; | A 
ees) r is the radius of the capillary ; 
/ is the length of the capillary ; 
: V is the volume of liquid flowed through ; ; 
a p is the pressure under which the liquid noes out; ere 
ve ; t is the time of flow. , . ee en at F ine a 
iq As we want to determine the volutes cidobatly only at 1500 am 2: 


with respect to the relative viscosity at 4 atm., the. question. ‘is i ge 
determine : 
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We than find : 


1500 __/1500 ($ itg—*11,0)1600 41500 


Nh hy (877 — SH7,0): t 
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The value can be calculated with the compressibility of 


b ‘ 
mercury, and the mean area of the cross section of the “bulbs” B 
and C. For, the~volume V of the mercury diminishes in consequence 
of the external pressure with a volume AV equal to the product of 
the external pressure, the volume of mercury, and its apparent 
coefficient of compressibility ~’ in glass. 

The decrease of the mean height of pressure is: 


ne 
mean area 
Now: 
65.921 
V = ——— cc. = 4.86 ce. 
13.55 


Pee lO tae Ra ed We ia, = 2S 108 
TR ee. 10-8 X 4,86 = 12.4 K 10-3 ce. 


As the diameter of the ‘bulbs’ was about 2 cm. we suppose the | 
_ mean area to be = 3.14, so: 
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At 1 atm. is Sty camill UF BB. At1500.atm. 18877, = 13.50 1.006—13.63. 
Pesan Sr oa 998; At1500 atm. 18 $57, aah 998 SEAWAY fxercd | 055. 
Then: 
an = SHlsaye 12005 1 o02. 
(857, — So) 12.552 
So we find: gin 
: | "hsee — 9.999 sx 1.002 28% = 1.001 28”. 
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Results of the Measurements. 


i 9. In Table 1 the results of the measurements, at 1, atm. and 
1500 atm. (Temp. 20°.0 C.) have been recorded. . 
; ae me : 57* 


~" ] a | in ey el ee _ . ‘ 
Se ees a ae ds 
i y s f ye9 : ¢ 
cy Pa a Mireaik 
TABLE 1. a0 i 


Temperature 20°.0 C 


1 Atmosphere 2 | _ °° 1500 Atmospheres + * a 


Number | Number | nal 
of the Time of flow of the Time of flow 
experiment | experiment | 
1 52 min. 10.8 pec, 8 54 min. 38. 8 sec. eM a ie 
Tale | Pen ah ele ge, (Se ae | eee 
3 San we elodoai te LOY 54. y . 40520 
4 52’ aD ae 11 | 54» RNA. 
So Bp a rasens 12 54 ,, 35.0 
6 ye ee 13 54, 34.0 
Oy 52 Ae SD Mes 14 pet RE bie 
Mean 52 min. 11.4 sec. con! 54 min. ar 7 sec. we 
* i : f ; 
® ‘ tives ‘ ‘ > 4 ‘ : 
We find —— = 1.047, then . ; ; 
! i j E a t a , 
y ° 
i 1.048. 
‘ 14 ; DQ, } t 
Teta ives els "Conclusions. ‘hi Ry ew iu 


me 10. Previously we have is that the velocity of Aifusion of 
cadmium in tee eat 20°.0 oS ‘ 


» 


a 7 At atm. wat ore = 1.520 x 5 a 
ak a ; | i 
A , & hs : ¢ $- i vo D, 6 - PP it i) ‘ 


| Within: the accuracy » of the measurements of “the velo 
ieion, we find therefore D,y, ee Hic AOL MIN wor 
product of the velocity of diffusion and viscosity is constant, ind d 
of the external presstre.* ) Wires eo hates 


ig = _ SUMMARY. ee ne ss ; 


7 j ~ 
" an lows 
i Oe 
a ne oe 5 ae 
‘ 7 
- h oy es ' ¥ 
é eal “sine ~t 


4 ea ee i deel, f a -] ? ee 4 A * _ — i wa § * é./ ‘j |) 
¢ , 4 = * iY . : "4 % : ; x is 
213° on te Je Soke) gk ee % * 
we studied the influence of external pressure on the viscosity of ‘ ae 
mercury (at 20°.0C.). This viscosity is increased 4,8°/, by a pressure a 


of 1500 atm. As the velocity” of diffusion of a metal in mercury — 
decreases 5°/, in the same circumstances it follows that: The product 

of velocity of diffusion and viscosity is constant, independent of the 

external pressure. SAR 

van “T Horr Laboratory. 


J 
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_ Utrecht, September 1924. 
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Physics. — “The Removal of Errors Caused by Irregularities 
| in the Registering Apparatus in Self- Registering Micro- 
\ Photometers.” By W. M. Kok and Prof. P. Zeeman. 


(Communicated at the meeting of October 25, 1924). 


In the photographic diagrams made with a self-registering micro- 
photometer (e.g. that of Mott), the position of the spectrum lines 


is determined by measuring the distance between a top and a fixed — 


ordinate, and multiplying it by the magnifying factor determined 
separately. In the case of symmetrical distribution of the light 


intensities symmetrically situated points of the bntem ey curves will. 


probably be chosen instead of the top. 


It should, however, be borne in mind that in all this it is tacitly 


assumed that the coupling between the original photographic fe 
and the paper on which the photographic diagram is projected, i 


flawless, and that it is overlooked that the paper may have been | 


transformed during the development. 

It is possible to make a very perfect screw for the slide, which 
works the slide with the photographic negative. But technically it 
is a very difficult problem to construct with the same accuracy the 
toothed- and the worm wheels which determine the coupling with 
the registering cylinder. 

A very simple construction renders it possible automatically to 
register at the same time a scale division which eliminates all the 


‘difficulties described. 


A disc, 33 em. in diameter, slit radially 2 cm. dees at fifty places 
— every tenth incision of double the breadth, the fiftieth of four 
times the breadth — is mounted on the axis working the slide 
with the negative, the thread of which is assumed to have been 
cut very accurately. 

An auto-lainp (in a tube with slit, 8 Volts 25 N.C.) is placed behind 
the disc, a lens (10+) is placed before it. The light of the lamp 


falls on a narrow mirror, mounted on the wall beside the galvano-— 


meter (= 120 cm. before the photometer). Via the mirror, the lens 
throws a greatly magnified image of the edge with slits on the 
front of the registering box. Every time that a slit of the dise passes 
the light slit of the lamp, the slit of the box i is illuminated for a 
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moment; then a line is drawn on the bromide paper, the tenth line 
is somewhat thicker, the fiftieth is still heavier. 

If the galvanometer and the lamp illuminating the dise can be 
adjusted separately with a resist- 
ance at any tension between 4 
and 8 Volts, scale and curve can be 
obtained of any thickness required ; 
even of the sharpness of a hair, if 
the cylinder lens of the registering 
box. is very good and accurately 
adjusted, and when it is covered 
except for the ‘slit of + 1 mm. 

If the speed of the micrometer 
screw is 1 mm., if the paper runs 
40 mm., the negative 1 mm. per 
minute, the lines on the elt 

will be at a distance of 0.8 mm. 
this distance is the ‘most convenient one for the eye; it sGweaponts 
with 20 microns on the gelatine plate. 

If the scale division is very fine, it does not interfere with 
the determination of a top. The accuracy of reading may be 
reckoned to have become five times greater by this procedure. The 
method is particularly suitable for the comparison of two curves, 
which are photographed under each other. If care is taken that the 
arrangement for corresponding spectrum lines has almost the same 
position, the second not BreTaetaph od scale may be assumed to 
coincide with the first. 

As appeared to us later, the method described bears a close 
resemblance to a procedure due to S. GarTEN to register times ona 
diagram, which is well known to physiologists. In the literature we 
have, however, found nowhere mentioned the combination described 
here for pe RS errors in ue registering apparatus in a micro-— 
photometer. 

A diagram of the chromium line 4254 in a magnetic field, which 
contains the line system discussed here, may serve as illustration 
of the method. The chromium line in question is split up into 
3 <x 7 = 21 components by a magnetic field, and was photographed 
by Mr. J. vAN DER Mark in the laboratory at Amsterdam. It was 
SN at ‘measured by. Hinpe Gitrseuer') and has as symbol 


y cae aa a <7 4254,503. : 
1) H. Greseier. ZS. f. Physik 22, 228, 1924. 


‘ 
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/ Chemistry. — “Lyophilic Colloids and Porssurix’s Law”. By Prof. 


H. R. Kruyr and Conmar Rosinson, A.I.C., A.R.C.Se.I. 


(Communicated at the meeting of October 25, 1924). 


1. In recent years there has been much controversy as to whether 


lyopbilic sols have a real viscosity in accordance with PoIsEuILLE’s 


law or whether they possess elastic properties similar to solids. 
Harscuek') is inclined to ascribe elastic properties to these sols; 
Roratin?) who carried out viscosity measurements after the manner 
of Huss, divides colloids into two groups, those which show elastic 


properties and those which do not. FrReuNDLICH and ScHALEK *) 


find that some sols exhibit elasticity while others do not. Wo. Ostwatp *) 
some years ago expressed a similar opinion when dealing with 
the hysteresis phenomena which these sols often exhibit. 

H. G. Buneensere De Jone‘) has criticised much of this work on 


the grounds that the measurements were carried out on sols in which 


gelation had already commenced. Agar solutions below 40° ©. and 


gelatin solutions below about 30° C. show gelation phenomena even 
at low concentrations which will not set to solid gels. The experi- — 


ments of BacuMaNN’) have plainly shown that even in these dilute 


- solutions gelation coagula are present and it is obvious that these 


may be accompanied by elastic properties: pz Jone showed that a 


—‘/,°/, agar sol followed PorsgurLir’s law exactly at 40° C., while 


on the other hand Rorstin has shown that at 27° C. a */,°/, sol 


possessed elasticity. FreunpLicH has recently confirmed pr Jone’s 


result. 


2. In the paper of Freonpiica and ScuaLex already referred to, 
it is once more stated that a number of sols show deviations from 
PoiskuiLLE’s law. They again investigated the viscosity of a gelatin 
sol, using a '/,°/, solution at 23° C. We contend that this deviation 


‘) Koll. Zeit. 8, 34 (1911); 12, 238 and 13, 88 (1913). 


; %) Biochem. Zeit. 98, 34 (1919).- 


5) Z. physik. Chem. 108, 153 (1924). 


*) Trans. Faraday Soc. 9 (1913), Koll Zeit. 12, 213° (1918). 
5) Rec. Trav. Chim. 42, 1 (1928). 


*) Z. anorg. Chem. 73, 125 (1911); 79, 202 (1919). 


Sy 
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can be altogether accounted for by the fact that gelation had already 


set in, since DE Jone’) has established the fact that with gelatin at. 


40° C., PoisseviLin’s law is followed exactly. 

_ Freunpiich and Scwatex and also Szecvari’) maintain that these 
investigations should not be carried out with the Ostwa.p visco- 
meter, but with either the Courrre or the Hxss viscometer. Whether 
‘this contention is correct or not, we shall see in the following 
paragraph; but so that there should be no doubt we have used the 
Hess apparatus for investigating gelatin sols at temperatures above 
and below the temperature where gelation commences. For this 
purpose certain modifications of the Hxss apparatus had to be 
introduced. 


Firstly it had to be possible to bring the apparatus conveniently — 


to temperatures higher than that of the room and to maintain snch 
temperatures for long periods. The’two capillaries were therefore 
placed in a long narrow trough through which water from a ther- 
mostat could be circulated. = 

Further, the liquid whose viscosity is to be measured must be 
introduced into the apparatus without being allowed to cool below 


the temperature of the experiment. For this purpose a 7-piece was- 


attached to the end of the tube leading to the capillary. The lower 
end of this 7-piece was made to pass through the bottom of the 
trough and was fitted with a ground glass stopper. (See fig. 1). 


Fig. 1. 


The perpendicular tube of the T-piece was filled with the solution, 
the necessary quantity of liquid drawn through the capillary and 
the remainder allowed to run out by removing the glass stopper. 


1) Rec. Trav. Chim. 43, 35 (1924). 
8) 2. f. physik. Chem. 108, 175 (1924). - 


\ 
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The reading of the graduated tubes was facilitated by placing a 
mirror scale under the tubes, and a capillary was chosen of such 
dimensions as to give with the pressures used in the experiments an 
error of less than 0.1 */, as shown by GrinuisEy’s') formula. 

In the following table are the results of our experiments with 


0.25 °/, Gelatin sol. 


Temperature | (am of H 8) | Ts/Tw 


40° 60 1.130 
30 1.132 

10 1,13) 

30° a  oUhan 1.154 
30 : 1.158 

10 1.156 

23° 60 1.476 
40 1.491 

“en 

20 1.50? 

10 1.51! 


Here we see that the Gelatin sol follows Potstuinin’s law 
exactly at 40° C. and 30° C., while at 23° C. the expected deviations 
appear. 


3. Huss, Freunpiich and ScuaLek, and Sznevari have condemned 


the use of the OsrwaLp viscometer for the viscosity measurements — 
of these systems. Here, however, we think one should first consider 


with what purpose the experiment is to be carried out. 

When elastic properties are exhibited as for example in the case 
of old V,0,-sols, then one obtains a ‘relationship between viscosity 
and pressure as shown in fig. 2. Further Szuevari has shown 


theoretically that the following general formula holds when elastic 


properties are present: au 


¥ PASS 
—_-—- Y 
. pean yen: 


s 


where w is a quantity proportional to the amount of liquid which — 


1) Wiss. Abh. Phys. Techn. Reichsanst. 4, 151 (1905). _ 


\ 
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flows: through in unit .time, % the liquid elasticity, G the fall of 
velocity and 7 the actual viscosity. This equation is that of an_ 
hyperbola with the ordinate as an asymptote. 


pressure 
Fig. 2. 


From this one sees that the term a plays a smaller and smaller 


role the greater the fall in velocity, that is to say the greater the 
pressure employed. An apparatus in which the measurements are 
carried out at high velocities of flow, that is to say, at high pressures 
will thus give results which approximate very closely to the actual 
viscosity of the liquid. But the question whether elasticity is present 
or not is best answered by working at very low velocities and 
__ pressures corresponding to the steep part of the curve where the 
deviations will be most easily detected. 
So if we use a viscometer with small hydrostatic pressures and 
so arranged that one can work at different pressures, we have a 
_ very sensitive instrument to test whether Porsnuinin’s law holds or 
not. Such a viscometer is the modification of the OstwaLp viscometer 
described by H. G. Buneunsere dE Jone (I.c.)*). With such visco- 
meters he investigated sols of agar, starch, iso- ore Bolaue and 
acid gelatin, all at 40° C. 
These all appeared to follow the law of PoiswurLe exactly. Miss 
vAN DER Mann’) iwesiteat d in the same way CeO, sols, and 


1) Rec. Trav. chim. 42, 1 (1923). Further 43, 35 and 189 «1928. 
3) Diss. Utrecht 1922. 
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found very good agreement. Liux') obtained the same result witb 
acid and alkaline casein sols, TrNpeLoo’) with gum arabic and 
Posrma*) with the sol of SiO,. Since the fact that all these sols 
agree with Poisnuinie’s law has been shown for the range of 
pressures where any deviation would be most easily detected, we 
can say with certainty that the sols mentioned would exhibit a 
viscosity uncomplicated by elasticity in other apparatuses under the 
saine conditions and within the same limits of accuracy. 


4. We come to the conclusion that sols consisting of only 


primary particles always follow PoiseurLie’s law, but that deviations 


first appear when the primary particles have united to form greater — 
ageregates either due to temperature gelation or due to slow or rapid © 


electrolytic coagulation. 
Fresh V,O,-sol follows PorsrurLLe’s law, but the investigations 


of Freunpiich and Scuanek and of Wo. Ostwatp*) (which we have ~ 


been able to confirm with the Hess apparatus at 23° and 40°) show 
that old V,O, sols showed marked deviations. In these sols which 
show double refraction (as is also the case with sodium stearate) 
long needle shaped particles are present. 

We are thus’ able to establish the fact that the deviations from 
Poisnui.in’s law first appear after the formation of complex particles. 
Several theories may he put forward to explain this. Dx Jone *) con- 
siders the reason to be that particles are broken up at greater rates 
of flow but coalesce again when the rate of flow becomes less. It 
may also be that the phenomenon depends on the particles not 
being spherical; this deviation being very slight in the case of the 
primary, but often very large for the secondary and higher particles. — 
The CeO, sol follows PotszuiLte’s law even when the gelation has 


proceeded quite far, as Miss van per MapE found. Since with this — im 


sol there was disagreement between her results and those of FrEunp- 
Lich and ScwaLtek (who found that CeO, sol did not follow 
Poisseui.Le’s law in the Hess apparatus), we repeated this experiment 
with the result that we got good agreement also in the Hxss 
apparatus as will be seen from the following table: 


‘ 


') Diss. Utrecht, 1924. - 


ee ee 


*) As yet unplubished. a 
8) Diss. Leiden, 1924. . 
4) Z. physik. Chem. 111, 62 (1924). . 
*) Rec. Trav. Chim. 42, 1 (1928). 
d 
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a a a a 


Pressures 


Temperature (aun bof Ea) Ts/Tw 
20° 60 ; 1.566 

40 1.56! 

20 1.56? 

10 1.56! 


The fact that an ordinary sol with primary particles follows Pot- 
SEUILLE’s law is of great importance in the interpretation of viscosity 
measurements. In fact if this were not the case, simple relations 
like that of Einstein would not be applicable for these systems °). 
The interpretation of viscosity measurements for lyophile sols would 
hence be very much more difficult. 

The controversy over. these phenomena became singularly sub- 
jective on account of the theoretical interpretations which the various 
workers attached to their results. Thus Wo. Ostwa.p’) has no hesita- 
tion in understanding by viscosity the combined effects of the internal 
friction of the liquid and the elasticity, since he is satisfied with the phe- 
nomenology of the matter. Whoever takes up the real standpoint of 
the physical chemist and tries to obtain a mechanical picture from 
the results of his viscosity measurements wishes to obtain from his 
measurements something capable of mechanical-kinetic interpretation. 

Without for a moment wishing to minimise the importance of 
the elasticity phenomena, we, however, consider the uncomplicated 
viscosity a more repaying subject for physico-chemical research 
since it is more easily interpretable and will lead us sooner to a 


knowledge of the internal constitution of lyophilic systems. 


Utrecht, ‘Octwa92d van ’T Horr-Laboratorium. 


1) Comp. Kruyr and pe Jone, Z. physik. Chem. 100, 250 (1922). 
) Z. physik. Chem. 111, 62 (1924). 


Astronomy. — “Report on the principal lines of research followed 
by me at the Union Observatory, Johannesburg, from 1923 
~ November to 1924 October.” By Ksnar HertzsPrvne ’). 


(Communicated at the meeting of November 29, 1924). 


The practical astronomer is subject to many restrictions, which 
he will try to diminish as much as possible beforehand. The prin- 
cipal reasons for my stay at the Union Observatory, Johannesburg, 
are: firstly the excellent climate, and secondly our relatively limited 
knowledge of the Southern hemisphere. Additional attractions were 
the suitability of the Franklin Adams star camera to some of my 
researches, and the possibility of complete devotion to scientific 
research without -being distracted by every day duties. I am greatly 
indebted to the director and staff of the Union Observatory for their 
readiness to help and effective assistance in many respects. 


The Franklin Adams objective has an aperture of 254 mm and 


a focal length of 1123 mm, so that 1 mm on the plate equals 
183".6. Plates 20 x 20cm (the largest size for which Dr. Scuiit’s 
microphotometer is adapted) thus represent an area of about 100 
square degrees, and as the aperture nearly equals that of the ,,carte 
du ciel” refractors, half an hour’s exposure will show stars of about 
the 14 photographic magnitude. 
The scale of the plates being rather small, such faint stars will 
be closely packed in some regions of the Milky Way, but this 
circumstance will cause serious trouble in exceptional cases only. 
Considering all possibilities the instrument seemed to be especially 
adapted to focal plates of faint variable stars. This being determined 
on, the question arose, whether it would be preferable to search 
for new variable stars in many different parts of the sky, or to 
investigate. some selected regions only, taking a sufficiently large 
number of plates to determine the periods and light-curves for all 
the variable stars occurring on them. I have preferred the latter 


1) In 1928 an agreement was drawn up between the observatories at Johannes- 
burg and Leiden, which has been approved by the respective governments, and 
according to which astronomers attached to either institute have the right to use. — 


the resources of the other (ef. Report of the director of the observatory at Leiden 


for the year 1923. B.A. N. II, 46, p. 81). As a result of this agreement Prof. 


Hertzsprune left Leiden for Johannesburg on 1923 October 26. 
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course, the more so as in many cases the discovery of variable 
stars has not been followed up by a thorough investigation of the 
special stars. This abundancy of discoveries, which requires no 
special scientific training, is doubtlessly partly due to the sportive 
charm of this kind of work. 

It may be expected, that the investigation of faint variable stars 
will give us many important clues about the structure of the 
galactic system. The more distant, and therefore ceteris paribus 
fainter, the star is, the more difficult it becomes to investigate its 
light spectroscopically, even only with respect to colour. Variability 
in brightness will remain within the range of our observational 
power for considerably fainter objects. 

As regions of which a large number of plates will be taken, I 
have selected : 


1. The great Magellanic cloud. 

About one thousand variable stars in this cloud, which is com- 
pletely covered by the 20 20 cm plates, have been listed at 
Harvard Observatory, which still await final discussion. Though 
in some parts of the cloud the stars are so crowded, that the scale 
of the Franklin Adams plates is too small, a sufficient number of 
variable stars remains,- which may safely be measured with the 
microphotometer. 

Up till now 56 plates of this region have been taken, the exposure 
time being half an hour in the mean. . 

These plates have not yet been definitively Sen but it can 
now already be stated, that the greater part of the variable stars 
occurring in the great Magellanic cloud are of the d Cephei-type, 
a fact which has been noted previously at Harvard Observatory. 
No eclipsing variable stars have been found in. this region up to the 
present time. On the contrary there are. many variables of the 
RR Lyrae-type, but it is as yet uncertain whether these stars 
belong to ie cloud, or are only accidentally projected on it. 


IL The region about y Carinae. 
This is one of the most interesting clouds of the Milley Way, 
and contains many relatively bright stars, whereas the faintest stars 
are not so abundant as to make the scale of the Franklin Adams 
plates too small tor reliable measurement. 7 

About a dozen Cepheid variables were already known in the 
‘region on a area of only 100 square degrees. I have added about 
double this number, principally by discovering many faint objects 
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of this type. This is important, as we must conclude that either the 
majority of these stars does not belong to a single cloud, or that 
~ the relation between period and luminosity, found by Miss Leavirr 
for Cepheid variables in the small Magellanic cloud, does not hold 
in this region. 

LupenporrF has pointed out, that the character of the light-curve 
of Cepheid variables depends systematically on the period. It is 


particularly striking that for periods of about 10 to 12 days the 


range of variation is small and the light-curve nearly symmetrical, 
whereas for shorter and longer periods the curves are very un- 
symmetrical. I have been able to confirm this remarkable result by 
means of several new Cepheids in the region about 7 Carinae 
having periods of about 10 to 12 days. Any theory of the nature 
of Cepheid variation should take this fact into account. ’ 

Up to the present time very few eclipsing variables were known 
in this region. By means of the ‘‘Blinkmicroscope” I have added 
44 new ones to their number, not counting some older variables, 
which were found to be of this type. The most remarkable fact 


with respect to this new group of eclipsing binaries is perhaps, 


that statistically they do not differ very much from those already 
known in the whole heavens, unless in apparent magnitude. The 
relative frequencies of the periods are similar. Another striking fact 
is, that the fraction of the period during which eclipse takes place, 
shows only small dispersion about a mean value of about °*/,,. 

Of course stars with shorter duration of eclipse will more easily 
escape detection, but my impression is, that this cireumstance is 
insufficient to explain the scarcity of eclipsing binaries of this kind. 


I am inclined to see in this fact a confirmation of the theory of | 


fission, according to which the components of double stars, which 
have originated by fission, will not greatly increase their separation 
in the course of their further evolution. According to this hypothesis 
the period of an eclipsing variable will give an indication of the 
density at the moment of fission. 

With increasing ability in the use of the Blinkmicroscope 1 have 
detected more and more variable stars with small range of variation. 
This is very welcome. As to the eclipsing binaries: two spherical 
stars of equal diameter and surface brightness cannot loose more 
than 0™-75 in the combined magnitude by an eclipse. The sensitiveness 
of the common methods of discovery of variable stars being only 
about half a magnitude, it is evident, that a strong preference Ors 
the discovery of eclipsing binaries of large variation exists, e.g. 
systems eth of a bright star of relatively small diameter and © 
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a large relatively dark star. This observational selection of the 
material at our disposition up to the present time makes it difficult 
to use of for statistical applications. 

Among the new eclipsing binaries found in the region near 
4 Carinae one having the very short period of 0°3052 days and 
showing double eclipse deserves special mention (B.A.N. 56, 113). 
Only one case of this kind with still shorter period (4-237) is known. 
Of another (B.A.N. 54 d) the range is unusually large, perhaps the 
largest known. Though no accurate determination of the range has 
as yet been made, I estimate it to be about 4™. Further it is worthy 
of mention, that the eclipsing binary B.A.N. 52 d shows an extra- 
ordinarily long phase of constant brightness during minimum, namely 
about */,, of the period, which is 144-4. Such stars are of special 
interest, because it will be possible, as soon as our instruments have 
become sufficiently powerful, to determine the ratio of the masses of — 
the components by measuring the change of the radial velocity of 
the fainter star during the total eclipse of the brighter. 

In the latest catalogue of ephemerides of variable stars, published 
by the Bamberg Observatory (V.J/.S. 58, 210; 1923) periods are 
given for 177 eclipsing binaries. These are distributed over 4 equal 
zones of the sky as follows 


declination . . .. . . +90° + 30° 0°. —30° —90° 
number of eclipsing binaries 78 a1 aor PAC 


It is evident from Hees numbers, how unequally the amount of 
work has been divided between the two hemispheres up till now. 
By the discovery of new variable stars in the region of 4 Carinae 
only I have added 36 to the last number for the most Southern zone. 

The number of od Cephei-variables with known periods, taken over 
the whole sky, is about half that of the known eclipsing binaries. | 
In the region of 7 Carinae I have found nearly the same proportion. 

As the two plates which have been compared in the Blink 
microscope were always so selected, that the difference of the epoch 
amounted to a few days only, the variable stars found show nearly 
exclusively rapid variation. They belong with few exceptions to the 
eclipsing, ¢Cephei or RR Lyrae types. Of the last named type only 
a small number have been found. This is in good agreement with 


‘the fact that the known variable stars of this kind do not show 
- galactic concentration, notwithstanding their low apparent brightness. 


This is important with respect to their large peculiar velocities. 


They may belong to the group of stars with large, with respect to 


the Galaxy possibly hyperbolical, velocities pointed out by Oort. 
58 
: Bee scdings Royal Acad. Amsterdam. Vol. XXVIL. 4 
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Further investigation of the distribution of variable stars of this 
type in different parts of the sky may be well worth while. 

Among the few stars showing rapid variation, which do not belong 
to the three types mentioned above, one is of exceptional importance. 
This star (B.A.N. 52, 87) is faint or invisible on nearly all the 
plates. Only on the last three plates of five, which have been taken 
in succession on the same night, each with half an hour exposure 
time, the star is respectively about 1™.8, 1™.1 and O0™.75 brighter 
than normal. This seems to be a Nova of exceptionally short duration. 
It may very well be, that Novae of this kind are not too scarce, 
notwithstanding the fact, that such phenomena have not been observed 
with certainty before. For it is evident, that they may easily escape 
detection. Only in the case that such a Nova of short duration is 
visible on several plates taken in the same night, there will be no 
doubt as to the reality of the phenomenon. ; 

Up till now I have taken 408 plates of the region about y Carinae 


more or less fit for use, within a period of seven months. Attention ~ 


has been paid to observe in different hour angles, in order to secure 


material fit’ for the determination of periods of variable stars. But 


there are cases, in which additional observations secured at obser- 


_ vatories in different geographic longitudes will be desirable. 


In addition to the two regions mentioned above I have begun to 
take series of plates of some other regions. But the time has not 
yet come to report on these more in detail. 


Physics. “On the Equation of State of Liquids and Solid Bodies 
at High and at Low Temperatures”. By Dr. J. J. van Laar. 


(Communicated by Prof. H. A. Lorenz). 
(Communicated at the meeting of December 27, 1924). 


1. Introduction. 
Some five years ago’) I showed, that when in van per WaAaLs’ 
equation of state for liquids and gases, viz. 


ere pat ere EON a. a boca Heal 
las ie ti! (1) 
6 is considered as a function of v (which van per Waatrs had 


already done in another way), and when the simple relation 


; 
‘ {pas reed 
, us | 
is assumed for this, a perfect agreement — not only a qualitative, 
but also a quantitative one — is reached between the values for 


different quantities derived from the equation of state, and the 
experimental results; which so far had either not been the case, 
or in a much smaller degree. All this has been set forth more at 
length and more systematically in my book on the equation of 
state’), to which ‘I refer the interested reader. (Cf. in particular | 
p. 74—79, 91 et seq., and further the Chapters II and III). I will 

only mention the following points here. 

1. From (2) in connection with (1) follows the aiisostpedtliaante) 
of the locus '/,(D, + D,)=/(T), in which D, and D, represent 
resp. the densities of the coexisting liquid and gas phases. 

2. The- values derived e.g. for the coefficient of compressibility 8, 
now become more than three times greater than on assumption of 


- 1) Compare inter alia my two papers in the Recueil des Trav. Chim. des P. B. 39, 
Q15—242 and 371—410 (1920). 

4) “Die Zustandsgleichung von Gasen und Flissigkeiten, usw.” , Leipzig L. Voss 
(1924). Compare also a paper published recently: ‘Ueber die Fliissigkeitsdichten 
bei. verschiedenen Temperaturen” in the Zeitschr. f. anorg. u. allg. Ghemie 140, 
52—60 (1924). - s 
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b constant, in perfect harmony with the values found pei 
for this coefficient. 

3. The critical quantities, e. g. 7 = ve: by, s == RTy: peve, the 
vapour-pressure coefficient /, are now in perfect agreement with 
the values found experimentally for them. Thus for ordinary sub- 
stances now becomes — 2,1 instead of 3, s becomes = 3,8 instead 
of 2?/,, f becomes 7 instead of 4. . 

4. The ST cacee of the general vapour-pressure equation 


log p= —F— Blog T+ C—DT, which may be calculated by 


means of the equation of state corrected by means of (2), agree 
again perfectly with the values found experimentally for them. 
Compare in the book cited particularly p. 296—304 (He, H,, Ar, C,H,), 
p. 287—296 (mercury and carbon), and p. 311—3826 (the molten 
metals). 

In this way I found in 1920 for sold carbon the theoretical 
vapour-pressure equation *): | ei 


47120 
are tee 


log’® Patm. = — 


while in 1923 for the first time by an experimental way (method 
Lanemuir) the equation | 


47000 
log?® Patm. = yee he ok 9,3 


was found by WeERTENSTEIN and JEDRZEJEWSKI’). 

A better agreement with theoretical calculation — which according 
to the formulae derived by me was only based on the coefficient of 
expansion of graphite extrapolated to 4000°, -in connection with the 
value of Va for carbon found from the additive fundamental values 
— could hardly be expected’). — 

And this was also found for the other above-mentioned substances, 
and wherever in other cases the equation of state supplemented by 
(2) was applied. 

Probably a and 0, are still functions of 7’; I have, however, 
found that these two temperature-dependences always almost 


entirely neutralize each other, so that the simple assumption 


1) Recueil 39, 647—655 (1920). 
4) G.R. 177, 316—319 (1923). 
’) Compare also Recueil 48, 598—599 (1924), GR. 23 June 1924, p. 2250— 


2252. Further Van Liempr, “Het toestandsdiagram van koolstof’, Chem. ete . 


21, N°. 45 (1924), in particular the last two pages. 
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that only b is a function of the volume (for also the dependence of 
a on the volume-may be neglected), which is rendered by (2), 
suffices in practice. bet 


2. Significance of the found dependence on the volume of b. 
When (2) is substituted in (1), the equation: 


RT es 
p+—= (14°), a weet ee) 
v v—b v 


is obtained after some reduction (Zustandsgl. p. 91). In this }, 
represents the limiting value of 6 at v=o, and b, that atv=y,. 
If 1,35 m is assumed for 6, (m= real dimension of the molecule 
imagined spherical; 1,35: = '/, 2: 1/, 7 = coefficient in case of 
densest packing) and the theoretical value 4m for 6,, then 6, beco- 
mes = 30,, so that it is also allowed to write: 


eel, 26 
pt+—= — {1 = srk dah Ohya ete (SA) 
v® w—bd, v 


The dependence of 6 on the volume represented by (2) is of 


course only an apparent one, ensuing from the pases of applying 


RT 
a correction to the faulty equation of state p+- Ne ed with 6 
v — 


constant. For instead of the Virial equation. 
| a b 
py + —-— RT—_= RT, 
v v—b 


Ske and in’ which kT - 


which léads to p+— ay represents 


—b 
the so-called Virial of repulsion (6 = 4m), strictly Pete the equation 
b ; . 
po+—— RT a a) 
qe 


ought to have been Maca up, which, with 6, = 4m = 38,, leads 
to the correct equation of state (3), which has fee experimentally 


confirmed in every respect. 


b ee 27) 
It is known that Lorentz has found RT “= RT for the 


Virial of repulsion at v=o; it now appears that when v is no 


longer = o, the expression AT’ satisfies to the smallest volumes. 


0 


In this 6, = 4mm might be called the “svnetic” co-volume, b, = 1,35 m 
the true co-volume. 
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It is remarkable, that when it is tried to derive the equation of 


state by an entirely different way (see § 4), viz. from certain thermo- 


dynamic relations in connection with the assumption that at higher © 


temperatures also for liquids (and gases) the quantity */, RT may 
be considered as the limiting value of the general expression for 
the kinetec energy, which has been derived quanta- -theoretically e.g. 
by Desre — that the same expression (3°) is then obtained, though 
in this. derivation there has been no question of any dependence 
of 6 on the volume. 

eating generally for liquids: 


P +5 —= a 
§=—6 
in which c is an arbitrary constant, and L represents the general 


expression for the progressive energy of the molecules, the following 
value is found in the way mentioned (see § 4): 


2 2c 
A=—{ I —|, 
3 ( a7 v 
through which the equation of state for liquids (and gases) at higher 


temperatures (L—'/, R7’) immediately passes into (37), when 
c=46, is taken. It will appear in the following paragraph from a 


single example that this equation of state is in perfect agreement 
- with the experimental data. — 


3. Experimental confirmation of (3) or (3°) for liquids at ordi- 


nary temperatures (T = '/2 T;,). 


We will derive from (3) the value of the coefficient of compressibility 
eee iiterent h : 
oR Ped _ (ae) ifferentiation with respect to p (7Z’constant) yields 
when b,—b, = is put in (3), from | 


Gh sous Pp 
| P+ {= a (: i *) 
the equation : 


__ 2a =(2)= |- RT 14+ y RT de 
oe cert :) ia eae (3), 
from which follows: 7 | 

1 f/dv . oa T'v G RT 
Bp = — (= \= me his |- at aay! + is Pp 
: dp ; »? Of Fier (v os ) +2) Teal 


When according to the equation of state = is substituted in this 
, ‘ v . " 


ri * i 
—- 


in 


Ce 


tif Atte 
S 


— 


A, 


 . 
= 
4 
~ 
be 
4 
a 
me 
5 ‘ 
e. 
7 
4 
a 
“7 
: 
zs , 
; 


form 8, = 
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» 
RT Nee: . : | 
b (1+ 7) in which, therefore, the external pressure is 


for 
Ua 


neglected, the following form results: 


Lies a s ii | v .. a %/y ie a ov __ 2a 1+ 7/, %» 
B, v Vee Og ia SP MS pp bP gt #/, 
Vv : ber ah vy 
Now AME e is again = ere hence finally : 
: ee 4/2 al sed hy 
SG Wen SD Oa REBT, 
Bp (: a f s 1+ ?/y 
a/, v 
or Fe 
isd & oe 
(2) 56+ 
oe “lv v Ff . 
Bp = = 4 (4) 


mid a he L@y |e m ] os ‘ 
Ea ay eae yee a etoesron Hiei est 
“| =-( 19 2) =| “( v5 a] 

as “/, = (RT; (7 = vapour-pressure factor at 7’) and m= T’: T;. 


Since for ordinary substances f—7 at m='/,, — becomes = 


v8 


1 ee | 
ia’ hence approximately with — a: 


az lea ic 0,3 
4/9 (1—*/,,) Te : 
Without the factor 1+ %/, in (8), i.e. if 6,=6, had been put 


Bp 


(6 constant), the coefficient of compressibility would have therefore 


been at least 1-4 ?/, times, i.e. 3 times smaller. And now it actually 
appears from the following examples that values are found for 8,, 
which agree with (4); and not with the equation without 1 + ?/,, 
hence with 6 constant, which equation would have had the simple 


ee) m/ 
— A/y2 (1—2 m/f) 


a. Mercury. (Cf. Zustandsgl. p. 114). Here m= T: 7) = 
= 295:1750=1:5,9 at 22° C., the value 4,1 being found for / 


from the vapour-tension at this temperature, so; that? /) is. l/s 


We assume the value 3 for 1 + ¢/,—=4 + (j—%)/, = 1 + %/,,, so 


that we obtain, when 10° a= 17140 is assumed at 22° for a (from 
- vapour-pressure observations; cf. Zust.gl. p. 101) and 10°v = 661 


(everything expressed in so-called “normal” units): 


cies . We x 3 ii 1 ae 
Pp = 39950 (l= 3), 2) -261700 


== 8,82 . 10—* (per 0/4). 
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The value found was 3,9.10—6 (per *8/.m:), So that the agreement 


may be considered good. (It follows really from Bripeman’s obser- 


vations, that 1-+¢/, is somewhat greater than 3). But without the 

ts cohen 1,16 .10-§ 
factor 1 + ?/, the value 39250 (1—/,) 863500” Bic 
would have been calculated, hence 3,3 t2mes too small! 


5 Aig 
b. Ether. (Zust.gl. p. 115). At 20° 3 da is found for ™/, 


(RT: 4/, gives 1,073: (2413 X 4618.10-$), as 4/,2 is = 2413 (loc. cit. 
p. 103), i,e. 1:10,4. From Brrpeman’s experiments I calculated 
8405 .10°:4618.10°=1,82 for #/,, so that 1+-?/, becomes = 2,82. 
Hence we have: 


eae ee 
~ 2418(1—?/,,. 1,91) 


B, = 178.10-5, 

while from 176 to 185 has been found (average 180), which is 

again in excellent harmony with the calculated value. The uncor- 
oa 

2413 (1—1/5 0) 

3,6 times too small! 

c. Ethylchloride (Zust.gl. p. 115). We refer to the book cited, and 
will only mention that the calculated value of 8p is 185.10—§, while 
Amagat likewise found 135.10—-*. The uncorrected value would 
have been 34.10—®, i.e. 4 times too small! 


rected value would have been = 49.10-®, hence 


4. Derivation of the equation of state from thermodynamic 
relations. 


From the well-known thermodynamic formula 


r(FP\_ (dev 

1 (2 Ne (3). . ; . . . . . . (5) 
dp\ (1 (ae, 
(D=f+ (3 bi: cael (v), in ee ale oe Fe (a) 


in which the meaning of y(v) will appear from what follows. ; 

In order to be able to integrate the above equation quite generally 
at all temperatures, we apply the following expedient. According to. 
Desrr’s well-known expression cy is only a function of am —= hry: 
kT = 6: T, in which the characteristic temperature 6 will, in general, 


still be a function of v and 7. For according to the well-known 
expression my 


follows: 
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3,61 
6 as 10-8 MIs D—'Is Bo—*, 
WwW 


in which w is a numerical factor related to Porsson’s coefficient o 
(which is absent with liquids), @ can be represented by 


6 = Ao'h B,—% = Av'h B—» 


. ae dv\ . 
when the coefficient @ — — i is introduced instead of 
t 
1 {dv f ; : 
‘ees oe a , which will prove to be more convenient. Hence 
t 


wa Ayia —'4 7-1 


is obtained for ei ad 
From this follows, as 8 is still a funetion both of v and 7’: 


a ee a et a ( 
Aah ry eer es a 1, 
cee one MOAR LT T (dp 

Um’ dt ola era 5). a)=-7 + zea) 


In consequence of this we get: 


dan, a T (dim Ae Se = 9 if Be ee DT (dam 
J=s( at )x "ee ERS TL Pa eee 


‘in which y is a numerical coefficient, which will in general still 


oe d 
be a function of v and 7’; 8, being substituted for > (3) and 


: T (dB pas | 
Be for 3 (ar), brevity’s sake. — 


The above equation (a) now passes into 
(? a tke ={7 Coe oh dey (S*)\= ft dey =) eer " (0), 
gf dB eae v dam \ dt 
i.e. 
des 
(2). ae SS AO ee pt ls (5) 


: , ; J¢ r de, dey 
— through which — in consequence of the substution of a by 


dt. 
which has been effected by the aid of 2, and the Chander 
coefficient y — the integration with respect to 7’ has been rendered 


possible; since the dependence of y on the temperature will pract-_ 
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ically entirely disappear from the result, as will be shown in § 5. 
The integration of (6) gives: 


ee dE, \ » 
which, once more integrated with respect to 7 ( ¢; being = (<)). 


leads to 
p+ f= 2H—Tw(o), . oh 


in which according to § 5 y, and y, will differ only exceedingly 
little from the limiting value at 7’=o of the coefficient y above 
introduced, viz. from 


Swine ie ba? et | ee 
CD en ae a 


for 


, v 
which limiting value will appear to contain the faetor ei 
ar ee 
liquids. : 

The integration constant /(v) remains thermodynamically undeter- 
‘mined, and can be determined only by considerations of a kinefic 
nature. (is = %/,2 for liquids). 


With regard to T'y(v) it may be stated that this is evidently = — 


a (u—'/,)RT, as in the equation for p according to the usual kinetic 
v 


derivation (e.g. by means of the Virial theorem) not the whole 


energy will occur in the second member, but only the progressive — 


part of the energy of the molecules (Z) — i.e. with exclusion of 
the potential energy of the forces acting between the atoms in the 
molecule. Hence (u—'/,) RT, which relates to the said potential 
energy, must be subtracted from #,. For mon-atomic substances u 
is therefore =*/,, for ‘di-atomic substances = ‘/,, etc. Hence we 
may write instead of (d): 


pP+fo=2L . Ope aks eo (7) 


The considerations given in this paragraph are namely not only | 


valid for solid substances, but also for liquids and gases; when it is only 


(3) ELI) — w (v), } * A dl . . | By () 


. a 4 . x 
‘ y : ald e : ' = 
a SS ee 


assumed, that the value of Z then depends on x, = 6: 7' (according 


to the relation of Desys) in quite the same way as for solid bodies. 


But according to the formula holding for 6 this quantity has then 


ae 
_ | 
y 


a, 


of the value of the quantity 2= y, Mv 


eae Re TA Ne 


oy ~ 
x inna v . 
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a much smaller value than for solid bodies. That the degeneration 
of the progressive energy L may be assumed to take place in an 
entirely analogous way in liquids and in gases as in sulid bodies, 
has, indeed, already been assumed by many physicists (among others 
by Kerrsom in many of his papers). 


5. Determination of y, (or 2) for liquids and gases. 

We shall now proceed to the determination of the value of os 
or rather — starting from the known form of the equation of state 
for liquids and gases, viz. 


a 
p+—= Thies ae eg Weer dS 
v 


aeuth in which 2 will be in the 
v 


neighbourhood of 2, and in which the quantity v: (v—b,) will no 


longer occur directly as a factor. 


At not too low temperatures the expansion into series 


Mot. Flue g? 1 6 
mae + — etc 
2077 16807% 90720 7° 


3 
L=> RT (: ii (a) 
holds for L, at least when the zero-point: energy is also taken into 
account in the expression 

x 

n 


: : 
1 tes eee ape 
— Tee, a cv ae. 
2 ; 2 ex—] 
0 


m 


(4.a°dx under the integral sign). For otherwise L would become 


=F Rr(1 -— : nee _ wc.) which would not approach 


to '/, RT even at the highest temperatures, but which would always 


“remain the finite value of °/,,R@ distant from it. 


The quantity 6 can be represented as function of 7’ by 


= 0,(1 tot St...), 


in which 06,, 7,, 9, ete. are still functions of v. For in 6* = A’y‘h B-1 
‘ 
(see § 4) B-! will have the form a+ b7’+ pt ... (see § 6). With 


regard to 4 we may write: 


1aa(ith+. i} 
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in which terms with */7 and ‘/7: must be omitted, as it will at 
once appear, that when the expansion into series of Z is not pursued 
further than 6°/7., the expansion into series of 4 must be continued 
to @/i. But since only two equations will then be obtained for the 
two unknown quantities 2, and one coefficient, there can occur only 


one coefficient in the expansion into series of 2. If the expansion of L 
is carried up to 6°/7’%, that of 4 must go to «/7s, and there will | 


be one equation more for the determination of the new coefficient 
a’, Ete. It is, therefore, clear that in the expansion into series of 4 
the terms with '/7 and '/7: will be absent. — 

Like A, the coefficient @ is again a function of v. 

Finally, as will appear in § 6, the quantity y in (6) will be 
represented by — 

dd ei 
Ye Taser 
in which further terms with ‘/7 may be omitted, and in whieh 
y,,9,, and d, will still be functions of v. 

We may now write: 

THOS tate moro eae 

av GACH ER Ges boa Mey tla 2g To oe 

when in what follows one restricts oneself to terms with '/7s. This 
lowering of the degree with respect to 7’ has of course been brought 
about by the term with 7’ in the above expression for 6*. Hence 
we have according to (a): 


3 1 1 2 
K=— Riv — 6s 1 
2 | + 59% (n+7 +t #)- 16802 = + m+ 


Y= 


and from this: 


«= (*)- Goer Bande 


8 1) 29 1 = eae | 
en Bie oe | 4 Beas 4 a 
2 | +5 ; ( r a) 1680 7° ( Ta )t 


: ‘ 29," 3 
T 90730 % (= ai aS (u eee 


(3 aey bi ri pet 4 2p)" 12, 
a) Pe 20° pe 1680 ae oy CE + | A 


7 


+) 


ee AEST NT ANE oe ee ee ee Tees 
: ee 7 ~~ Le te. a bs ™ . ’ ‘ , ay P 
“ _ « = 4 <*) - 2 ey “” : . , i) - ’ ld : ee : 
< 4 , , se ; 


co ae 
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Witha = (4 a a) we get: 
a R(@ + a) = = 5 8(¢+ =), 


from which it appears that the expansion into series for 4 need not 
go further than “/7s, when Q is not continued further than '/7s (see 


above). From the equation of state (8) follows, as (a 22) Ed 


=(])=() ‘ding to the ab 
=— de pags di . accor ing 0) 1e above: 


apy geek, dey 6a 
ee a rat | 


Now according to the thermodynamic relation (5), in connection 


; di de ; 
with our transformation of) into by means of y, which 
dv t dt v 


we developed in § 4, the following equation ensues: 
d*p 1 (de, y-(aey\' 
& ), 4 az), T° (Z), 
so that 
we dey doy \ . 4%, Ws d,f (dey 
=r (E)+e"7|= t(#\ =" Teas 


According to the above, the following form may BS, written for 


dey 3 1 1 2 1 4 z 


or also — . 
(@) =H 2) 
Hence, when both members of the above equation are divided by 
~R, and ‘multiplied by 1+ 4d, T, the following equation is obtained : 


AGB 6 AB 
: ae +a, DL ga as st|=n0 +4 0(F+ 7) 


. Aad i, ‘ F J 
; | 2 ae 
908 - nM i 
La ” 


1.8. 


v [d,4: A 6, (B+6a)] 2 3A, 4A 6B) Be 
Ras i 7 | em beee| DS 

Taualeine the terms with ‘/7: and */7= in the two members — 
now gives the two conditional equations for 2, and a, which yh 


(5 referred to above, viz. - 


, oer d,A=y,0,A ; 
uv ‘ v hs 


The former leads arene to | : ; 
a betad . ae 

Ay a Se aN ee 

5 v 0, ee | A 7 7 


‘ 


while then from 

nF [4 +4 Bbq] 14 + 4B) 
ensues: . 
6, [4+,(B + bo) eee A + 4,3) | 
1.6, . 
if dd, « ere eniee 


the whole inn with B disappearing, and with it the coefficient 4 . 
in the expression. for G* (see above). And we eee . 


Ste 


as J, —d, I'd. 7; fy ae 
Pec mmd 6, S29) rice ed Gy ; 


ayy GAs aiaG 10:0 40 oe 
by which the two doefticients rs and a in A=4, (a+ +7) % : 
therefore, expressed in a simple ey in 7, 5, han 0, of 7s é 
mae? are 6 A+Yar ee | 


yee fete ace 


}, 
that Y 5, is rn the iting. caine to “whieh i eee 


for great values of 7. 


hauh 
tur 
> 


dv \ * (rx 
_ ledge of &= par and of the two dierent quotients ft and i 


grave error would be committed, if e.g. 2, 


AOR AONE CL cme Den ees Reem MTT Tr aN Sn ee eee Ne 


ae 
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is required (see § 4). With regard to @ it may be stated that from 
(8), viz. 


AL 7 RT 1 6? 
p+o= Pe a(1 Pee, aoa) 
20 7? 


v™ v—b, v—b, 


with neglect of */7; in A=A, (1+ 4/7), and even of the term 


G*/72, as having no influence on the result, follows: 


i 2a(dv\ __ ; */, RT (dv 
v? \dp ade * (v—6,)? a 
from which 


a ‘dv eles ey, F 1, RT 5h EC 
By tg oe ey ate 
When determining ee anor e 7; = a (a), from this, a 
wag ot bs 


Vv 


was substituted 
0 


for % /ys according to the equation of state, with neglect of p. For 
though p may safely be neglected with regard to “/,., this is not — 


d. grag! | 
the case with ) = naar e which quantity runs into thousands 
US) t : ' 
(and for solid bodies into millions). For 8 must be differentiated 
with respect to v with T constant. In the same way the dependence 


on the temperature of 8, v constant, would be estimated quite wrongly, 


; adp\ 
when the substitution mentioned was executed. For (7) is likewise — 


| dt 
very great. Such substitutions may only be made after the necessary 
differentiations described have been carried out (in which certain 
quantities must remain constant). A most elementary truth, but 


v 


which is frequently overlooked ! 


_ We now get: 

7 7 6a gy ‘RT o 
: v (dB v (dN v* * (v—b,)* 
B =s(G =F dv j= 2a RT’ 

oy *(v—b,)? 
and for p’; 

. i (ee 
paul) (dasa EAN * (v—6,)' 
“ae ee ean te ye 
: RT erty 
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This yields according to (6): 


a fdas RE es ce a 
-F(-$+4e55)t oT ob) 


2 
LS ees Qa +), RT Len ae 
(— vy =i ew ) a 2 (- *, i) 
or 
ae Sia. (= v =) 
(v—b,)? 3) 
See a. Lee RE ot 


i 
ily Bt ee 
aad Fe (v—b,)? v—b, 
6 1. ‘RT 0 
at ial eb 


Also in this case we have not replaced “/,s by its value from 
the equation of state with neglect of p, because in formula (9) 


derived above the quantities 0, and 0, in 


PY 
peal 1S ea 1 ane Q, T 
pure coefiicients of 7’, calculated from an ot in which only 
v and T occur. 
Now the formula (9) enone yields immediately : 


ob. dh eee B how 8 2 2b : 
1A.= : = ae Pa fe LASS tes 
‘ Ait J, wre o € v—b, ) 3 ( 2 a iy) 


so that (8), with neglect of “/7s in 4, (1 + “%/7s), passes into 
pane is 2b 
Pit Se (14+) SS hae ig aaa aly 


i.e. our equation (3%) in § 2, as at higher temperatures L = */, RT. 
Hence — making use of the thermodynamic relation (5) and of the 
general expression for £, or L (Dxpye) at higher temperatures, 
where the expansion into series (a) of §5 is valid —a value, which ~ 
is in perfect agreement with the coefficient found by us in § 2 by 
an entirely different way, has been found for the coefficient 2, which 
had remained quite undetermined in (8). We may point out that 
(12) might also have been written in the form 


9, Geter 


v(v—b,)»v 


a 
DA me RT 
v 


’ 


in which RT ue 


—— 


may be interpreted as repulsive Virial (ef. § 2). 


- . 
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Accordingly at hiyher temperatures the equation of state 


Rr(14 Bis ) 

) 1/7, b A eae ee 

0 le (1+22)= os (1 +2-) 
v v—b, v v—b, v 


holds for liquids (and gases); which approaches to 


AI ake f bpet)a i i 2 v—b, 
Pp a= a ( ae Pireaht Oi 8 alg 


 pressibility, critical quantities, vapour-pressure equation, 


at high and at low temperatures. 


7s Concluding remark. (A es ea sophism). 


dt 


‘ 


to cy. For from the known relation | 


doy) dv\ dp all 
(G):= a (=), x (2). Os Zs = Pp oer 


é : LB Nes : An 
in ry Ree Ga is the coefficient of ep - 


v 


v 


then follows immediately : 


_ 


“et ee ale hae heii he en eee 


4 aa . sd be 
Ate 
ny ee ‘ 


é; ‘Proceedings Royal Acad. Amsterdam. Vol. XXVII. 


at aun high tmnipexalure: As we have seen, this equation of 
b, 

state with the tButO 1+ 2— at RT is in harmony with the experi- 
v 

mental data peeing the straight diameter, coefficient of com- 

immediately ensues from the dependence on the volume of 6 in 

P+ %/2 = RT:(v—b) found by us, but also from the thermodynamic 

(ap der ea ae ae 
formula 7 A — } in connection with Dersyr’s quanta-theo- 
t ' 


dt? , dv 
retical expansion ae series for L. 
For gases we have v = o, and 2 becomes = 2, ane he iene a = 
poe RI s0 


At very fee temperature in the neighbourhood of 7’ — 0 we must 
use another expansion into series for L. The further development 
of this case will be treated in the sequel to this paper, in which 
also the equation of state will be derived for solid substances both 


According to (c) of §4 ah will be = Ce when w(v) = 0 may 


be put, i.e. when (F) a T= 0 converges to zero, nari! to cy. But 


then the coefficient of expansion will also converge to O parallel 


dp 
_ the coefficient of compressibility, and (F) the coefficient of tension, 
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, 


912 
ay == Bp pe at . . 5 ° . e : (13a) 


in which £~, will remain finite down to the lowest temperature, 
and y, is a numerical: coefficient, so that @ will approach 0 pro- 
portional to ¢,. ‘ 

This property is, however, proved by some ’*) quasi-thermodyna- 
mically in the following wonderful way. 

It is known that the general equation 
a 2 dQ =, dt + l, dp 
leads to the equation 
l 
P 
—d 
of bs ip 
for the entropy, when 7’ and p are chosen as independent variables, 


in which L=(F)=— 1% @ , just as the quantity /, is = 
t Pp ; 


dS = Fat + 


ah 


= r(F) in dQ=c,dt+1,dv. In consequence of this we have: 


hence, according to well-known rules of integration, in which e.g. 
7 must be kept constant in the second integral, and equal to the 
lowest limit of the first integral: 


{eaey fi f{( (de d | | | 
Sal et at );, Dy sot awh 
0 


because S, disappears in S=S, at 7=0, p=O(=p,). 
This expression is sometimes shortened into 


& 7 
¢ ‘ 
s= [% as Sere ree re 
z 0 


Sey / dv 
which is correct, when the coefficient of expansion @ is assumed 
» 


to approach 0 with cy, at 7’ =O (see above). But now the shortened  _ 


formula thus obtained is used to prove, that e.g. @ approaches 0 — . 
E i, 


at T=—0!! 
This marvellous reasoning runs as follows. From (cf. (6)) 


1) Cf. inter alia PLanck, Thermodynamik (1921), p. 276. 


4 


se td a 
arene 


se 


swebona 


™ 


TEMS ere 


ee Sa ee TT NE Ne ee 
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Orff Oe-O-Q) 
P/t te t dt 
& (T=6)" 
follows immediately, (=) being = — (ay that (F must 
dp)t dt}, dt}, 


necessarily be =O at 7’=—0 (Pranck, loc. cit.)!! 

In reality nothing has been proved; for the formula, on which 
the reasoning is based, is only correct if it is assumed beforehand, — 
that the thesis that is to be proved, has already been proved. 

When, however, the second integral in (a) is not neglected, the 
following equation ensues: 


G)=L- (a) H@),|-@); 


(T=0) (7=0) 


dS faq dv 
dp ae a dt e 


a known thermodynamic formula, which of course might much 
quicker be written down directly from the original equation 


hence 


ds =" at — (7) ap 


| | 
‘The valid proof, that i really approaches to 0 parallel toc, 
P 


for solid substances, can only be furnished when it is assumed (see 
above), or proved in an independent way, that w(v) =O in (c) of 


d . 
§ 4, in other words that a converges to Oat 7’=0. And inversely, 


dt 


d . 
when the approach of Gy is assumed to be known, the approach 
did, 


of a to 0 can be derived from (13), from which it then follows, 
P | 


that w(v) must be = 0. : 
But “proofs” like the above, which are no proofs at all, should 
be guarded against. Unfortunately in many books from a certain 


school, recently published on these subjects, various new, often very 


questionable curtailed thermodynamic” formulae are found ; of 
which the elder generation never dreamt, and which — the above 


proves it — should be treated with the greatest caution. 


Tavel sur Clarens, Suisse, 
December 1924. a 
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Mathematics. — “On the index of summability”. By M. J. Brnin- 
rants. (Communicated by Prof. L. E. J. Brouwer). 


(Communicated at the meeting of October 25, 1924). 


In a previous article’) the question was raised whether a series — 


which is joinable of order p + 1 (i.e. finite (C, p) and summable 
(C, p + 1)) could possess an index >p. After unsuccessful trials to 
construct such a series | succeeded in proving that the index of a 
series which is summable of order p+ 1 must be <p (§ 4). The 
converse however is not true as may be seen from an a in 
our previous article ’). 

The chief interest of the joinability of a series lies in the theorem | 
that the product of a series which is joinable of order p by a 
series which is summable of order g, is summable of order p+ q’). 
Now, if it were allowed to substitute the words ‘“‘which has an 
index <p— 1” instead of the words “which is joinable of order 


99, 


p’, then the notion of summability would be of little importance, as 


the former theorem about the multiplication would be an immediate 


consequence of the modified theorem and the theorem of § 1. By 
an example we will prove in § 2 that the modified theorem is not 
true: hence it may happen that the original theorem about the 
multiplication gives more result than that of Caapman, as ous been 
observed on a former occasion. *) 


we 


We consider the series Sa,—=a,-+a,+... and its derivate 


= br = 6, -+6,+... where 6,=na,. We denote the mean values 
ptpP ; poet 
ae those of Yb, by ro 


have the following relation: *) 


of order p of Za, by 


) “On Generalisations of the Notion of Absolute Convergence”. These Proceedings, — 


Vol. XXVII p. 686. 
4) L.c.. p. 690. 


ci Generalisation of Mertens theorem. ” These aa ieaes Vol. XXVI, 
p- 


*) These Proceedings, Vol. XXVI, p. 211. 
*) For the notation, see these Proceedings, Vol. XXVII, p. 34. 


Ly 


Now we 


<a 


i ee SS 


Re 7” a as 
ee 


“ +; ? 
ee 
ry 


Br rises 
7 y ion 


oS 


é v0 


ee 


whet f 
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7”) gs sep 


ee ge? rs Ge 


Indeed : 
qi?) __ 4(P) 5 Cava <tp) (p) 
yeahh poe Ag bia A, a4+...+ A; na, = 


= nfAn? ar +... + Al? oy $—{4,(n—1)a, +...+ 49? .an at 
Substituting 
(n—1) AL ==: - ve = p Aw” and si? = A\” ay sites weft Ai” an 


we become 


€ (p ( » , ’ 
an ph 4 pal 
Since AY” — poh S APT) we have 


n+p—1 
wise sg girth) 
jae sel sd Racer w ——(n Se gt 0s 
We need the following lemma: 
Whatever be x>0 it is possible to jind two positive numbers 
k, (a) and k,(x) so that 
(x) 


or Be be 3 
LAK <h@ 2. es B 


for every n. 
This is a known result which may be easily deduced from the 


relations: 


ne | A, 1 1 i i 1 noe 
— , log ——-=>— 4+ —— 4+ ...4+ —— —lo 
dz oF yet ate a+n—2 : 
c+n—l 1 ] ; 1 atn—l 1 
SoBe Bho ot La _, A I aa see 
‘og ae Tope cee Gace x Hew 


by integrating between z and 1. 
We now prove the following result: 
Theorem. Jf 2a, is joinable of order p (i.e. summable (C, p) 


and finite (C, p—1)), than the index of % a, cannot exceed p—t. 
aS) 


Proof. We have to prove that for. rae a ae tends to a limit 


é 


oy 
as". = a 


, y 7 } a ; " Tp > a A ih “ 
ss) : é 916 ‘ ».. {ees , 
ad v-+1) ¢ - 
as n—>o. Since by hypothesis ——.—>s we have also - 
| ee Was 
and hence by formula (1): 
r : gt) ae ret) ) eel in sets 
a —_ — —_—__. —__ im ———_—_ . ———— 
ii meee AT) n +p +t uke ees ea Pipi 
yal ee, : 
eee : rk) 
as ¢ _ Hence it is sufficient to prore —, —— +0 
Bh n At), 


zat ' Now we have whatever be & between 1 ed n: ¥ bayer ae 2 
ri) 1) my : sae re i 
Te UP 1 4g AP Tah + oe alt oe a 
a ete 4 

; a Roe ee . ¥ aS oe 

2 = ag - 


(p) 


By hypothesis we have ele and hence with the aid d of e 


as d s” 
=i formula (1): ; 


gh?) ae Fa eee 


1 a wet ‘ee % 
om this we get: a ¥ Wa ae 


" ales dri <efae, nA +. +a. (n— ee 


We have AP > AW, if p<i and A? < Ares if) p> 
s pense: in the first case: 
[I] <n0. bata 4 fant +a} 

} : ¥ 
Fic x eae ts 
the second ‘case ey yh 1 Ny soc ; ay hs Be 
rap al Cy An. ay. te aii ie: 


. ba 
‘ m2 te 


nae 10 et pants a see ret a 
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Sorry (p+2) : 
From —-—— on —s it follows that ae —s, hence by (1): 
1 pot) = 
n AvPth 
| Tory 
We put weet =nh,; than lim. h, =0 and 


| LIT | = (2-8) ne Apa ALE? 
[LV | <n k-1 - (n—k =I) LA Aro Sea ee # | a—P] ate), 
_ Hence we have for every / between 1 and n—k-+1: 
LEP | [hn ainee-ny [AE APP tt hg yah at 


tb (hy.t. [Anse | APT ta [dy APY) ay ve, 


Since lim. hy —=0 we can find a sequence 4, >, >..... so 
no 
that Ait, <C yp and lim. y,=0; so we have: 
age [tee Aner + ee + [Ano LARA” 
Vien Wan) 
1) i—-1 
ee ae suze) +e. 4 er 
ie 
—1 (t—1) ae —1 i—1) 


eae ron < Ay soe 
Plover ks AED AP 
>: At) Ah) 
Vim! lana larry +. eying 4i | 
<mt, APT? l— ai —. .— 40] 
Fae tei | aay Warp 
Combining these results we have for every & between 1 and n 


and every / between 1 and ree the following pecuallsy a 


1) If p < 1, than the first term of the right hand side AP must be replaced by 


AP); this alteration does not affect the result, 


fg OEE Meet iia 2s |). es 
| 918 

re: Pe an) ee sass: ion ae) arg 

' ; v(t i Ta ne < (6 F aay — + fin—ke = eh ‘ +11 ) 

ts aie A ‘Al A, 

Beis pet 

Uf ; , . ¥ HA . re 

x és Applying the lemma and observing that (4 + 1) is less. than 


sit multiplied by a constant independent of k, awe finds j\3 


Bee ret) or Bia A(n—Bp (nk A 
Per ~ bee GIR apes PST 


: Nahi 
4 and, putting — =r, 


a 


\< C' E + Mn—k > St atl —r)p +m (1 —r)p rit 


oh poh) 
[n’ Bok pi) 


abet term remains Jess than ay and, then take Ls so 0 tag = 


And 
w ae 
— 


> ¥ F i - 
This is beosaibie™ since both terms tend to 0 as Mares “Hence es p 
‘theorem is proved. ; ot ae Die. 


; , \ , roe 
¢ - - P) ] ° . 
- y ¢ - \ a 
ites «4 pag : a? 2 4 ‘ 
\ ¥ . . : 7 ‘ oh 
rig —_ % “ i y 


t . I. 


Reys pieusy that the product of 3 Paghees whose yaar is p. t 


ier p te q ~ 1. Consider the series: 


1. : ee , se 
s 4 ; ee te ed ees 


tad OnE 1 ay OB a a es ty Cuuep es a : 
log 2 log 2 log 8 eae Shane ef fe 


‘ 
( 
‘ E A . fi, 
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The es of He first series is zero, and its sum is 5 legs 


the other converges ‘to zero and is therefore summable of order zero. 
We prove that their product is not summable of order rae 0-+ 1. 
We have’): 


@) (—1y-#1 1" (1 
W,, = 31 ty + th tae ny = a! 
Sit oh sete ae. nity = eral) Gen 1 ele 
(—1)r—1 1 
is — suds 
a log (n—1) . 3 | aby 


ee Se Hebe peiead ey) 
tra biee. Pee eu Upaarcenmane | 


>mpernl +) +(e) HG a)H04 8+) 


where the last term of the expression between brackets amounts 


: 1 1 ee 1 1 id bed 
eget eae 6, or py MS ee 
Therefore: 


1 n : n : 1 é 1) aie 
>earalE: +($—1).5 morte 


| w® 


is 1 aot ‘ eh ies 
Pm Pignen a bate t+ a) 


or, since ears Sey ot ae eee 
n log ont Saal ees ee 
2 log (n+1) 2log(n+1)’ 


ee (2) 


hence . 
log ae 1 
log (n+1) ~~ log (n- AED 


ul w® 


>a lini 


1) See these Proceedings, Vol. XXVII, p. 690, 691. 
8) For the notation, see these Proceedings, Vol. XXVI, p. 204, 205. 
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But: \ 
: log (n—1) 1 1 
lim — { ————_ — ———___( =: 
n=o 2 (log(n+1) log (n+) 2 
. (2) 1 
Consequently we can find an integer m so that Pay for 
n>m. Since the summability of order 1 of the product-series 


(2) 
implies that rae for n—>o tends to the product of the sums of 


the two series, in casu to zero, it is clear that our product series 
cannot be summable of order 1. 


REMARK. 


The proof in § 1 is wholly analogous to the proof which Harpy 
and Lirtrewoop have given for their theorem that every convergent 
series whose terms satisfy the relation |na,|< & has an index 


equal to —1'). Hence we are inclined to call such series joinable 


of order zero: however these series may lack the important property 
of joinable series mentioned at the beginning of this article’): there- 
fore such a nomenclature would not be very consequent. From the 
theorem of § 1 however it is clear that it is also less desirable to 
call the absolute convergent series joinable of order zero, as has 


been done in our previous article: indeed a series which is joinable 


of order p>O is summable of any order >p—1 while an absolute 
convergent series (which we have called joinable of order zero) 


1 
need not even be summable of order — a aye 


To remain consequent, we may only call those series joinable of — 
order zero, whose terms (except the first) consist of mere zeros‘). — 


) Contributions to the Arithmetic Theory of Series. Proc. Lond. Math. Soc., 
Ser. 2 Vol. 11, p. 462, 468. 


*) For an arable! see these Proceedings, Vol. XXVII, p. 38. 


-§) Cf. S. Cuapman, Non-integral orders of summability of series and integrals. 


Proc. Lond. Math. Soc., Ser. 2, Vol. 9, p. 398, 
4) This may be dedieed from the property that the mean values of order 


p+i—1 of a series which is joinable of order p(p > 0) are uniformously limited = 


for i> 0. Cf. these Proceedings, Vol. XXVII, p. 692. 
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Mathematics. — “Ueber projektieve Differentialinvarianten.” II. 
Von Prof. R. Weitzensocx. 


(Communicated at the meeting of December 27, 1924). 


In einer ersten Mitteilung wurde gezeigt, wie man aus m+ 2 
projektieven Differentialinvarianten Ky, K,...., Kn4e eines Punktes 
Mec Haines es atl (8 = liyey sa, 2); WM ee) im SL (1) 


einer m-dimensionalen t-Mannigfaltigkeit R,, eine weitere Differential- 
invariante_ 
J=[{K,, K,..., Kn4e}. Sige eee bene Al (23) 


- ableiten kann. Dabei sind die Klammerausdriicke Gee Cen i Cer) 


gegeben durch die m-} 2-reihige Determinante 


lq K, q2 K, s 5 78 8 8) Ym+2 Kn+e| 
Py K, Ps K, at faa ta rene Pm+2 Kn+42 
OK, OK, : OKn+2 


J=| —- — : : 
Dee Otts 20 dt, ) 
Ge AE OKn+2 
Tite age aie ae 


qi ist das A-Gewicht, p; das 2-Gewicht von K;. Die Ordnung von 


J ist um eine Einheit grésser als die héchste Ordnung eines Kj. 

_ Es scheint nun, dass die Verwendung dieses Satzes zur Erzengung 
weiterer Differentialinvarianten das Bekanntsein von wenigstens 
m+ 2 Invarianten voraussetzt. Wir zeigen hier, dass dies nicht der — 


‘Fall ist und dass man schon mit zwei relatieven Invarianten auskommet. 


Diese zwei Invarianten sind von vorneherein geometrisch gegeben 
durch den Punkt y selbst und durch den Tangential-7;,, in y. 
Wir bemerken noch, dass diese. Methode auch z.B. bei affinen 
Differentialinvarianten anwendbar ist; an Stelle von (3) tritt dann 
die durch (24) der ersten Mitteilung gegebene Determinante von 


 m-+1 Reilien. 


eT | 


Sind w’; veranderliche Koordinaten eines linearen, Ca -dimen- 


- sionalen Raumes, dann ist 


UH(u'y =wyy, tu, + soe fb ulnyn = 0 sat. (4) 


die Glennie des Punktes y. Die Invariante U hat are 0 
Nul; ihr A-Gewicht ist ebenfalls Nul, ihr 4-Gewicht ist La 


ne Sind 

3 PAZ 4 | - Nits eee pe erin | = wt kiyke Te Fen 
ee ae ents Gy 

ory ate die Koordinaten eines verdinderlichen, linearen (n—2—™m) 

i sionalen Raumes, dann ist — . ee Res 
% : - , ms > % “ee - v 
¢ = Thyhe seem 44 (y Yt Yigues Yt Mie Keg - Rey 4) ee a ak a nal ‘e 

oder pots i " 


Ps te a edi Yt, Ys + a ee ka kos hee a £ die 2 


Terer anne BaP, og Tames | ee ieee tie nipehinienl 01 
menlar und (Y Yr, Yig + + - Ytq)krkaes Kn ty ist eine ee + 1)- wee 
| 3 minante aus der Matrix: — | 


t 


dy, Ov, Yn 
ot, Ot, ay ot, 
oy, OY, vy a , OYn 
P= Deet tone Oe oerare 
Wir setzen voraus, ase nicht alle diese Determinanten | Nu 
dass also der Tangentialraum existiert. Va pig 
_ Verwenden wir Komplexsymbole, so kénnen wir stat (©) et 
“koraer schreiben : ay fa 


a a7 = (xm Y Yt te Ht, = eaves (a! ie (2! m). srl H,) 
Die Invariante 7 ist von erster ocr und hat das 4 
re das 4-Gewicht m-—+ 1. | i 


Es bedente nun ¢ eine der Zahlen 4, 9, anit Wir wa 
-untereinander and mit w’ cogrediente Reihen ne 


Bic wWa=(wah, (way) - - an * Ree saa ie 
ut und m+2—s untereinander und date Ti. oi : sok 
’ xi in 1 


ve -Reihen . Pi ite 


2 BS acon eerie is. os eae 
und bilden mit diesen Reihen analog zu (4) und Lois 
fas NS: = (ul (h)  ¥) Os wed = 1; 2. “3 oi i be 
win 
; f fe 
Ree | Sq MA, 
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und die m+ 2 — s Invarianten 


IT) = Cea, Y Ut, Ytg + yt) (k it ,m oe Orne 8) j (10) a 


Dies sind zusammen s+ (m+ 2 —s)=m-4+2 Invarianten, die 
wir an Stelle der K; in (8) verwenden. Wir bekommen so die 
folgende Differentialinvariante zweiter Ordnung: 


: m+2—s 
OSS! a een 
DME cess. 4's Wey ks 2 Hects 6) 
(u' (1) ah ee (u'(s) y) (m+ 1) ay . . - (m1) Tg ) 
' 0 Ha) OWT fica al 
(way). . Mw IY) oe ee 
. . it ; | 
2 7 Laat) 
Ep ' Y 011) 0 Wn++-2—s) 
(u (1) Je ) TS (u (s) Yt, ) re A a s 
m m 


Wie sofort zu sehen, bekommen wir bei s=m-1 keine neue — 
Invariante; denn dann stehen in der ersten Zeile in (11) lauter 
Nullen bis auf das letzte Klement M1). Jm4i ist dann gleich dem 
Produkte von Ja) und der Determinante 


(ay) (ay) + + (Hoot y) 


(wa ¥n) (ayn) © . + (mtn yy ) . | 
eatle) 


(wary: ) eye) . + + Wompyye,, ) 


die durch die Substitution 


TT Kgs Key gy = (WA) WR) +. Wortley + (18) 


aus (6) entsteht. 

Hingegen erhalten wir beim Grenzfall s=1 eine Invariante 
zweiter Ordnung, bei der sich der Faktor (w'q) y) abspalten lasst. 
Wir habén namlich bei s+1 in (11) die zwei ersten Zeilen 

0 1) [ee Se a IM m+1) 


(uly) (m+1)Ma - . «+ (m+1) Mn4) 


und die Entwicklung nach diesen beiden Zeilen gibt ve a y) K, 


% wo K die (m+ 1)-reihige Determinante ist : 


‘ = ry a a Ls 
924 Soe 
T(1) ay 2 © + © M1) iy 
0771) 0712) . 0 17(m41) e\ 
dt, dt, OL oaale 
ee Ham 
| OM) Ol) 0 Mn+1) 
Oty tic DEd’ GOO eaIN sea cons 
- 
“e . ~ a i 
Mest, § 2. 


{ 
I 


Es sei m2=1 fest gegeben. Wir betrachten die im vorigen $ aus: a 


ae 

i a 
mr: einandergesetzte Konstruktion von J in erster Linie firn—=m-+2, _ 
Ey also fiir eine m-dimensionale Hy perflache #,, in einem prejekiiene a 3 
Geen Raum Gyp41 von m-+1 Dimensionen. Man kann namlich, so wie 


-_-wir in diesem §. zeigen wollen, aus Differentialinvarianten e er 
ch. in Gn41 solche einer R, in einem Gy4yite, (AZ 1) mit Hilfe 
hs “Uebertragungsprinzipes” finden. . ~ 
i 7 eine Differentialinvariante einer A, in G41. f ist ein 
bs nom von Faktoren erster’ Art gy, und von Faktoren zwei er “3 
Art g,: j ¢ 


‘ QP, —_ (u' Ya) ; @," — (u' &) {eo 
pao Vane GS eG) 5 oo = (ul el ss ) 


ie. fist homogen bezgl. jeder der Reihen y,, &...; w, v',. tee wl. ee 
ee, Wir formen nun f so um, dass der neue Ausdruck ausschliesslich — 
aus -Faktoren g', aufgebaut ist. Das geht z. B. folgenderma 
Enthalt 7 Reihen m'ski... Oder mx... dann fihren wir ‘an d 
Stelle mit Hilfe einer mit (13) analogen Substitution Reihen w' 
f baw. §,7,... ein. Hiedurch entstehe f'. Von ve bilden . wir Polaren: 
7 it ‘die die Reihen wv’, v',... nur linear enthalten. Schliesslich ersetz a1 

~ wir jede Reihe wu’ durch 


Uisi,.. = Uj, Ui, . ve Ui 


1 Te 


Saath 


Bet + | (x 5 = Bee (ut bi | eee “ 


- dagegen wird: | ek ie 


ey ( vw. sew) = (uv). : (uw) = ——j ees ay) eas! (Aw). Got ; 
, i Mey. ‘i . 3 
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Aus f" entsteht auf diese Weise /” und schreiben wir hiefiir 
wieder /, dann enthalt # ausschliesslich Klammerfaktoren 


fe Nyala eae Haut): 
»Hirweitern” wir nun jeden dieser Faktoren, d.h. schreiben wir statt 
g', den (m +1-+£)-dimensionalen Klammerfaktor 
®! = (Ya ye « : = Gai me honed) SO) os = Sr Fee aS) 


dann entsteht aus f eine Differentialinvariante F derselben Ordnung 
einer A, im Gp4i4z. Denn jedes #', ist in diesem Raume Gait Aen 
eine projektieve Invariante, also auch F' selbst. Und gegeniiber den 
beiden Transformationen 


f= 4, Rare ES) Yi AN 


hat sich vente geadndert. 

Wir beleuchten dieses NEN A Sele durch zwei einfache 
Beispiele. 

1. m=1, k=1. In der Ebene haben wir im Punkte y einer 
Kurve z. B. die Differentialinvariante 


f= yyy’). 
Hieraus finden wir: - i 
F — (y y' ye) 


als Differentialinvariante einer Raumkurve. (= 0 gibt die Oscula- 


tionsebene). 
2. m=2, k=1. In dreidimensionalen CG, hat eine Flache 


yi = yi (u,v) (¢ = 1, 2, 3, 4) 
die Differentialinvariante zweiter Ordnung 
SF = (Y Yu Yo Yuu) (Y Yu Yo Yor) — (Y Yu Yo Yur)’ 
Hieraus finden wir im vierdimensionalen Raume G,: 
F = (y Yu Yr Yuu 8) (Y Yu Yo You 5) — Y Yu Yo Yur $)*. 
Hier gibt F=0 bei vera&nderlichen gi die beiden dreidimensiona- 
len Raume, die durch die Tagentialebene (2’ y y, y.) = 0 gehen und 


die R, nach Kurven schneiden, die in y einen Doppelpunkt mit 
zusammenfallenden Tangenten- besitzen. 


§ 3. 
Ist jetzt n =m - 2, dann haben wir an Stelle von (6) 


= (© Yt Yn- + + Yt) = (@ ¥') = (v' a) = 0 oir etl) 
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‘’ ty als Gleichung des ri-dimensionalen Tangéentialraures im Pur pe 
* Die durch (11) gegebene Invariante hat ‘dann die Gestalt 


ae s 7 eer 

a Se en — = —— « ’ 
Bas Qh Sic ta — ar)... @enta-y | 
.. a (way) --- Yoy) (+1) (anv). (M+) (@mto—9 0) | 
ey. ae : ti 


. . a . . . ° . . . . . . . . re ae 
7 


lay.) wo Yin) (7) Om) vt | iganece! 


; * - -Hier kénnen wir z.B. alle s aren u') ersetzen dureh 
die a; s-faltige Komplexsy mbole sind und ebenso alle m 
Reihen ag) ersetzen durch @, wo die lag rig falnge Kon 
symbole bedeuten. ‘ i 6 
Aus (20) entsteht dann: Salis, ; | ‘ 
ate ) . ; 


v 


7 . £ cm 3 
3a id m+ 2—s 


| Rrsrscartt ow ee 

Tl ea - 0 a e } ’ (ev) as = A's M (er') ds 

(x'y) ree (x' y) (m +1)(ge) vee (m+1) (ov) | ‘Lith 
poles |) ge He} vy). > (evn) | 


ye ~ . -" . . . . . . . 


Se Pena oe)o coe Oe em) pict 


Ist hier eo & onae ey 3 Rha 


us . 
Wiig. 


ots = 01 iia fe yo 


) 


Der = Grenaall = or hier, genau 0. wie in Wy 1 Wis 
md Kk lasst sich mit Hilfe von Komplexsymbolen analo 
folgt ausdritcken: a 


H Siar foe yee k perp art ; 
; [Qn ) (9 Umm) oo . (e%, )) 
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Vom Vorzeichen abgesehen ist also, wenn wir o' = w' setzen: 


i= (u' v's, tee U tn diy : ++ tm (yy, ahs US Di seetm41) 


Gly) (wy). (lye) 
(v', y) (v', Yr ): Shee (v', yt, ) 
irre eae Oh Wyma Ray a | SN Pacey ty 
CE Or aden On yt) 
| 


Wegen 
d Pad) Oy i). et y) = 0 


m 


haben wir also 

Re yk (ayy daly a ey 
one nun die Differentialinvariante zweiler -ordnung A gegeben ’ 
wird durch 


A=(-—1)". 9) | Natt Wel bean 
is Da weiters wegen (19) 
Vt = (Y Yt; Yea + Ye, AY Yo Yat Yt) + ee FO YG yt 
ist, wird: 
(0 Yo) = Yu, Y Yer + Yass Yog) = — Ye Ya «+ Ye, = — Ye) (27) 
Wir haben daher auch: ; 
A= (—1)™.| yy) | = 1 Ge yy ya +4) = 1G q4,°)! - 28) 


A ist demnach nichts anderes als die Discriminante der sogen. 
ersten (projektieven) Differentialform &, der Hyperflache Rn. 


Pessea (iyi es « t. Yn) ati dee cighets ae: MAO) 


1H) (28) 


tn = 


A hat das A-Gewicht m+ 2 und dag 4-Gewicht m (m+ 2). 
§ 4. 


Wir wollen jetzt noch zeigen, dass durch J, =O (Vgl. (21)), die 
Gleichung des quadratischen, (m — 1)-dimensionalen Asymptoten-— 


kegels mit der Spitze y in veranderlichen Rn41—s-Koordinaten 
Hi iy = Figky...k, = Ohiks.- ok, 


Bt in--2—s = Ohi. Ah ate —s 


dargestellt wird. 
Hierzu entwikkeln wir die Determinant Te nach LapPLack, indem 


wir die ersten s Kolonnen zusammenfassen. Schreiben wir dann 


; 60 
“Proceedings Royal Acad. Amsterdam. Vol. XXVII 
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i) 4 ‘ 
a 928 
a noch y; an Stelle von fee und vy; an Stelle von v= 
1 7 i 


dann haben wir, wenn c4Q@ einen Zahlenfaktor bedeutet : oy 


)(Q': v'v'n, oe, . ad RES 3 ( 


Yi, 4 


aN 
ie a cd hes = (reas Y Yi, Yigr 


: (ik) 


Hier sind die zwei Indexgruppen 7,7, ...%—1 und ae von: a 
—algebraisch-komplementar beziiglich aller ‘Ziffern 12:22:98; und d 
Summe wird erstrekt iiber alle ere. 


Ee le) 
a 


-Kombinationen Ci Ogi ne pees 
In (30) formen wir durch Einfiihrung von v= VI) den 
eel Klammerfaktor um: 3 


Ss t 1 t i : y : f ve fri, 
y » 2 (o $s v Uv ky tee saeuuee: Be *m-+H1 . (yy, Ys fa «Ym oe ae =. 


(ey) (yn) + + @'ym) 
Pea. ai (ey) ('y,). ee . (e' ym) 
| 0 Wy). +. a ym) 


. 


< = . ry . . . ¢ e 


fips Pain) ; 0 (hy 1) ofl tn) 


wenn wir‘ die ersten ca Reihen zusammenfassen : 


en heh: - "a 
Rory 20h (9)! , . (ole us ANA te i 
ag (a vad) ve OR nd 


a. 


oA 
aC ae ae arty ae 


/ <. pies sean 
; ad Aus (30) wird dani i" : % aN 


ise ames ae z ano) 4 | G ved 
Appsant "Yah, 1G EN eee ae 
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Nehmen wit die m +1 Punkte y, Vs Weees Un als Grundpunkte im 
Tp, dann ist ein Punkt &;) in T,, gegeben durch 


(J) (9) (7) 
gv =A, y tay, +e ee oh regi 8) 
Dabei k6nnen wir es aN Baie Koordinaten von gd) bezel. 
des Sim plex, Yi, .: Ym Reciehiens Sei nun 7 = 1, 2,..., m+1i—s 
und sei S,,—; bestimmt durch die m+ 1—s Punkte § 4). Ist dann 
y ein nicht im 7), gelegener Punkt des Raumes Ryti—s (Wii .. 


dann kann man setzen (c 4 0): 


c(t sy ye ye, 4) = (MSH SA)... StI) yy ys )s 


tne Sy : 


oder, wenn wir (33) beriicksichtigen : 
Sa (et 8 ya, Fi) = II Ya Yin AM OH Nid digs 1g (84) 


Hier ist (yyy,... Yn) ~ 0 und 


Pigs Tey yg (AM AP). Aap 1—sy Vika te RE tan oe (35) 


sind die Koordinaten des S,—,:im 7), bezel. des Simplex Ys dine 
Nach (32). wird also J =O gleichbedeutend mit 


Bee ene (Caan, VN eee ds =n) (36) 
(i,k) («,8) ae Me ase Buti—s 


und dies ist die Gleichung des Asymptotenkegels 
(Y= Yanik) 4i4k = 9 . wy fe Ue are (37) 
in Ry+2-sKoordinaten (Vgl. (29)). 


—1 


Wir merken noch an, dass man (32) mit Hilfe einer (m-s-+-1)- 
reihigen Determinante kann ausdricken: 


Cy) «Or ym) 9. GF e,)= eso) 


(U'mYi)> +> (u'mym) 9 (2' ym) -.+ (®' Ym) 
J=| 9 ... 0 O-(a'y) ... (a'y) Ue (88) 
| (a'y,)--- (ym) (xy) 0 Lr 0 


| (a'y,)-+- (a'ym) (a'y) 0 creme) 
a ———_—— ec 
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Physics. — “Accuracy and Sensitiveness of a Pressure Balance 


Based on a So-Called Amagat Cylinder.’ By A. Micuets. 
(14% communication of results obtained in researches for the 
van pEx Waats-fund). (Communicated by Prof. P. ZEEMAN). 


(Communicated at the meeting of June 28, 1924.) 


Somewhat. less than a year ago’) a communication could be made 


about the causes to which it is due that the sensitiveness of a 


pressure balance increases so greatly when the piston is set rotating. 
The researches were continued, now with the intention of obtaining 
more numerical results. . 

First the sensitiveness and the accuracy of adjustment could be 
determined of a pressure balance that was at our disposal (type S 
and B) up to 250 atm. For this purpose a tube with platinum 
contacts of the same type as is used for the determination of 


isotherms’), was filled with hydrogen gas, put under pressure, and 
the position of the same contact was determined by means of the 


pressure balance several times in succession. In the following lines 
we shall call this apparatus briefly the hydrogen manometer. 

In the determination of the contacts care had to be taken that 
always a uniformly increasing load was worked with. In order to 
attain this a cylindrical trough was mounted on the axis of the 
balance, which trough was slowly filled with oil. At the very 


moment the contact was formed, an electrical tap stopped the oil- 


supply. 


As result we may state that the sensitiveness appeared to be 


independent of the pressure. Up to the highest load, in. our case 


250 kg., an accuracy of adjustment of one and a half grams was — 


found. Just as we had expected, the position of the piston proved 
to play a part, though an insignificant one. This influence is the 


result of a slight conic shape of the piston, which causes a different 


effective diameter for each different position. Hence in pressure 


measurements it deserves recommendation to determine the level of — 


the piston, and to apply a correction for this. There also appeared to 


be a temperature function. This, however, is entirely to be considered 


') These Proceedings, 26, p. 805. 
*) Konnstamm and oases Hydrogen Isotherms, These Proc. 17, p- 208. 
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as a surface aerial-dilatation of the diameter of the piston. Its in- 
fluence therefore, can be found by a simple numerical calculation 
in every observation. 

The second task we had set ourselves was to try and solve the 
question what is to be understood by the effective diameter of the 
piston. Is the cross-section of the piston itself to be taken for this, 
or of the bole in which it rotates, or perhaps a value between them ? 

We first tried to find experimentally the numerial value of the 
effective diameter and its dependence on the pressure, if existing. 
For this purpose the position of the same contact in the hydrogen 
manometer was determined in two different ways. First the hydrogen 
manometer was directly connected with the pressure balance, and — 
the position of a contact was determined. Then the pressure balance 
was connected with a U-shaped tube, which was half filled with 
mercury. The second leg of the U-tube was in communication with 
the hydrogen manometer.. The pressure in the manometer could 
now be taken equal to the pressure exerted by the pressure balance, 
hence ee OBE, Salou) diminished by the difference of level of , 

effective diameter 
the mercury in the two legs. 

If however the contact is made, the pressure in the manometer 
is equal to that obtained in the direct measurement through the 
balance. From the data obtained in this way the effective diameter 


_may be calculated in an elementary way. 


In order to determine the position of the mereury in the U-tube, : 
the upper- and the lower-end of this tube partly consisted of a glass- 
capillary in which the menisci were clearly visible. At the moment 
of contact in the hydrogen manometer the two mercury levels and 
a scale division behind them were eee in order to ascertain 
their position. 

~The accuracy of this method is limited by the admissible height 
of tbe mercury column. In our case it was about 4.80 m., which 
corresponds to a pressure of about 6 kg. per em?. In this way an 
accuracy of measurement of 1/2400 could be attained. Within this limit 


the effective diameter appeared to be no pressure-function. For want 


of space we cannot afford to enter more fully into the different 
corrections to be applied. For a full discussion we may refer to the 
Ann. d. Physik Bd. 73, p. 577 —623. 

After this experimental determination we tried to get theoretically 


- some further information about the different influences which would 


_ determine the effective diameter. The results obtained have also 
~ been published in the cited article in the Ann. der Eire 


Only an enumeration of the sondiasions) we thought ¢ ourse 


justified in making, will be given below. 
: . The piston has a shape as is seen 1 


figure 1; the forces acting on it, may be 


— 


a ova? into three groups: ae a 
ia . the purely hydrostatic forces ; mae 
si forces exerted by the flowing 0 

. 


the liquid which leaks out between axi 
and mantle; 4 

3. the frictional hicced resulting” from | 
the descent of the piston. © . <i 


a 


The forces mentioned under 1 give a Y 


< 


result ae to the difference of ghee 


upper bate of the ade Es te. 
The forces under 2 give as consequen 
‘that instead of diameter should be re Lt 
‘the arithmetical means between diameter — 
of axis and hole. pa 
‘The forces under 3 give an apparent increase of diameter whic 
is independent of the pressure, and may be valued in our case oan ‘ 
1/10000 of the original value. \ | 
Attention is drawn to the fact that none of the above- mentioned 
influences appears to be a pressure-function. aks 
Besides, the deformation of piston and hole in et Le ER of the 
load is also to be taken into account. =~ 
The piston is subject to two variations of form: 
1. Transverse contraction of its lower part in cobiseq venir of 
extension caused by the load. . 
_ 2. Compression of the two parts of the piston through the pressure. 
v the pressure in the space between axis and mantle gra 
decreases, this compression has not the same value at ever ys 
The first influence brings about an increase of the effective oa 
meter to an amount of: 
iy 3 
Mier rE Pear ee at 
the sedbiid a diminution of: . ; rey 


Fig. 1. 


MEET 
The mantle of the hole too extends, the lower oe ee un a 
- Boing a deformation through the pressure exerted on the pla ie 
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a—b. This change of form only gives a modification in consequence 
of the frictional influence of the oil that leaks away; moreover the 
compression of the piston contributes to this, which had not yet 
been taken into account in the calculation of this compression. The 
two influences can, however, be simply determined together, and 
then give an increase of the effective diameter to an amount of: 


P 
2.5 < 10° 


All the influences together cause an increase of diameter of: 


Sale Acti 
46 x 10°’ 


hence a function of the pressure, which for the present still lies 
quite out of our possibility of observation, even with our maximum 


load of 250 atm. 


With the second pressure balance up to 5000 atm. we had at 
our disposal, an influence will very certainly demonstrate itself. 


Before it is possible, however, to take this into account, this appa- 
ratus must be studied more thoroughly. 


